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In the present paper, we consider  -Bochner and  -projective cur-

vature tensors in a non-Sasakian      -contact metric manifold. 

Moreover, we study the curvature tensors satisfying semisymmetric 

conditions on the same manifold and obtained results. 
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Introduction:- 
In 1995, Blair et al.[3] introduced a class of contact metric manifolds for which the characteristic vector field   

belongs to the      -nullity distribution for some real numbers   and   and are known as      -contact metric 

manifolds. Boeckx[4] gave a full classification of (κ, µ)-contact metric manifolds. The class of      -contact metric 

manifolds encloses both Sasakian and non-Sasakian manifolds. Also non-Sasakian      -contact metric manifolds 

have two classes, namely, the first class consists of the unit tangent sphere bundles of spaces of constant curvature, 

equipped with their natural contact metric structure and the second class contains all the three-dimensional 

unimodular Lie groups, except the commutative one, admitting the structure of a left invariant      -contact metric 

manifold [3, 4, 17].       -contact metric manifolds have studied by several authors in the following papers [1, 10, 

11, 19] and others. 

 

A      -tensor field   on           is called parallel when it is invariant under parallel translation, i.e.,     . 

Among the geometric properties of manifolds, symmetry is an important one. A Riemannian manifold       is 

called locally symmetric if its curvature tensor   is parallel, i.e.,     , where   denotes the Levi-Civita 

connection. As a generalization of locally symmetric spaces, many geometers have considered semisymmetric 

spaces and their generalizations. 
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A Riemannian manifold       is said to be semisymmetric if its curvature tensor   satisfies 

 

           , 

 

for any vector fields        
    , where        acts on   as a derivation [13, 20]. 

 

In 1969, Matsumoto and Chuman[14] introduced the concept of  -Bochner curvature tensor in a Sasakian manifold 

and studied its several properties. Many authors have studied the characterizations of  -Bochner curvature tensor 

with different manifolds in the papers [8, 9, 12, 19] and others. 

 

The  -Bochner curvature tensor is given by 

 

(1.1)                  
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where   is the Ricci tensor of type          is the Ricci operator defined by                   
    

    
 and   is 

the scalar curvature of the manifold. 

  

In 1971, Pokhariyal and Mishra [18] defined a tensor field    on a Riemannian manifold as 

 

(1.2)                                     
 

  
                                     

 

Such a tensor field    is known as  -projective curvature tensor. Ojha[15, 16] studied the properties of the  -

projective curvature tensor in Sasakian and Kaehler manifold. The properties of  -projective curvature tensor were 

studied on different manifolds in [6, 7, 23] and others. 

 

The present paper is organized in the following way: Section 2 is concerned with preliminaries of      -contact 

metric manifold. We study  - -Bochner semisymmetric,  - -Bochner semisymmetric,  - -projectively 

semisymmetric,  - -projectively semisymmetric non-Sasakian      -contact metric manifolds in sections 3, 4, 5 

and 6, respectively. In all the cases the manifold appears to be an  -Einstein manifold. 

 

Preliminaries:- 
A       -dimensional differentiable manifold   is called a contact manifold [2] if it carries a global  -form   

such that                everywhere on  . It is well known that a contact metric manifold admits an almost 

contact metric structure          , i.e., a global vector field  , which is called the characteristic vector field, a 

     -tensor field   and a Riemannian metric   such that 

 

(2.1)     = −I + η ⊗ ξ,  g(X, ξ) = η(X), 

 
 

  

(2.2) η(ξ) = 1,                          . 

 

Furthermore,           can be chosen such that 

(2.3)                                   , 
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for all vector fields        
     and we call such a structure as contact metric structure. A manifold   with 

such a structure is said to be contact metric manifold and it is denoted by           . Along with the above 

relations, we have 

 

(2.4)     ,       ,           . 

 

We define a      -tensor field   by   
 

 
   , where    is the Lie differentiation in the direction of  . Since tensor 

field   is self-adjoint and anticommutes with  , therefore 

 

(2.5)              ,            ,             , 

 

where   is the Levi-Civita connection and if     is an eigenvector of   corresponding to the eigenvalue  , then 

   is an eigenvector of   corresponding to the eigenvalue   . Blair et al. [3] considered and studied the      -
nullity condition. The      -nullity distribution        [3] of a contact metric manifold   is defined by       : 

             [          :                                 }] for all        
    . A contact 

metric manifold       with          is called a      -contact metric manifold and we have 

 

(2.6)                                         , 
 

for all        
    . If    , then the      -nullity distribution        is reduced to  -nullity distribution 

     [22]. If       , then we call contact metric manifold   an     -contact metric manifold. The class of 

     -contact metric manifolds contains both classes of Sasakian                   and non-Sasakian 

                  manifolds. In a      -contact metric manifold, the following relations hold: 

 

(2.7)             , 
 

 
  

(2.8)         =                                    , 
    

(2.9)                 , 

    

(2.10)                                                           

                                   , 
    

(2.11)                                                          , 

    

(2.12)                 , 
    

where   is the Ricci tensor of type          is the Ricci operator and   is the scalar curvature of the manifold. 

 

(2.13)                      
 

In general, in a      -contact metric manifold   does not commutes with  . However, Yildiz and De [1] proved the 

following: 

 

Proposition 2.1.[1] In a non-Sasakian      -contact metric manifold the following conditions are equivalent: 

(i)   is an  -Einstein manifold, 

(ii)       in  . 

 

Corollary 2.1.[1] A  -dimensional non-Sasakian      -contact  -Einstein manifold is an     -contact metric 

manifold. 

The following lemma which was proved in [3] is helpful to state our theorem. 

 

Lemma 2.1.[3]: Let                be a contact metric manifold with   belonging to the      -nullity 

distribution. Then for any vector fields        we have 
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(2.14)                                                                          
 
                                                          
 
                                                              
 
                                                              

 
                                                        
 

Lemma 2.2.[3]: Let                be a contact metric manifold with   belonging to the      -nullity 

distribution. Then for any vector fields        we have 

 

(2.15)                                                      
                                        

                                                      
 

                                                       

 

                                                       

 
                                                           

 

                               
 

3.  - -Bochner semisymmetric non-Sasakian      -contact metric manifold 

Definition 3.1. A Riemannian manifold           is said to be  - -Bochner semisymmetric if 

 

(3.1)                                                                             
 
holds on  . 

 

Let       be a  - -Bochner semisymmetric non-Sasakian      -contact metric manifold. The condition        
    can be expressed as follows, 

 

(3.2)                                , 

 

for any vector fields      . 

By using (1.1) and (2.14) in (3.2), we have 

 

(3.3)                                                                            
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Substituting   by    in (3.3) and using (2.1), (2.4) and (2.7), we obtain 

 

(3.4)                                                                                  
 

                                                             
 

                                                                                              
 

             
 

    
                                                              

 
                                                                         

 
                                                                                   

 
                                                                       

 
                                                                

 

                                                                       
    

    
             

 
                                                                                

 

 
   

    
                                                                 

 

                                
 

    
                                       

 
                                                    
 

Now taking inner product of (3.4) with   and using symmetry property of  , (2.9) and (2.12), we get 

 

(3.5)                                                                                 
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Setting       in (3.5) and using (2.4) and (2.5), we have 

  

(3.6)   
           

    
       

           

    
                              

By virtue of (2.10), (3.6) yields to 

(3.7)                                                                         

where 

   
                                             

            
   and      

                                                  

            
 

Thus we can state the theorem as follows: 

 

Theorem 3.2. Let                be a non-Sasakian      -contact metric manifold. If   is  - -Bochner 

semisymmetric then it is an  -Einstein manifold with constant coefficients. 

 

It follows that from proposition 2.1 and Theorem 3.2 we can state the following: 

 

Corollary 3.2. If       be a  - -Bochner semisymmetric      -contact metric manifold then the Ricci operator   

commutes with   i.e.,      . 

 
4.  - -Bochner semisymmetric non-Sasakian      -contact metric manifold 

Definition 4.2. A Riemannian manifold           is said to be  - -Bochner semisymmetric if 

 

(4.1)              , 

 

holds on  . 

Suppose that        is a  - -Bochner semisymmetric non-Sasakian      -contact metric 
manifold. The condition            turns into, 
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(4.2)                                  
 
for any vector fields      . 
 
Using (1.1) and (2.15) in (4.2), we get 

 

(4.3)                                                                            
 

                                                         
 

                                                                    

 

           
 

    
                                             

 

                                                              

 

                                                                                
 

                                                                         
 

                                                         

 
                                                                                  

 

                                    
    

    
                              

 

                                                            
 

                                                              
   

    
          

 

                                     
 

    
                           

 

                                                                                                       
 

Now replacing   by    in (4.3) and making use of (2.1), (2.4) and (2.11), we have 

 

(4.4)                                                                    
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By taking inner product of (4.4) with   and using symmetry of  , (2.1), (2.9) and (2.12), we obtain 
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                                                 X                                                       
 

                                                            
 

                                                                                       
 

                                                                     
 

                                                                        
 

                                                                                       
 

                                                                     
 

               
    

    
                                                           

 
                                                                        

 
                                                                 

 
                                                                   

 

                                    
   

    
                            

 
                                                             

 

                  
 

    
                                            

 
Now plugging       in (4.5) and then using equations (2.4) and (2.5), we get 

 

(4.6) 
    

    
       

       

    
         

                 

    
                               

 

Further making use of (2.10), (4.6) leads to 

(4.7)                             ,                                                                            

where  

   
                                                       

                 
 and 
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Hence we can state the following: 

 

Theorem 4.3. If       -dimensional non-Sasakian      -contact metric manifold   is  - -Bochner 

semisymmetric then       is an η-Einstein manifold with constant coefficients. 

 

Similarly, from proposition 2.1 and Theorem 4.3 we can state the following: 

 

Corollary 4.3. If M be a  - -Bochner semisymmetric      -contact metric manifold then the Ricci operator   

commutes with   i.e.,      . 

 

5.  - -projectively semisymmetric non-Sasakian      -contact metric manifold 

Definition 5.3. A Riemannian manifold           is said to be  - -projectively semisymmetric if the condition, 

 

(5.1)            , 

 

holds on  . 

 

Let   be a       -dimensional  - -projectively semisymmetric non-Sasakian      -contact metric manifold. 

The condition              can be written as, 

 

(5.2)                                      
 

for any vector fields      . 

By using (1.2) and (2.14) in (5.2), we get 

 

(5.3)                                                                        
 

                                                               

 

                                                                   
 

              
 

  
                                               

 

                                                                                   
 

Replacing   by    in (5.3) and using symmetric property of  , (2.1), (2.7), we obtain 

 

(5.4)                                                                   
         

                                                                  

 

                                                                                         

 

  
 

  
                                                        

 

                                                             
 

                               
 

Taking inner product of (5.4) with   and then using equations (2.1) and (2.12), symmetry of  , we have 

(5.5)                                                                              
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Treating       in (5.5), we get 

 

(5.6)                                                                       

       

                                                                    
 

Plugging   by    and   by    in (5.6) and applying equations (2.1), (2.7), (2.9), we obtain 

 

(5.7)                                                      
               

                                                                            
 

By virtue of (2.10), (5.7) reduces to 

 

(5.8)                                             

where 

   
                                                 

                         
  and 

 

   
                                                           

                          
. 

 

Thus we get the following theorem: 

 

Theorem 5.4. Let                be a non-Sasakian      -contact metric manifold. If   is  - -projectively 

semisymmetric then the manifold is an  -Einstein manifold with constant coefficients. 

 

In similar manner, from proposition 2.1 and Theorem 5.4 we can state the following: 

 

Corollary 5.4. If       be a  - -projectively semisymmetric      -contact metric manifold then the Ricci operator 

  commutes with   i.e.,        
 

6.  - -projectively semi-symmetric non-Sasakian      -contact metric manifold 

Definition 6.4. A Riemannian manifold           is said to be  - -projectively semisymmetric if it satisfies 

 

(6.1)              
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Let   be a       -dimensional  - -projectively semisymmetric non-Sasakian      -contact metric manifold. 

The condition             turns into, 

 

(6.2)                                     , 

 

for any vector fields      . 

 

Making use of (1.2) and (2.15) in (6.2), we obtain 

 

(6.3)                                                                            
 

                                                               

 

                                                                    

 

                       
 

  
                                                

 

                                                                                              
 

Now replacing   by    and using equations (2.1), (2.4), (2.5), (2.11) and symmetry property of   in (6.3), we get 

 

(6.4)                                                                       

 

                                                                              

 

                                                           

 

                                                                     

 

                                                                 
 

                 
 

  
                                                   

 

                                                                

 

                                                                 
 

Taking inner product of (6.4) with   and using (2.1), (2.9), (2.11), (2.12), we obtain 

 
(6.5)                                                                      
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Treating       in (6.5) and using (2.1), (2.2), (2.4), (2.5) and (2.11), we get 

 

(6.6)                                                      

         

                                                                                  
 

Now using (2.10) in (6.6), we have 

 

(6.7)                                                             
 

Where    
                                                

                               
 

 

and    
                                                           

                               
. 

 

Thus we have the following theorem:  

Theorem 6.5. If       -dimensional non-Sasakian      -contact metric manifold   is  - -projectively 

semisymmetric then the manifold is an  -Einstein manifold with constant coefficients. 

 

In similar manner, from proposition 2.1 and Theorem 6.5 we can state the following: 

 

Corollary 6.5. If       be a  - -projectively semisymmetric      -contact metric manifold then the Ricci 

operator   commutes with   i.e.,        
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