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Introduction:-

A submodule of an R-module M which Birkenmeier [1] was named prime submodules that they are generalized of
prime ideals, which get big importance at last years, many studies and searches are published about prime
submodules by many people who care with the subject of commutative algebra and some of them are C.P .Lu,
P.F .Smith ,J .Dauns. The definition comes in [1] as following wesay that a proper submoduleN of M is called
prime if whenever re R, me M, rm € N implies either me N or r € [N:M] where [N:M] ={r eR:
rM < N}. Many generalizations of primesubmodules were studied such a nearly prime, weakly prime , quasi prime
, pseudo — prime and on almost prime , see [2 ,3, 4 ,5 ].In this article, we give another generalization of prime
submodule it is nearly quasi prime submodule if abmeN for a,beRandmeM , then either ameN + J(M) or
bmeN + J(M). We give some characterizations for this concept. Also, we look for the relationships between nearly
prime submodules and other well knowssubmodules. .

Basic PropretiesOf Nearly Quasi Prime Submodules:-
In this section we introduce the concept of nearly quasi prime submodule as a generalization of a prime submodule .

Definition(2. 1):-

A proper submoduleN of an R — module M is said to be a nearly quasi prime submodule if whenever r;.r,xeN for
r, 17, € Rand xeM, then either nx eN + J(M) orr,xeN + J(M). Equivalently, a proper submoduleNof anR —
module M is said to be a nearly quasi prime if and only if [N + J(M): Rx] is a prime ideal ofR, for each x € M.
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Remarks and Examples (2.2):-
Let M be the Z — module Z&Zand K = 6Z@®<0 > Then K is not nearly quasi prime submodule of M, since
2.3(1,0) € K but 2(1,0) ¢K + J(M), 3(1,0) gK + J(M).

Let N,K be two submodules of an R — module Mand NcK. If N is a nearly quasi prime submodule of Mand
J(M) < J(K), then N is nearly quasi prime submodule of K.

Proof: Leta,b € R,m € K such that a.bm € N. Since N is nearly quasi prime submodule ofM, so either am €
N +J(M)or bme N + J(M). Buty(M) < J(K), so either am € N + J(K) or bm € N + J(K). Therefore N is
nearly quasi prime submodule of K.

A submodule of a nearly quasi submodule need not be a nearly quasi prime submodule : For instance, N = <3>isa
Z — submodule of the Z — moduleZ,,. It is clear that N is a nearly quasi prime of Z;,, but K = <6> is not a nearly
quasi prime submodule ofM since [K +J(M) : (1)] = [<6> + <6>: (1)] = 6Z, which is not a prime ideal
of Z.

It is clear that every quasi prime submodule is a nearly quasi prime, but the converse is not true in general for
examples:

The submodule Z of the Z- module Q is a nearly quasi prime submodule since for each m € Q, [Z +J(Q) :
m)] =[Z+Q:(m)] =[Q: (m)] = Z, which is a prime ideal of Z. But it is not quasi prime submodule of
M by [3, remark (2.1.2,(4) ].

The submodule Z®<4> of the Z — module Z @ Zg is a nearly quasi submodule since for each m € Z@Zg,
[Z@<4> +] (Z&Zg): ()] = [Z&<A>+] (Z) @ (Z8):(m)] = [Q: (m)] = Z, which is a prime ideal of Z.
But it is not quasi prime submodule by [3, Rem.2.1.2, (5)].

Consider the Z — module M = Z®Z, and the Z —submoduleN = (0) @ (0). Then, for any x € Mimplies [ N +
JM): x)] = [(0)® ) +JZSZ,): (x)] = [(0) +Z,: (x)] = 2Z, which is a prime ideal of Z. Therefore,
N is anearly quasi prime submodule of M.

It is clear that every primesubmodule is a nearly quasi prime submodule.
Proof: Let N be a prime submodule of an R — module M. Then N is a quasi prime submodule of M by
[3,remark(1)]. Therefore N is a nearly quasi prime submodule of.

But, the converse is not true in general for example (0) @(0) is not prime submodule of Z&Z,, see [3,
remark(1.1.3,(8))], but (0) @(0) is a nearly quasi prime submodule of Z&Z,, by (2.2,(5)).

An ideal | is a nearly quasi prime ideal of R if and only if | is a nearly quasi prime R — submodule of R —-module .

Consider the Z — module, = Z@&Z . The submodule N = 2Z®<0 >isanearly quasi prime submodule of M since

foranyme M,[N + J(M): (m)] = [2Z&<0>+ (0)@(0): (m)] = <0> whichisa prime ideal of Z .

1. Itisclear that every maximal submodule isa nearly quasi prime submodule . But the converse is not true in
general for example. Let M = ZP@Zas Z — module, N = ZP&{0} is a nearly quasi prime submodule( since N
is a prime ). But N is not maximal by [19,example (2) , chapter ].

2. If M is a simple R — module, then the zero submodule is a nearly quasi prime submodule of . Hence <0> is the
only nearly prime submodule of Z,(p is prime number).

3. LetN andW be two submodules of an R — module M such that N=W.If N is a N — prime submodule,then it is
not necessary that W is a nearly Prime submodule as the following example explains this :

Consider the Z — module Z, the submodule 2Z is a nearly quasi prime submodule of Z and 2Z=30Z. But 30Z is not a

nearly quasi prime submodule of .Since 6.5 (1) € 30Z,but 5(1) =5 ¢ 30Z + J(Z) = 30Z + 0 = 30Z and
6(1) =6 ¢30Z + J(Z) =30Z + 0= 30Z.
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Consider the Z — module M = Z®Z .The submoduleN = 8Z®9Z is not nearly quasi prime since 2.4(1,9) =
(8,72) € 8Z®9Z,2(1,9) ¢ 8Z®9Z + J(Z®Z) = 8Z®9Zand4.(1,9) ¢ 8Z®9IZ +] (Z®Z) = 8ZDIZ.

The following theorem gives some characterizations for nearly quasi prime submodule

Theorem (2.3):-

Let N be a proper submodule of an R — module. Then the following are equivalent:

1. Nisanearly quasi prime submodule of M .

2. [N +J(M):K]is a prime ideal of R, for each submoduleK of M .

3. [N+JM):(rx)] =[N +J(M): (x)], for each x € M,reRandr & [N + J(M): (x)].

Proof:

(1)— (2): Let N be a nearly quasi prime submodule ofM .Then [N +J(M):z (x)] is a prime ideal of R for each
xeM .So [N +J(M):z (x)] is a prime ideal of R for each x K. And by [3,lemma(1.2.5)], [N +J(M):K]is a
prime ideal of R.

(2) > (3) It is clear that[N + J(M): (x)] € [N +J(M): (rx)]. Let m €[N+ J(M): (rx)] for r¢& [N +
J(M): (x)]and xeM. Hence,m (rx) S N + J(M) .1t follows thatmr € [N + J(M): (x)], which is a prime ideal by
(2).But re¢ [N+JM):(x)]so m €[N+ J(M): (x)]. Thus,[N+J(M): (rx)] €[N +J(M): (x)]. Therefore,
[N+]J(M): (rx)] = [N +](M): (x)].

(3) > (1): Let xeMand a,beR such that abe[ N + J(M): (x)], suppose bg[ N + J(M): (x)], hence by (3),
[N+ J(M): (bx)] = [N +]J(M): (x)].But ae[N +J(M): (bx)] S0 ae[ N +]J(M): (x)] and hence N is a nearly
quasi prime submodule of M.

The following is an immediate consequence of (.2.3.).

Corollary (2.4):-

Let N be a submodule of an R — module M. If N is a nearly quasi prime submoduleofM, then [N + J(M): M] isa
prime ideal of R.

The converse of corollary (2.4) is not true in general for example: Let M = Z@&Z as a Z — module andN =
6ZP<0 > then [6Z@<0>+J(Z&Z): Z&Z] = (0) is a prime ideal of Z. But N is not a nearly quasi prime
submodule of M see (Rem.2.2,(1)).

Corollary (2.5):-
Let N be a submodule of an R — module M .If N is a nearly quasi prime submoduleofM, then [N + J(M): rM] =
[N +J(M):M], v & [N+ J(M): M].

Proof:-

Let a € [N +J(M):rM]so arM € N + J(M) which means that ar € [N + J(M): M].But N is a nearly quasi
prime submoduleofM, so by corollary (2.4),[N +J(M): M] is a prime ideal of R. Hence either a € [N +
J(M):M]or r € [N + J(M): M], butr & [N +J(M): M]. So a € [N +J(M):M], thus [N +J(M):rM] € [N +
J(M): M]. Butitis clear that [N + J(M):M] < [N +J(M): rM], so we obtain the result.

The converse of corollary (2.5) is not true for instance: Let M = Z asa Z — module, let N = 8Z,r = 5,5 ¢
[8Z + J(Z2):Z] = [8Z +(0): Z] = 8Zand [8Z + J(Z): 5Z]= 8Z so [N +J(M): rM] = [N +J(M):
M] =8Z.ButN = 8Z isnot nearly quasi prime submodule of Z.

Let R be any ring. A subset S of R is called multiplicatively closed if 1 € S and ab € S for every a,b € S We
know that every proper ideal P in R is prime if and only if R—P is a multiplicatively closed subset of R , [7, p.421] .
And if N a submodule of an R — module M and S be a multiplicatively closed subset of R, then N(§) = {xeM :
Ft € S, such that tx € N}be a submodule of Mand N € N (S) .

However, the following proposition gives a partial converse of corollary (2.4).
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Proposition(2.6):-
Let N be a proper submodule of an R —module M. If P = [N + J(M): M] is a prime ideal of R andN(S) = N +
J(M) (where S = R-P), then N is a nearly quasi prime submodule of M .

Proof:-

Since P is a prime ideal, so R — P is a multiplicatively closed subset, see[7,p.42]. Let a,b € R,m € M such that
abm € N .Suppose that am ¢ N + J(M)so a € [N +J(M):R (m)], hencea &€ [N +J(M):RM] =P, then a €
Simpliese N(S) = N +J(M). So bm € N + J(M) which mean that N is a nearly quasi prime submodule ofM .

Proposition(2.7):-
Let K and N be two submodules of an R — module M. Then N is a nearly quasi prime submodule of M if and only if
abK < N implies either ak € N + J(M)or bK € N + J(M).

Proof:-

Let abK € N and suppose aK € N +J(M),bK € N + J(M). So there exists m; ,m, € K such that am, ¢ N +
J(M) and bm, & N + J(M). Since N is nearly quasi prime and abm,; € Nand am, gN + J(M),s0 bm,; € N +
J(M). Also abm, € N andbm, & N + J(M)som, € N + J(M).

The converse is clear.

The intersection of any collection of nearly quasi prime submodules of an R — module not necessarily nearly quasi
prime submodules, N, = <2 > and N, = <3> are nearly quasi prime submodules of Z;, as a Z - module.But
N; NN, = <6> is not nearly quasi prime submodule of Z;, , since 23.1 = 6 e N, NN, = <6>but 2.1 ¢
<6>+J(Z;,) = <6>and3.1¢ <6> + J(Z;,) = <6>.

Recall that a ring R is said to be a good ring if J(M) = J(R) M for each R — module M, equivalently, R is a good
ring if and only if J (N) = J(M) n N for each submodule N of an R — module M, [8, p.236] . And a ring R is
called a regular ring if each of its elements is regular, where an element a R is said to be regular if Zx € R such that
axa =a, [8,p.184]. Itis know that if R / J ( R ) is a regular ring, thenRis a good ring.

Hence ,we have the following Result:-

Proposition(2.8):-

Let R be a good ring. If N isa nearly quasi prime submodule of an R- module M and K be a submodule of M such
that J(M) < K and Kis not contained in N, then K n N is a nearly quasi prime submodule of K.

Proof:-

Since K € N, then K n Nis a proper submodule of K . Letr;, 7, € R and x € K such that yrx € KN NSO riryx €
N. But N is a nearly quasi prime submodule of M so eitherr;x € N+ J(M) or r,x € N + J(M).Since x € K
implies that either nx € (N+ J(M))NK or nx€ (N + J(M))nK. Since J(M) € K implies that either
nx€(NNK)Y+(J(M)nK)or nx € (NNK)+ (J(M)nK)by[8]. But R is agood ring, so eitherr,x € (N N
K)+ J(K)or nnx € (NNK)+ J(K) by [24]. Therefore K n N is a nearly quasi prime submodule ofK.

Corollary(2.9):-
Let R be a good ring. If N is a nearly quasi prime submodule of an R- module M and K is a maximal submodule of
M is not contained in N, then N n K is a nearly quasi prime submodule ofK.

Proof:-
Since K is a maximal submoduleofM, so J(M) < K. Hence the result follows by proposition(2.8).

Corollary(2.10 ):-
Let R /J (R ) isaregular ring. If N is a nearly quasi prime submodule of M and K is a maximal submodule of M
is not contained in N, then N n Kis a nearly quasi prime submodule of K.

Proposition (2.11):-

LetN, K be two nearly quasi prime submodules of an R — module M. If J(M) < Kor J(M) < N, thenN n K isa
nearly quasi prime submodule of M.
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Proof:-

Letr;,» € Randm € M suchthat nm,m € N n K,sonyr,m € N andryr,m € K. But N, K are nearly quasi
prime submodulesofM, so either rm eN +J(M) or nm € N +J(M) and  either nm € K +J(M) or
either,m € K +J(M). Thus either rm € (N +J(M)) n (K +J(M))or either,m € (N +J(M)) Nn(K +
J(M)). If(M) € K , then either rm € (N +J(M)) N K = (NNK)+ J(M) by [8].IfJ(M) S N, then,m €
(K +J(M)) n N = (NNnK)+ J(M)by [8]. Therefore K n N is a nearly quasi prime submodule of M.

Proposition (2.12):-
Let M and M" are R- modules and f:M — M’ is an epimorphism such that Ker /<« M. IfN is a nearly quasi
submodule prime ofM’, then £~ (N) is also a nearly quasi prime submodule of M .

Proof:-

Letr;,7, € R and m € M such that ,r,m € /*(N)so 1,7, /(m) € N. But N is a nearly quasi prime submodule
of M so either 1, /(m) € N + J(M')or r,/(m) €N + J(M").Thus, either nme /(N + J(M")) or ,m €
/YN + J(M") and this implies that either nm € /' (N) + /7 (J(M)orr,m € /£ Y(N) + /1 (J(M).
But Ker /< M, so either mm € /'(N) + J(M) or r,m € /(N) + J(M)],[8 ]. Therefore f/'(N) is a
nearly quasi prime submoduleof M.

Proposition (2.13):-
Let ¢:M — M’ be an R- epimorphism. If N is a nearly quasi prime submodule of an R-module M containing
Ker ¢ andker ¢ <<M , then ¢(N) is a nearly quasi prime submodule of M’ .

Proof:-

G (N)is a proper submodule of M’ . If not suppose ¢p(N) = M’, let m € M such that ¢(m) €M = ¢(N), An€
N such that @(n) = @(m) hence@(n—m) =0, then n—me kerd S N, thenm €N, hence N= M
(contradiction), since N & M . Letry, n, € R, m' € M’ such that ryr, m' € @(N), we want to show that either
rm €p(N) +J(M") orr, m' € ¢p(N)+ J(M").Since ¢ is an epimorphism and m' € M’, then there existsn € N
such that ¢(n) = nr, m'. But m' = @(m) for some m € M, so nr, p(m) = ¢p(n) which implies that
nr, m-—n eKer ¢. But Ker ¢ c Nso that n,m —n = n,for n; € N. Hence, n,m € N. But N is a nearly
quasi prime submodulein M, so either ; m € N + J(M) or r, m € N + J(M).Thus, either r, m' € ¢p(N) + J(M")
orr, m' € ¢p(N) +J(M").Since, r, p(m) e p(N) + ¢(J(M)).But Ker@ << M and @ is an epimorphism, so either
rnm € ¢(N) +J(MNorr, m' € ¢p(N) + J(M"), [8]. Therefore, ¢ (N) is nearly quasi prime submodule of M'.

Recall that a submoduleK of an R — module is called small in M,if every submoduleL of M with K + L =
M implies L = M notationally K <<M [8,p.106].

An R — epimorphism@ : M — M’ is called small epimorphism if Ker @ < M , [8].
By using these concept ,we have the following:

Let ¢: M — M’ is small epimorphism. If N is a nearly quasi primesubmodule of an R-module McontainingKer®,
then d(N) isanearly quasi prime submodule of M’ .

Recall that an R-module M is called hollow module if and only i f every submodule in M is small [9].

Corollary ( 2.15):-

Let M be a hollow R — module and ¢: M — M’ be an epimorphism . If N is a nearly quasi prime submodule of an
R-module McontainingKer®, then ¢(N) is a nearly quasi prime submodule of M.

Recall that an R-module M is called local if M has unique maximal submodule, [10].

Corollary ( 2.16):-

Let M is a local R — module and ¢: M — M’ be an epimorphism . If N is a nearly quasi primesubmodule of an R-
module Mcontaining Ker®, then ¢(N) isa N - prime submodule of M'.
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Proof:-
Since M is local R- module, so M is hollow R- module by[11 ,Th.2.6], then the result follows from corollary(2.15).

Corollary (2.17):-
Let N be a submodule of an R- module M and K be a small submodule of M contained in N. Then N /K isa
nearly quasi prime submodule of M / Kif N is nearly quasi prime submodule ofM .

Proof:-
Let z: M — M / K be the natural epimorphism, then the result follows from proposition (2.13).

The Relation Between Nearly Quasi Prime Submodules And Other Submodules:-
We study in this section the relationships between nearly quasi prime submodules and other submodules such as
quasi prime submodules, N —semiprime, prime submodules.

As we have mentioned in section one, that quasi prime submoduleis nearly quasi prime submodule and the converse
need not be true in general.

In the following proposition, we give a condition under which the converse is true.

Proposition (3.1):-

IfN is a nearly quasi prime submodule of an R —module M and/(M) < N,then N is quasi prime submodule of M .
Proof:-

Itis clear.

Recall that an R — module M is called fully semiprime if for each proper submodule is semiprime.And M is called an
almost fully semiprime if each nonzero proper submodule is semiprime,[12] .

Proposition (3.2):-
Let M isan almost fully semiprime R-module which is not fully semiprime.IfN is a nearly quasi prime submodule ,
then N is a quasi prime submodule of M .

Proof:-
Let M is an almost fully semiprime module and not fully semiprime. Then by [12, lemma (2.10), p.312], J(M) <
N. Hence N is a quasi prime submoduleof M by proposition (3.1).

Recall that an R — module M is called co — semisimple if each proper submodule of M is an intersection of maximal
submodules,[12].

Proposition (3.3):-
Let M is an almost fully semiprime R- module which is not co-semisimple. If Nis nearly quasi primesubmodule of
M, then N is a quasi prime submodule of M .

Proof:-
Let M is an almost fully semiprime R- module and not co- semisimple. Then by [12, lemma (2.10),
p.312],J(M) < N.Hence N is a quasi prime submoduleof M by proposition (3.1).

Proposition (3.4):-

IfN is nearly quasi prime submodule of an R — module M and (M) = 0 ,then N is quasi prime submoduleof M .
Proof:-

Itis clear.

Recall that a ring R is called a V —ring if every simple R — module is injective,[13 ].

Corollary (3.5):-
If N is nearly quasi prime submodule of an R —module M and R isaV —ring,then N is quasi prime submoduleof M.
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Proof:-
Since RisaV —ring, so J (M) = 0by [13, Theorem.( VILLAMAYOR) ,p.236]. Hence the result follows by
proposition (3.4).

Next, an R —module M is said to be F — regular if each submodule of M is pure, [13].
By using this concept, we have the following:

Corollary (3.6):-
If N is a nearly quasi primesubmodule of F - regular R — module M, then N is a quasi prime submodule of M .

Proof:-
Since M is a F —regular R- module, then J(M) = 0, [15].Hence the result follows by proposition(3.4) .

Corollary (3.7):-
If N is nearly quasi prime submodule of an R — module M and R / ann (x) is a regular ring for every 0 zx €
M ,then N is quasi prime submodule of M.

Proof:-
Since R / ann (x)is aregular ring for every0 #zx € M, then M is a F —regular R- module by [16 ,Theorem. (2.2).
p. 196].Hence the result follows by Corollary (3.6).

Recall that an R — module M is called Z —reqular if Vme M,3 f € M* = Hom (M,R) suchthatm = f (m).m,
[ 15].

Corollary (3.8):-
If N is anearly quasi prime submodule of Z - regular R — module M,then N is a quasi primesubmodule of M .

Proof:-
Since M is a Z —regular R — module,thenM is a F — regular R- module by [17, proposition(2.3 ) . p. 158].Hence the
result follows by Corollary (3.6) .

Now, because of the fact that if M is semi — simpleR — module,so /(M) = 0 by [8,theorem 9.2.1,p.218],then the
following is a consequence of proposition (3.4 ) ,where an R — module M is called semi — simple if and if only every
submodule of M is a direct summand of M,[8].

Corollary (3.9):-

If N is a nearly quasi prime submodule of a semi — simple R — module M,then N is a quasi prime submodule of M .
Now, because of the fact that if R is semisimple then every right and left R — module is semi — simple by [8,
corollary (8.2.2), p.196], then the following is a consequence of corollary (3.9).

Corollary (3.10):-
If N is nearly quasi prime submodule of an R — module M and R is a semi — simple ring,then Nisquasi prime
submoduleofM.

Now, because of the fact that if Mis a pseudo regular R — module,so J(M) = 0 by [ 17,propostion11,p.4] ,then the
following is a consequence of proposition (3.4), where an R — module M is called pseudo regular if and if only every
finitely generated submodule of M is a direct submodule,[17].

Corollary (3.11):-
If N is a nearly quasi prime submodule of a pseudo regular R — module M,then Nis quasi prime submoduleof M.

In the following result, we give another condition for which a nearly quasi Prime submodulebe a quasi-
primesubmodule
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Corollary (3.12):-
If N is a nearly quasi prime submodule of an R — module M and J(N) = J(M) n N for each N submodule of M ,
then N is quasi prime submodule of M.

Proof:-
Since J(N) = J(M) n N,soJ (M) = 0 by][ 25, proposition(33- 1),p.22]. Hence the result follows by proposition
(3.4).

Now, because of the fact R is a good ring if and only if J(N) = J(M) n N for each submodule N of an R — module
M, then the following is a consequence of proposition (3.4).

As anther consequence of proposition (3.4), we have the following result:

Corollary (3.13):-
If N is a nearly quasi prime submodule of an R — module M and R is a good ring, then N is quasi prime submodule
of .

Proof:-
Since R is a good ring,then J(N) = J(M) n N for each submodule N of M by [8 ] .Therefore, J(M) = 0 by [ 25]
and hence N is a prime submodule of M .

Now, we can give the following:-

Corollary (3.14):-

If N isa nearly quasi prime submodule of an R —module M andR /] ( R) is a regular ring,then N is quasi prime
submodule of M.

Proof:-
Since (M) = J (R ) M , then R is a good ring.Hence the result follows by corollary (3.13).

Recall that an R — module M is called divisible if and only ifrM = M ,v0 # r € R,[8].
By using this concept, we have the following:

Proposition (3.15):-
Let R is PID and M is a divisible R — module such that/(M) # M . If N is a nearly quasi prime submodule, then N
is a quasi prime submodule of M.

Proof:-
Since M is a divisible R — module and/(M) =M, so J(M) = 0 by [25, prop.(1-4) ,p.12]. Hence the result follows
immediately from proposition (3.4).

Corollary (3.16):-
Let M be an injective R- module and J(M) # M .If N is a nearly quasi primesubmodule,then N is a quasi-
primesubmoduleof M.

Proof:-
Since M is an injective R — module,soM is a divisible R — module by [8]. But J(M) # M ,s0 J(M) = 0 by [25
prop.(1- 4) ,p.12].Hence the result follows immediately from proposition (3.4).

Now, we can give anther consequences of proposition (3.4). But first we need the following definition: Let M and N
be two modules.Mis said to essentially pseudo — N — injective if for any essentially submoduled of N , any
monomorphism f : A — M can be extended to some g € Hom(N, M).Mis called essentially pseudo — injective if
M is essentially pseudo — M — injective,[18].
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Corollary (3.17):-
Let M be an essential pseudo — A — injective for any cyclic module A andj(M) # M.If N is a nearly quasi- prime
submodule,then N is a quasi-primesubmoduleofM.

Proof:-

Since M be a essential pseudo — A — injective for any cyclic module 4, so M is an injective by [ 18 ,corollary 1, p.4]
and so M is a divisible R — module and J(M) # M ,s0 J(M) = 0 by [25 ,prop.(1-4) ,p.12].Hence the result follows
immediately from proposition (3.4).

Now, we can give anther consequences of proposition (3.4). But first we need the following definition: Recall that
an R — module M is direct injective, if given any direct summand Aof M, an injection: i : A — M and every R —
monomorphism f: A— M ,there is an R —endomorphism g of M such that gof = iA [19].

Corollary (3.18):-
Let M be a direct injective R — moduleand J(M) # M. If N is nearly a quasi-primesubmodule, then N is a quasi-
primesubmoduleof M.

Proof:-
Since M be a direct injective R — module, so M is a divisible R -module by [25].Hence the result follows
immediately from proposition (3.4).

Recall that an R — module M is called ic — pseudo — injective, if it is ic — pseudo — M — injective. Where an R —
module M is said to be ic — ( pseudo)- N — injective,if for each ic — submoduleA of N , every R —homomorphism (R
— monomorphism) from A to M can be extended to an R — homomorphism from N into M.And asubmoduleN of M
is called ic — submodule,if N is isomorphic to a closed submodule of M,[21] .

Corollary (3.19):-
Let M is an ic—pseudo - injective R — module and J(M) # M .If N is nearly quasi prime submodule,then N is quasi
primesubmoduleof M.

Proof:-
Since M is anic —pseudo — injective R- module, so M is a divisibleR — module by [21, proposition (2.11), p.259].
Hence the result follows immediately from proposition (3.4).

Now, we study the relation between N— prime submodules and N — semi prime submodules .But first we need the
following definition:

Recall that a submoduleNof an R — module M is said to be N — semi prime, if wheneverr™.x € N,r € R,x €
M ,neZ +, impliesrx € N + J(M) ,[22].

Remark (3.20):-
Every nearly quasi prime submodule is N — semi prime submodule .

Proof:-
Suppose N is nearly quasi prime submodule of an R — module M. If r2x e N for r eRand x M, then by definition
of nearly quasi prime submodule implies that r x e N + J(M). Hence, N is N — semi prime submodule of M.

The converse is not true for example: Let M = Z asaZ —moduleand N = 6Z. 6Zis nearly semi prime submodule
of Z( since N is a semi prime ). But 6Z is not nearly quasi prime submodule of Z, since 2.3.1 € 6Z .But2.1 =2 ¢
6Z +](Z) = 6Zand3.1=3 ¢6Z +](Z) = 6Z.

In the following proposition, we give a condition under which the two concepts are equivalent. But first we need the
following definition:

178



ISSN: 2320-5407 Int. J. Adv. Res. 5(1), 170-180

Recall that a submoduleN of an R — module M is called irreducible if for each submodules L, ,L,of M such
thatL; N L, = N, then either L; = Nor L, = N, [23].

Proposition (3.21):-
Let N is an irreducible submodule of an R — module Mand (M) < N . If N isa N — Semi prime, then N is a nearly
quasi prime submodule of M

Proof:-

Since J (M) € N and N is N- semi prime submodule, then N is a semi- prime submodule by [22]. But N is an
irreducible submodule of M, so by [ 26 ] N is a prime submodule of M and hence N is quasi prime submodule of M
Therefore N is nearly quasi prime submoduleof M.

In the following proposition, we give other conditions under which the two concept are equivalent. But first we need
the following definitions:

A non —zero R — module M is called secondary module provided that for every elementr € R, the endomorphism
m —rm is either surjective or nilpotent, [4].

Recall that a submoduleN of an R — module M is said to be N — prime, if whenever .x € N,r ER,x € M ,
implies that eitherx € N + J(M)orr € [N + J(M) : M],[24].

Proposition (3.22):-
Let N be a submodule of a secondary R —module Mand (M) € N . If N isa N — semi prime, then N is a nearly
quasi prime submodule of .

Proof:-

Let r € R, m € M such thatrm € N. Since M is a secondary module,then either rM = Morr"M = 0 ,
thenrM < N, but N is a N —semi prime submodule of ,hencerM € N + J(M) .Ifr M = M, thenm = ry for
some € M. Thus, 7?2y = rm € Nandhencey € N + J(M) .This implies thatm € N + J(M) and therefore N
isa N — prime submoduleof M. But J(M) € N so N is a prime submodule of M by [24] and hence N is a nearly
quasi prime.

As we have mentioned in section one that prime submodule is nearly quasi prime submodule and the converse need
not be true in general.

In the following proposition, we give a condition under which the converse is true.

Proposition (3.23):-
Let N is an irreducible submodule of an R — module M and J(M) < N. If N is a nearly quasi prime submodule of
M, then N is a prime submodule of M.

Proof:-
Since J(M) € N and N is a nearly prime submodule, then N is a quasi prime submodule and so N is a
semiprimesubmodule of M by [3, remark (2.1.2, 7)]. Hence N is a prime submodule of M by [26, prop.1.10, Ch.2].
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