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Introduction:-

In 1995, Blair et al.[3] introduced a class of contact metric manifolds for which the characteristic vector field &
belongs to the (x, u)-nullity distribution for some real numbers x and u and are known as (x, u)-contact metric
manifolds. Boeckx[4] gave a full classification of (k, p)-contact metric manifolds. The class of (k, u)-contact metric
manifolds encloses both Sasakian and non-Sasakian manifolds. Also non-Sasakian (x, u)-contact metric manifolds
have two classes, namely, the first class consists of the unit tangent sphere bundles of spaces of constant curvature,
equipped with their natural contact metric structure and the second class contains all the three-dimensional
unimodular Lie groups, except the commutative one, admitting the structure of a left invariant (x, u)-contact metric
manifold [3, 4, 17]. (k, pw)-contact metric manifolds have studied by several authors in the following papers [1, 10,
11, 19] and others.

A (0, g)-tensor field T on (M?"+1, g) is called parallel when it is invariant under parallel translation, i.e., VT = 0.
Among the geometric properties of manifolds, symmetry is an important one. A Riemannian manifold M?"*1 s
called locally symmetric if its curvature tensor R is parallel, i.e., VR = 0, where V denotes the Levi-Civita
connection. As a generalization of locally symmetric spaces, many geometers have considered semisymmetric
spaces and their generalizations.
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A Riemannian manifold M?"*1 is said to be semisymmetric if its curvature tensor R satisfies
R(X,Y)-R=0,
for any vector fields X,Y € T,M?"*!, where R(X,Y) acts on R as a derivation [13, 20].
In 1969, Matsumoto and Chuman[14] introduced the concept of C-Bochner curvature tensor in a Sasakian manifold
and studied its several properties. Many authors have studied the characterizations of C-Bochner curvature tensor

with different manifolds in the papers [8, 9, 12, 19] and others.

The C-Bochner curvature tensor is given by
(1.1)  BEY)Z=RXY)Z+ ﬁ [S(X,2)Y — S(Y, Z)X + g(X,Z)QY — g(Y,Z)QX

TS(PX, 2)Y — S(OY, Z)dX + g(dX, Z)QdY — g(dY, Z)QX

+25(X, Y)Z + 2g(dX, Y)QPZ — S(X, Z)n(Y)E + S(Y, Z)n(X)§

p+2n
2n+4

NEON@DQY + (@D QX] -7, [9(dX, 2)dY — g(dY, Z)dX

+29(6X, V)OZ] — 2= [g(X, DY — g(¥, 2)X] + 2= [g (X, Zn(V)§

=g, DX+ nXM@D)Y —n(Yn(D)X],

r+2n
2n+2

where S is the Ricci tensor of type (0, 2), Q is the Ricci operator defined by g(QX,Y) =S(X,Y),p = and r is

the scalar curvature of the manifold.

In 1971, Pokhariyal and Mishra [18] defined a tensor field W* on a Riemannian manifold as
(1.2) W*(X,Y)Z = R(X,Y)Z — ﬁ [S(Y,2)X —S(X,2)Y + g(Y,2)QX — g(X, Z)QY].

Such a tensor field W* is known as m-projective curvature tensor. Ojha[15, 16] studied the properties of the m-
projective curvature tensor in Sasakian and Kaehler manifold. The properties of m-projective curvature tensor were
studied on different manifolds in [6, 7, 23] and others.

The present paper is organized in the following way: Section 2 is concerned with preliminaries of (k, u)-contact
metric manifold. We study h-C-Bochner semisymmetric, ¢-C-Bochner semisymmetric, h-m-projectively
semisymmetric, ¢p-m-projectively semisymmetric non-Sasakian (x, u)-contact metric manifolds in sections 3, 4, 5
and 6, respectively. In all the cases the manifold appears to be an n-Einstein manifold.

Preliminaries:-

A (2n + 1)-dimensional differentiable manifold M is called a contact manifold [2] if it carries a global 1-form n
such that n A (dn)?™*1 = 0 everywhere on M. It is well known that a contact metric manifold admits an almost
contact metric structure (¢, ¢&,n,9), i.e., a global vector field &, which is called the characteristic vector field, a
(1, 1)-tensor field ¢ and a Riemannian metric g such that

(2.1) p? = I+n®¢ gX, =nX),
(2.2) n©)

1 g(X,Y) = g(¢X,¢Y) + n(XIn(Y).

Furthermore, (¢, &,7, g) can be chosen such that
(2.3) dn(X.Y) = g(X, ¢Y), g(X,¢Y) = —g(¥, $X),
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for all vector fields X,Y € T,,MZ”+1 and we call such a structure as contact metric structure. A manifold M with

such a structure is said to be contact metric manifold and it is denoted by M(¢,,n,g). Along with the above
relations, we have

(2.4) #$=0,n°¢ =0, dn(X)=0.

We define a (1, 1)-tensor field h by h = %Eg(p, where £ is the Lie differentiation in the direction of ¢. Since tensor
field h is self-adjoint and anticommutes with ¢, therefore

(2.5) hE =0, ph+hp =0, trh=trph =0, Vx& = —pX — phX,

where V is the Levi-Civita connection and if X # 0 is an eigenvector of h corresponding to the eigenvalue A, then
¢X is an eigenvector of h corresponding to the eigenvalue —A. Blair et al. [3] considered and studied the (., u)-
nullity condition. The (x, w)-nullity distribution N(x, 1) [3] of a contact metric manifold M is defined by (x, u) :
p = Ny(k, ) =[Z € T,M*™ :R(X,Y)Z = (xI + ph){g(Y,Z)X — g(X,Z)Y}] for all X,Y € T,M*"*. A contact
metric manifold M2"*1 with & € N(x, u) is called a (x, u)-contact metric manifold and we have

(2.6) RX,Y)$ = k{n(Y )X = n(X)Y} + u{n(Y)hX —n(X)hY},

for all X,Y € T,M*"*1 If u =0, then the (x,u)-nullity distribution N(x, ) is reduced to x-nullity distribution
N(x) [22]. If & € N(k), then we call contact metric manifold M an N(x)-contact metric manifold. The class of
(x, w)-contact metric manifolds contains both classes of Sasakian {(k = 1) and (h = 0)} and non-Sasakian
{(k # 1) and (h # 0)} manifolds. In a (k, #)-contact metric manifold, the following relations hold:

2.7) R = (k- 1)¢?

(2.8) REX)Y = k[gX,Y)§—n)X] +ulg(hX,Y)$ —n(Y)hX],

(2.9) S(X,&) = 2nen(X),

(2.10) SXY) = [2(n—1) — nulg(LY) + [2(n — 1) + ulg(hX,Y)
+2(1 = n) + nC2x + WnXn),

(2.11) S(PX,¢Y) = SX,Y) — 2nkn(X)n(Y) — 2(2n — 2 + wg(hX,Y),

(2.12) g9(QX,Y) = SKX)Y),

where S is the Ricci tensor of type (0, 2), Q is the Ricci operator and r is the scalar curvature of the manifold.

(213) Qp —¢Q =2[2(n— 1) + pulh¢.

In general, in a (k, u)-contact metric manifold Q does not commutes with ¢. However, Yildiz and De [1] proved the
following:

Proposition 2.1.[1] In a non-Sasakian (x, u)-contact metric manifold the following conditions are equivalent:

(i) M is an n-Einstein manifold,

(i) Qo =¢QinM.

Corollary 2.1.[1] A 3-dimensional non-Sasakian (, x)-contact n-Einstein manifold is an N(k)-contact metric
manifold.

The following lemma which was proved in [3] is helpful to state our theorem.

Lemma 2.1.[3]: Let M2"*1(¢,&,1,9) be a contact metric manifold with & belonging to the (x,p)-nullity
distribution. Then for any vector fields X, Y, Z, we have
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(2.14) R(X,Y)hZ —hR(X,Y)Z = {x[g(hY,Z)n(X) — g(hX,Zn(V)] + n(x — D[g(X, Z)n(Y)
—g(Y, 21K + k{g (Y, $)phX — g(X, $Z)phY
+9(Z, dhY)OX — g(Z, GhX)dY + n(Z) M(X)RY — n(Y)hX]}
—unM[A = @)X + i X)hZ] = nX)[(1 = 1(2)Y
+un(Y)hZ] + 2g(X, bY)hZ.

Lemma 2.2.[3]: Let M?"*1(¢,&,n,g9) be a contact metric manifold with & belonging to the (x, u)-nullity
distribution. Then for any vector fields X, Y, Z, we have

(2.15) R, V)OZ — ¢R(X Y)Z = {(1 - 19)[g(dY, Z)n(X) — g(¢X, Z)n(Y)]
+(1 = w9 (PhY,ZnX) — g(bhX, Z) ()]}
—g(Y + hY, Z)(¢X + dhX) + g(X + hX, Z)(Y + phY)
—g(Y + GhY, Z)(X + hX) + g(dX + GhX, Z)(Y + hY)
@A —19YME)PY —n(V)X] + (1 — WM EX)phY
—Nn(V)$rX)]}.

3. h-C-Bochner semisymmetric non-Sasakian (k, w)-contact metric manifold
Definition 3.1. A Riemannian manifold (M2"*1, g) is said to be h-C-Bochner semisymmetric if

(3.1) B(X,Y) -h =0,
holds on M.

Let M2™*1 be a h-C-Bochner semisymmetric non-Sasakian (r, u)-contact metric manifold. The condition B(X,Y)
h = 0 can be expressed as follows,

(3.2)  (B(X,Y)-h)Z=B(X Y)hZ — hB(X,Y)Z = 0,

for any vector fields X, Y, Z.
By using (1.1) and (2.14) in (3.2), we have

(3.3) {k[g(hY,Zn(X) — g(hX, Zn(V)] + p(x = D[g X Zn(Y) — g(¥,ZnX) ]}
+i{g (Y, $Z)ShX = g(X, dZ)ORY + g (Z, PhY) X — g(Z, dhX)bY + n(Z)[n(X)hY

—NAX]} = w1 —OMDX +m(X)hZ] = nX)[(1 =1 n(2)Y + i (Y)hZ]

+29(X, Y)PhZ} + [S(X, hZ)Y — S(Y, hZ)X + g(X, hZ)QY — g(Y, hZ)QX

2n+4
+S(dX, hZ)dY — S(PY, hZ)dX + g(dX, hZ)QPY — g(PY, hZ)QdX + 2S(dX,Y)PhZ
+2g(dX, Y)QPhZ — S(X, RZIN(Y)E + S(Y, hZ)n(X)E — S(X, Z)hY + S(Y,Z)hX — g(X,Z)hQY

+9(Y,Z)hQX — S(pX, Z)hdY + S(SY, Z)hdX — g(dX, Z2)hQPY + g(dY, Z)hQdX
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+2
—2S(dX, V)ROZ — 2g(dX, Y)RQPZ + n(X)N(Z)hQY — n(Y)N(Z)hQX] — gn n 2

[9(bX, hZ)dY

—g(OY, hZ)dX + 2g(X, ) hOZ — g(dX, 2)hdY + g (Y, Z)hdX — 29 (X, Y)hdZ]

p—4
2n+ 4

=g (Y, hZM(X)§ = nXM(Z)hY +n(Y)n(Z)hX] = 0.

[g(X,hZ)Y — g(Y,hZ)X — g(X,Z)hY + g(Y,Z)hX] + [g(X, hZ)n(Y)E

p
2n+ 4

Substituting X by hX in (3.3) and using (2.1), (2.4) and (2.7), we obtain

(3.4)

K(x — 1)g(X, Z)n(Y)§ — k(x — DnXn(N(Z)E + p(x — D g(hX, Z)n(Y)§
—k(k — 1)g(Y, dZ)dX — k g (hX, PZ)PhY + k g(Z, phY)PhX + k(k — 1) g(Z, pX)pY

+x(k — DHn(VN(@Z)X — k(x — D2 — p(1 — n(YIn(Z)hX — 2pg (hX, ¢Y)hZ

57 [S(XhZ)Y = S(Y, hZ)hX = (k= Dg(X, 2)QY + (x = Dn(XIN(Z)QY — g (¥, hZ)QhX

+S(dhX, hZ)HY — S(PY, hZ)GhX + g(dbhX, hZ)QDY — g (Y, hZ)QdhX + 2S(hX, Y)dhZ
+29(dhX, Y)QPhZ — S(hX, RZ)N(Y)E — S(hX, Z)hY — (x — 1)S(Y, Z)X + (x — 1)S(Y, Z)n(X)E
—g(hX, Z)hQY — (x — g (Y, Z)QX + (x — g (Y, Z(X)QE — S(dbhX, Z)hdY

+(k — 1)S($Y, Z) X — g(dhX, Z)hQY + (x — 1)g(bY, Z)QdX — 2S(PhX, Y)hZ

+2
~2g(GhX, IhQPZ + (x — DA(NEZAX — (<= DICONINEDIQE —>——

[9(dhX, hZ)bY
—g(Y, hZ)PhX + 2g(GhX, Y)PhZ — g(dphX, L)Y + (k — 1) g (Y, Z)X — 2g(dhX, Y)hPZ]

- an—+44 [-(k—1DgX DY+ (x — DOnXON@)Y — g(Y,hZ)hX — g(hX,Z)hY

p
n+4

—(k—Dg(¥, DX+ (k= Dg(¥,ZmX)5] + 5 [-(c— DgX, Z2m(Y)E

+(k = Dn(Y)(D)X] = 0.

Now taking inner product of (3.4) with T and using symmetry property of k, (2.9) and (2.12), we get

(3.5)

Kk — 1 gX 2m()n(T) — x(x — HnONYON@n(T) + px — 1) g (X, Zn(Y)n(T)
—k(x = 1Dg(Y,d2)g(dX,T) — x g(hX, dZ) g(dhY,T) + x g(Z, dhY) g(dhX, T)

+x(k — 1D g(Z, $X)g(dY, T) + k(k — 1) g (X, HIn(Y)n(Z) — k(x — DnXOn(YOn(Z)n(T)

1
—u(1 —1)g(hX, TIM(Y)(2) — 2ug (hX, $V)g(ShZ,T) + 5 [S(hX, hZ) g (Y, T)

—S(Y,hZ)g(hX, T) — (x — 1)g(X, Z)S(Y, T) — (k — 1)S(Y, T)n(X)N(Z) — S(hX, T)g(Y, hZ)
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+S(RX, hZ) g (Y, T) + S(PY, hZ)g(dhX, T) + g(dbhX, hZ)S($Y,T) — g(dY, hZ)S(dhX, T)
+2S(hX, ) g(dhZ, T) + 2g(dhX, Y)S(GhZ, T) — S(hX, hZ)n(Y)n(T) — S(hX, Z)g(hY, T)
== DS, 2)g(X,T) + (x = DSCY, ZInX)N(T) = g(hX,Z)S(hY, T) — (x = g (Y, Z)S(X, T)
+x(k — D2ng(Y, ZnXOn(T) — S(¢hX, 2)g(hdY, T) + (k — DS(PY, Z) g (X, T)

—g(dhX, 2)S(h$Y,T) + (k — 1) g(Y, Z)S(X, T) — 2S(phX,Y) g(hdZ, T)

—2g(hX, Y)S(hZ,T) + (k — Dn(Y)N(Z)SX, T) — k(k — 1)2n(X)n(Y)n(Z)n(M)]

p+2n
2n+4

[9(dhX, hZ) g (Y, T) — g(dY, hZ)g(bhX, T) + 2g9($hX,Y) g($hZ,T)

p—
2n+4

—g($hX, 2)g(hoY,T) + (k = g (Y, 2)g(X, T) — 2g(dhX,Y)g(hdZ, T)] —

[-(c = DgXDg(Y,T) + (k= Dg (Y, THIn(Xn(Z) — g\, hZ)g(hX, T) — g(hX,Z)g(hY,T)

—(xk—=Dg,2)gX,T) + (x — Dg(Y,ZnXn(D] + an+ 7 [-(x = DgXZn(Y)n(T)
+(x—DgX THn(Y)n(2)] = 0.

Setting Y = T = ¢ in (3.5) and using (2.4) and (2.5), we have

(3.6) GeDED g(x,2) + S22 (X)(2) + ule — 1)g(hX, Z) = 0.

2n+4

By virtue of (2.10), (3.6) yields to
(3.7) SX,Z) = A1g(X, Z) + An(X)n(Z),

where

2n+4

A =y(K—l)(2n+4—){2(n—l)—nu}—(4K—1)(K—1){2(n—1)+u} and A =u(K—l)(2n+4){2(1—n)—n(2K+u)}—4—(K—1)(1—K){2(n—1)+u}
1 1(k—1)(2n+4) 2 n(x—1)(2n+4)

Thus we can state the theorem as follows:

Theorem 3.2. Let M2"*1(¢, &, 1, g) be a non-Sasakian (k, u)-contact metric manifold. If M is h-C-Bochner
semisymmetric then it is an n-Einstein manifold with constant coefficients.

It follows that from proposition 2.1 and Theorem 3.2 we can state the following:

Corollary 3.2. If M2"*1 be a h-C-Bochner semisymmetric (x, u)-contact metric manifold then the Ricci operator Q
commutes with ¢ i.e., Q¢ = ¢Q.

4. ¢-C-Bochner semisymmetric non-Sasakian (, p)-contact metric manifold
Definition 4.2. A Riemannian manifold (M2"*1, g) is said to be ¢-C-Bochner semisymmetric if

(4.1) B(X,Y) ¢ =0,

holds on M.

Suppose that M2"*? is a ¢-C-Bochner semisymmetric non-Sasakian (x, yt)-contact metric
manifold. The condition B(X,Y) - ¢ = 0 turns into,
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(4.2) (B(X,Y) - $)Z = B(X, Y)Z — $B(X,Y)Z = 0,

for any vector fields X, Y, Z.

Using (1.1) and (2.15) in (4.2), we get

(4.3) {1 =19[g(@Y, DnX) — g(dX, ZM(YV)] + (1 — W[g(PhY, Zn(X) — g(ShX, Zn(V)]}
—g(Y + hY) (X + dhX) + g(X + hX, Z)(dY + dhY) — g(dY + dhY, Z)(X + hX)

+9(@X + dhX, Z)(Y + hY) = (D{(1 =) MK)dY = n(V)$X] + (1 — WM X)dhY

—N(Y)hX]} + [SX, $Z)Y = S(Y, dZ)X + g (X, Z)QY — g(¥, $Z)QX

2n+4

+S(HX, $Z)PY — S(dY, dZ)dX + g(dX, $Z)QDY — g(dY, Z)QPX — 2S(dX, Y)Z
+2S(dX, YIn(2)§ — 29($X, Y)QZ + 29 (X, Y)n(Z)QE — S(X, dZ)n(Y)§ + S(Y, dZ)(X)§
=S, D)PY +S(Y, D)X — g(X, 2)QPY + g (Y, 2)QdX + S($X, 2)Y — S(¢X, Z)n(Y)E
=S(dY, Z)X + S(¢Y, Zn(X)§ + g(X, Z)QY — g(¢X, Z)n(Y)QE — g(¢Y, Z)QX

+9(Y, ZMX)QE + 25(X, Y)Z — 2S(dX, YIn(2)§ — 29(X, Y)QZ + 29 (X, Y)n(Z) Q8

—NXM(Z)QPY + n(Y)n(Z)QdX] —

p+2n
> [9X )Y — (XD dY — g(Y, Z)dX

n+4
INYN@D) DX = 2g(dX, Y)Z + 2g (X, Y)n(2D)E + g(dX, 2)Y — g(dX, Z)n(Y)E

p—4
2n+4

—g(®Y, D)X + g(dY, Z)n(X)§ + 2g(dX, Y)Z — 2g(dX, Y)n(Z2)§] — [9(X, $Z)Y

p

g, dD)X - gX, 2) Y + g(Y, Z)dX] + h T4 [9X dZn(YV)E + g (Y, dZ)n(X)§

—nXN@)eY —n(Y)(Z)$X] = 0.
Now replacing X by ¢X in (4.3) and making use of (2.1), (2.4) and (2.11), we have
(44) 1 -gX Mg~ 1 —EMIM@E— (1 - wWghX, Dn(Y)E+ g(Y, L)X
-9, In(X)E - g(Y,Z2)hX + g (hY, )X — g(hY, Zn(X)§ — g(hY,Z)hX
+9(dX, 2)dY + g(OX, Z)phY + g(hdX, Z)dY + g(hdX, Z)PhY — g($Y, Z)dX
—g(PY, )hdX — g(hY, Z)dX — g(dhY, Z)hdX — g(X, 2)Y + n(X)n(2)Y

+g(hX,2)Y — g(X, Z)hY + n(XIn(Z)hY + g(hX,Z)hY — (1 — xIn(Y)n(DX

+(1 = OnEMIN@)E + (1 — wn(Y)n(Z)hX + [SX )Y — 2nin (X)n(2)Y

2n+ 4

—2(2n =2+ W g(hX, )Y = S(Y, Z)pX + g(X, 2)QY —n(X)n(L)QY — g (¥, $Z)QdpX
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—S(X, L)Y + S(Y,Z)X — 2nin(Y)n(Z)X — 2(2n — 2 + w)g (hY, Z)X — S(Y, Z)n(X)E
+2nnXMON(DE + 2(2n — 2 + W g (hY, ZMX)E — g(X, $Z)QY + (Y, Z)QX

—g (Y, Zn(X)QE — n(Y)n(Z)QX + nXn(Y)n(2)§ + 28(X, Y)Z — 4nin(X)n(Y)Z

—28(X, Y)n(2)E + 4nin(Xn(YIn(2)% + 29(X, Y)QZ + 2n(X(Y)QZ — 29 (X, YIn(Z)E
+2nON(NDE — SK, Zn(VE + 2nkn(XOn(YIn(2)E + 2(2n — 2 + wg(hX, Z(Y)F
—S($X, )Y — S(Y, DX + S(Y, 2 (X — g (X, 2)QdY — g (Y, Z)QX + g (Y, Z)n(X)QE
—S(X,2)Y — 2nkn(X)M(2)Y — SX, 2 (Y)E + Znkn(Xn(Y)n(2)E — S($Y, )b X — g(X, 2)QY
MEOM@DQY + g(X, Zn(Y)QE = nX(n(2)QE — g(Y, Z)QdX — 25(X, Y)Z

+4nn XMV Z + 25(X, Y)n(2)§ — 4n(Xn(Y)n(2)E + 29(X, Y)QZ — 2n(X)n(Y)QZ

—2g(X,Y)n(Z)QE + 2Zn(X)n(Y)n(Z2)QE — n(Y)n(Z)QX + n(X)n(Y)n(2)¥]

+2
— 22 [g@X DY + g (Y, )X — g(¥, DNCOE — n(DINE@X + nCONIN(ZE + 29 (X, V)2

—2nXOMMZ - 29X, Y)n(Z)§ + Zn(Xn(N(Z)E — g(X, 2)Y + n(Xn(D)Y + g(X, Z)(Y)§

—XON(Y(2)E — g(dY, Z)dX — 29X, Y)Z + 2n(X)m(V)Z + 2g(X, Y)n(Z)§

—2nXOn(N(2)E] - ani [9X DY =M@Y — g (Y, L)X — g (X, Z)pY
p

—g( DX+ g(Y, ZnX)E] + 5

[9X, Zn(Y)E —n(Y)(2)X] = 0.

By taking inner product of (4.4) with T and using symmetry of h, (2.1), (2.9) and (2.12), we obtain

(4.5)

(1 =g XZm)n(T) — (1 = nXNYM@n(T) — (1 — W g (hX, Zn(YV)n(T)
+9(Y,DgXT) — g(¥,Zmn(T) — g(Y,2)g(hX,T) + g(hY,Z2)g(X, T)

—g(hY, ZnEm(T) — g(hY,Z)g(hX,T) + g(¢X, 2)g($Y, T) + g($X, Z)g(dhY, T)
+9(dhX, 2)g(dY,T) + g(hdX, Z)g(dhY, T) — g (Y, 2)g (X, T) — g(¢Y, Z)g(hdX, T)
—g(ohY,2)g(dX, T) — g(dhY,Z)g(hdX, T) — g(X,2)g (Y, T) + n(X)n(2)g (Y, T)
+9(hX,D)g(Y,T) = gX, 2)g(hY, T) + n(X)n(Z)g(hY,T) + g(hX,Z)g(hY, T)

—(1 = n(M@DgX,T) + (1 = nEM)O@Zn(D) + (1 — wWn(In(ZD)g(hX, T)

+ 2n1+4 [SX.2)g(Y,T) = 2nenX)(2)g (Y, T) — 2(2n — 2 + ) g(hX,Z)g (Y, T)

=S(Y,$Z)g(dX, T) + g(X, 2)S(Y, T) — nXOn(Z)S(Y, T) — g (Y, dZ)S(HX, T)

—S(X, $Z)g(dY, T) + S(Y,2)g(X, T) — 2nmn(Vn(Z)g(X, T) — 2(2n — 2 + p)
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g(rY,)g(X, T) = SCY, Z(Xn(T) + 2nen(Xm(On(Zn(T) +2(2n -2 + )
g Y, ZnXn(T) — gX, ¢2)S(¢Y, T) + g (Y, 2)S(X, T) — 2nkg (Y, Z)n(X)n(T)
—2nn(N(@D)g X, T) + nXn(n(@Zn(T) + 25X, Y)g(Z,T) — 4nn(Xn(V)g(Z T)
—2SX,Y)n(Zn(T) + 4nkn(Xn(YIn(@n(T) + 29X, Y)S(Z,T) + 2n(Xn(V)S(Z,T)
=2gXY)M(@Zn(T) + 2nEOM(IN@(T) — SX, Z)n(Y)n(T) + Zmien XM (YIn(Z)n(T)
+2(2n =2+ W g (hX, Zn(Y(T) = S(PX, D) g (Y, T) — S(Y, 2)g(X, T) + S(Y, Z)n(X)n(T)
—g(@X, 2)S(¢Y, T) — g(Y,Z)S(X, T) + 2nkg (Y, ZnX)n(T) — S(X, 2)g (Y, T)
—2nin(X(2)g (Y, T) + SX, Z(V)n(T) + Znn(Xn(YIn(Zn(T) — S($Y,2)g (X, T)
—gX2)SEY,T) +n(Xn(Z)S(Y, T) + 2nkg (X, Zn(Y)n(T) — nEm(¥In(Z)n(T)
—g(@Y,D)S($Y,T) = 28(X,Y)g(Z, T) — 4nin(X)n()g(Z, T) + 25X, Y)n(Z)n(T)
—4nn (X YM@n(T) + 29X, Y)S(Z,T) — 2n(XM(Y)S(Z, T) — 4nkg (X, Y)n(Z)n(T)
+4ma (X (Y (@n(T) = 2nn(Y)(2)g (X, T) + (O @Zn(T) |

p+2
2n +

Z [9(dX,2)g(dY, T) + g(Y,2)g(X, T) — g(Y, Z)nX(T) —n(Y)n(Z)g(X, T)

NEMION@n(D) + 29X VG(Z T) = 2nXn(V)g(Z T) — 29(X, Y)n(Z)n(T)
+2EMONE(T) — g X, 2)g(Y, T) + n(X)n(Z)g(Z, T) + g(X, Z)n(Y)n(T)
“nXNMN@)(T) = g(dY, 2)g(dX, T) = 29(X, Y)g(Z, T) + Zn(X)n(Vg(Z, T)
p—4
2n + 4
NEM@D Y. T) —g(Y, $2)g(dX, T) — g(dX, 2)g(¢Y, T) —g (Y, 2)g(X,T)

p
2n+4

+29(X, Y)n(Zmn(T) — 2nXOn(Yn(@Z)n(D)] -

[g(X,2)g(Y,T)

+9(Y, ZnXn(D)] + [9X, Zn(Yn(T) —n(Yn(Z)gX T)] = 0.

Now plugging Y = T = £ in (4.5) and then using equations (2.4) and (2.5), we get

K(6n+4)

(4.6) R g (X, Z) + S (X)n(2) +

2n+4

u2n+4)-2(2n—-2+p)
2n+4

g(hX,Z) = 0.

Further making use of (2.10), (4.6) leads to
(4.7) S(X,Z) = A39(X,Z) + A (X)n(Z),
where

A, = [2(n—=1)—nul{u(2n+4)-2(2(n-1)+u)}+4(xk—1)(2n+4)[2(n—1) +u]
3=

pu2n+4)-2(2n-2+p) and
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_ [RA-n)+nr+w){u2n+4)-2(2(n-1)+u)}—{rk(6n+4)-3}(2n+4)[2(n—-1)+u]

A w(2n+4)-2(2(n—-1)+u)

Hence we can state the following:

Theorem 4.3. If (2n+ 1)-dimensional non-Sasakian (x,pu)-contact metric manifold M is ¢-C-Bochner
semisymmetric then M2"*1 is an n-Einstein manifold with constant coefficients.

Similarly, from proposition 2.1 and Theorem 4.3 we can state the following:

Corollary 4.3. If M be a ¢-C-Bochner semisymmetric (x, u)-contact metric manifold then the Ricci operator Q
commutes with ¢ i.e., Q¢ = ¢Q.

5. h-m-projectively semisymmetric non-Sasakian (x, p)-contact metric manifold
Definition 5.3. A Riemannian manifold (M2"*1, g) is said to be h-m-projectively semisymmetric if the condition,

(5.2) W*(X,Y)-h =0,
holds on M.

Let M be a (2n + 1)-dimensional h-m-projectively semisymmetric non-Sasakian (x, u)-contact metric manifold.
The condition W*(X,Y) - h = 0 can be written as,

(5.2) (W*(X,Y) - h)Z = W*(X,Y)hZ — hW*(X,Y)Z = 0,

for any vector fields X, Y, Z.
By using (1.2) and (2.14) in (5.2), we get

(5.3) {x[g(hY,ZM(X) — g(hX, Zn(Y)] + u(x — DIgX, Zm(Y) — g\, Zn(X)]}5
+i{g (Y, ¥Z)ShX — g(X, bZ)PhY + g(Z, bhY) X — g(Z, phX) Y + n(Z) [n(X)hY
—NAX]} = u{n(N[A = N@DX + i (X)RZ] = nX)[(1 = 1(D)Y + un(Y)hZ]
+29(X, Y)PhZ} — ﬁ [S(Y,hZ)X — S(X, hZ)Y + g(Y,hZ)QX — g(X, hZ)QY
—S(Y, Z)hX + S(X, Z)hY — g(Y,Z)hQX + g(X,Z)hQY] = 0.

Replacing X by hX in (5.3) and using symmetric property of h, (2.1), (2.7), we obtain

(5.4) k(< = 1)g(X, Z2n(Y)§ — x(k — HnEOn(Y(Z)E + u(k — D g (hX, Zn(Y)g
—k(x—1)g(¥, dZ2)dX — kg (hX, dZ)bhY + kg (Z, phY)PhX + k(k — 1) g(Z, dX)dY

Fx(k — Dn(VN(DX — k(k — DnXOn(Y)n(2)§ — n(1 —n(Y)n(Z)hX — Zpug (hX, $Y)PhZ
- ﬁ [S(Y, RZ)hX — S(hX, hZ)Y + g(Y, hZ)QhX — g(hX, hZ)QY + (k — 1)S(Y, Z)X

— (k= 1S, Z)nX)§ + S(hX, Z)hY + (x — 1) g (Y, 2)QX — (x — 1) g (Y, Zn(X)Q8§
+9(hX, Z)QhY] = 0.

Taking inner product of (5.4) with T and then using equations (2.1) and (2.12), symmetry of h, we have
(5.5) k(i = Dg(X, Zn(Y)n(T) — k(= HnEOn(YIN@(T) + p(x — Dg(hX, Zn(Y)n(T)
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—k(k— Dg(Y,$Z)g (X, T) — kg (hX, $Z)g($hY, T) + kg(Z, dhY)g($hX,T)

+k(k = 1Dg(Z $X)g(dY, T) + x(k — In(Y(Z)g (X, T) — k(x — Hn(X)n(YI)n(Z)n(T)
1

—HA =@ g(hX, T) — 2ug (hX, Y)g(dhZ, T) — —[S(Y, hZ)g(hX, T)

—S(hX,hZ)g(Y,T) + g(Y,hZ)S(hX,T) — g(hX,hZ)S(Y,T) + (x — 1)S(Y,Z)g(X, T)

—(k = DS, 2O (T) + S(rX,2)g(hY, T) + (k — 1)g(Y,Z)S(X, T)

-k =1 —-1DgY,ZnXn(T) + g(hX,Z)S(hY, T)] = 0.

Treating Y =T = £ in (5.5), we get

(5.6) S(hX,hZ) = k(1 — K)(6n + 4) g (X, Z) + (x — 1)(6n + HnX)n(Z)
—u(k — 1)4(2n + 1)g(hX, 7).
Plugging X by kX and Z by hZ in (5.6) and applying equations (2.1), (2.7), (2.9), we obtain
(5.7) S(X,Z) = k(x — 1)(6n + 4)g(X,Z) + k[2n — (x — 1)(6n + ) |n(X)n(Z)
+4u(k — 1)(2n + 1) g(hX, 7).
By virtue of (2.10), (5.7) reduces to

(5.8) S(X,Z) = B1g(X,Z) + B,n(X)n(2),
where

B. = {k(k-1)(6n+4)[2(n—-1)+u]-4(2n+1)u(k-1)[2(n—1)—-nul}
1=

[2(n-D)+u]-4(2n+1)u(k-1)} and

B, = {k[2n—(k—1)(6n+4)][2(n—-1)+u]-42Cn+1)u(k—1)[2(1—-n)+n(2x+wn)]}
z {[2(n-1)+u]-4(2n+ Dp(e-1))

Thus we get the following theorem:

Theorem 5.4. Let M?"*1(¢,&,7n,g) be a non-Sasakian (x, u)-contact metric manifold. If M is h-m-projectively
semisymmetric then the manifold is an n-Einstein manifold with constant coefficients.

In similar manner, from proposition 2.1 and Theorem 5.4 we can state the following:

Corollary 5.4. If M?"*1 be a h-m-projectively semisymmetric (i, )-contact metric manifold then the Ricci operator
Q commutes with ¢ i.e., Q¢ = ¢Q.

6. ¢p-m-projectively semi-symmetric non-Sasakian (k, p)-contact metric manifold

Definition 6.4. A Riemannian manifold (M2"*1, g) is said to be ¢-m-projectively semisymmetric if it satisfies

(6.1) W*(X,Y) ¢ = 0.
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Let M be a (2n + 1)-dimensional ¢-m-projectively semisymmetric non-Sasakian (x, u)-contact metric manifold.
The condition W*(X,Y) - ¢ = 0.turns into,

(6.2) W*X,Y)-p)Z =W*(X,Y)pZ—dpW*(X,Y)Z = 0,
for any vector fields X, Y, Z.
Making use of (1.2) and (2.15) in (6.2), we obtain
(6.3) {1 =9[g(PY, Zn(X) — g(&X, ZM(V)] + (1 — W[g(dhY, ZM(X) — g(dhX, ZM(Y)]}E
—g(Y + hY,Z)(dX + dhX) + g(X + hX, Z)(PY + PhY) — g(dY + PhY,Z)(X + hX)
+9(@X + dhX, Z)(Y + hY) = n(D{(1 — MK PY —n(N$X] + (1 — WM X)hY
—n(Y)phX)]} - % [SCY, d)X = S(X, dZ)Y + g (Y, $Z)QX — g(X, Z)QY — S(Y, Z)pX
+S(X, 2)dY — g(Y,2)QdX + g(X,Z)QdY] = 0.
Now replacing X by ¢X and using equations (2.1), (2.4), (2.5), (2.11) and symmetry property of & in (6.3), we get
(6.4) (1 =1gX ()~ (1 = ENIN@)E — (1 — wWg(hX, ZDn(Y)E + g(¥, DX
=9, DnX)§ = g(Y, 2)hX + g(hY, )X — g(hY,Z)n(X)§ — g(hY, Z)hX + g($X, Z)pY
+9(GX, 2)OhY + g(hdX, 2)dY + g(hdX, Z)phY — g(dY, Z)dX — g (Y, Z)hdX
—g(dhY,Z)dX — g(dhY, Z)hdX — g(X, 2)Y + n(X)n(D)Y + g(hX, 2)Y — g(X, Z)hY

ANEOM(Z)hY + g(hX, Z)hY — (1 — 1 On(YON(@DX + (1 — X (Y)n(2)g
(1~ WM — 7= S, )X — S, Y + Znien(On()Y

+2(2n =2 + W g(hX, )Y + g(Y, dZ)QdX — g(X, Z)QY + n(X)(Z)QY + S(Y, Z)X
=S(Y, Zn(X)E + S(X, )Y + g (Y, 2)QX — g (Y, Z2)$(X)QE + g($X, Z)QdY] = 0.
Taking inner product of (6.4) with T and using (2.1), (2.9), (2.11), (2.12), we obtain
(6.5) (1 =g X 2mM(T) — @ = nXn(n@n(T) — (1 = wWg (hX, Zn(¥Y)n(T)
+9(Y,2)gX, T) — g(Y, nn(T) — g(Y, 2)g(hX,T) + g(hY,Z)g(X,T)
=g (hY, nXn(T) — g(hY, 2)g(hX,T) + g($X, 2)g(dY,T) + g($X,Z)g($hY,T)
+9(hdX, 2)g (Y, T) + g(hdpX, D) g(dhY,T) — g(dY, 2)g (X, T) — g (Y, Z)g(hdX, T)
—g(®hY,2)g(¢X, T) — g(dhY,Z)g(hdX, T) — g(X,2)g (Y, T) + n(X)n(D)g (Y, T)
+9(hX,D)g(Y,T) = g(X, 2)g(hY, T) + n(X)n(2)g(hY,T) + g(hX,Z)g(hY,T)

-1 = (Y@ gXT) + (1 —inEO(YINE@n(T) — (1 — Wn(YIn(Z) g(hX, W)
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1
— =[S 6D G@X,T) = SK Z)g (Y, T) + 20 (On(@)g(Y, T) +2(2n = 2 +

9g(hX,2)g(Y,T) + g(Y,$Z)S($X, T) — g(X,Z)S(Y, T) + n(X)n(Z)S(Y, T)
+S(Y,Z)g(X, T) — S(Y, Zn(Xn(T) — S($X, Z) g(dY, T) + g(Y,Z)S(X, T)
+(n = Drg (Y, ZnXn(T) — g($X, Z)S(dpY, W)] = 0.
Treating Y = T = ¢ in (6.5) and using (2.1), (2.2), (2.4), (2.5) and (2.11), we get
(6.6) S(X,Z) = k(6n + 4)g(X,Z) + {—4x(n + HIME)N(Z) + {2(2n — 2 + p)
—4p(2n + 1)} g(h X, 2).
Now using (2.10) in (6.6), we have

(6.7) S(X,Z) = B3g(X,Z) + B,n(XOn(D).

Where B. = {x(6n+4)[2(n—-1)+p]-[2(2(n—-1)+p)—4np][2(n—1)—np]}
3 [2n—2+u]—[2(2(n—1)+W)—4(2n+1)y]

_ {=4x(m+D)[2(n—-1)+p]-[2(2(n—1)+w)—4(2n+1)p][2(1-n)+n(2k+p)]}

and B, [2(n—1)+u]-[2(2n—2+W)—4(2n+1) ]

Thus we have the following theorem:
Theorem 6.5. If (2n + 1)-dimensional non-Sasakian (x,u)-contact metric manifold M is ¢-m-projectively
semisymmetric then the manifold is an n-Einstein manifold with constant coefficients.

In similar manner, from proposition 2.1 and Theorem 6.5 we can state the following:

Corollary 6.5. If M?™*1 pbe a ¢-m-projectively semisymmetric (x, u)-contact metric manifold then the Ricci
operator @ commutes with ¢ i.e., Q¢ = ¢Q.
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