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Introduction:-
In general topology continuous functions play a very vital role. The regular continuous and completely continuous
functions are introduced and studied by Arya S P [2]. Later, R S walli et all [33] introduced and investigated arw-
continuous functions in topological space. Recently, Basavaraj M Ittanagi et all [5] introduced and studied the basic
properties of R*-closed sets in topological space. The aim of this paper is to introduce R*-continuous and irresolute
maps in topological space..

Preliminaries:-

In this paper X or (X,t) and Y or (Y,o) denote topological spaces on which no separation axioms are assumed. For a
subset A of a topological space X, cl(A), int(A), X-A or A° represent closure of A, interior of A and complement of
Ain X respectively.

Definition 2.1: A subset A of a topological space (X,t) is called a
i. Regular open set [26] if A=int(cl(A)) and regular closed if A=cl(int(A))
ii. Regular semi open set [9] if there exists a regular open set U such that U < A c cl(U)
iii. Generalized closed set (g-closed) [18] if cl(A) < U whenever A < U and U is open in (X, 1).
iv. R”-closed set [5] if gcl(A) = U whenever A = U and U is R* open in (X, 1).

The complement of the closed sets mentioned above are their open sets respectively and vice versa.
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Definition 2.2: A function f: (X,7)—(Y,0) is called a
i. Continuous if f~1(V) is closed in X for every closed subset V of Y.
ii. Regular continuous [2] if f~1(V) is r-closed in X for every closed subset VV of Y.
iii. Completely continuous [2] if f~1(V) is regular closed in X for every closed subset V of Y.

iv. a-continuous [14] if £ ~1(V) is a-closed in X for every closed subset V of Y.

V. Semi continuous [15] if £~1(V) is semi closed in X for every closed subset V of Y.

Vi. Semi pre continuous [1] if £~1(V) is semi pre closed in X for every closed subset V of Y.
Vii. Strongly Continuous [24] if f~1(V) is clopen in X for every subset V of Y.

viii. g-continuous [4] if f~1(V) is g closed in X for every closed subset VV of Y.

iX. w-continuous [28] if £~1(V) is w closed in X for every closed subset V of Y.

X. gr-continuous [22] if £~1(V) is gr closed in X for every closed subset V of Y.

Xi. g*-continuous [30] if £~1(V) is g* closed in X for every closed subset V of Y.

Xii. swg*-continuous [19] if £ ~1(V) is swg* closed in X for every closed subset V of Y.
Xiil. pwg*-continuous [11] if £~1(V) is Bwg* closed in X for every closed subset V of Y.
Xiv. r~g-continuous [21] if £~1(V) is rg closed in X for every closed subset V of Y.

XV. rwg-continuous [20] if f~1(V) is rwg closed in X for every closed subset V of Y.

XVi. pwg**-continuous [25] if £~2(V) is Bwg** closed in X for every closed subset V of Y.
XVil. g a-continuous [10] if f~1(V) is ga closed in X for every closed subset V of Y.

xviii.  swg-continuous [20] if f~1(V) is swg closed in X for every closed subset V of Y.

XiX. ag-continuous [17] if f~1(V) is ag closed in X for every closed subset V of Y.

XX. gp-continuous [18] if £~1(V) is gp closed in X for every closed subset V of Y.

XXI. wg-continuous [20] if £~1(V) is wg closed in X for every closed subset V of Y.

XXil. g*p-continuous [29] if £~1(V) is g*p closed in X for every closed subset VV of Y.

xxiii.  w a-continuous [7] if ff ~1(V) is wa closed in X for every closed subset V of Y.

xxiv.  arw-continuous [31] if f~1(V) is arw closed in X for every closed subset V of Y.
XXV. p-continuous [9] if £=1(V) is p closed in X for every closed subset V of Y.

Xxvi.  sg-continuous [26] if f~1(V) is sg-closed in X for every closed subset V of Y.
xxvii.  gs-continuous [3] if £~1(V) is gs closed in X for every closed subset VV of Y.
xxviii.  rps-continuous [23] if £ ~1(V) is rps closed in X for every closed subset V of Y.
XXiX.  gsp-continuous [12] if £~1(V) is gsp closed in X for every closed subset V of Y.

Definition 2.3:
A map f: (X,7)=(Y, o) is called a
i. Irresolute if £=1(V) is semi closed in X for every semi closed subset V of Y.
ii. w-Irresolute [28] if f~1(V) is w-closed in X for every w-closed subset V of Y.
iii. gc-lrresolute [27] if f~1(V) is g-closed in X for every g-closed subset V of Y.
iv. Contraw Irresolute [28] if £f~2(V) is w open in X for every w-closed subset V of Y.
v. Contra Irresolute [14] if f~1(V) is semi open in X for every semi closed subset V of Y.
vi. Contra r-irresolute [2] if f~1(V) is regular open in X for every regular closed subset V of Y.
vii. Contra continuous [13] if f~*(V) is open in X for every closed subset V of Y.

Results 2.4[5]:
i.  Every closed (respectively regular closed, g-closed, w-closed, g-closed set ) set is R*-closed set in X.
ii. Every R'-closed set in X is rg(respectively gpr-closed, rwg-closed, gspr-closed, r*g-closed, rgs-
closed) set in X.

Results 2.5[5]:
Let A be a subset of a topological space (X,7)

i. If A is regular open and rg-closed set in (X,t) then A is R*-closed set in (X,1).

ii. If Ais g-open and rg-closed set in (X,t) then A is R*-closed set in (X,1).

iii. If Aisaregular-open and rwg-closed set in (X,t) then A is R*-closed in (X,1).

iv. If Aisaregular-open and gpr-closed set in (X,t) then A is R*-closed in (X,1).

v. If Aisregular open and rg-closed set in (X,t) then A is R*-closed set in (X,1).

vi. If Ais regular open and fwg**-closed set in (X,t) then A is R*-closed set in (X,1).
R*-Continuous Functions:-
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Definition 3.1:
A function f from a topological space X in to a topological space Y is called a R*-continuous if inverse image of
every closed set in Y is a R"-closed set in X.
Example 3.2: Let X=Y={ab,c}.Let 7={0 X {a}{b}.{a, b}{a, c}}be a topology on X and
o ={0,Y,{a},{b},{a,b}} } be a topology on Y. R*-C(X)={X,®.{b}.{c}.{a.c}.{b,c}} and closed set of Y are
o={Y,0.{c}{a,c}{b,c}}. Let f: X-Y defined by f(a)=a, f(b)=c, f(c)=c is R*-continuous.
Theorem 3.3: Every continuous function is R*-continuous but not conversely.
Proof: Let f: X—Y be continuous and F be any closed set in Y. Then f~*(F) is closed set in X.Since every closed
set in X is R*-closed then f~1(F) is R*-closed set in X. Therefore f is R*-continuous.
Example 3.4: Let X =Y = {a, b, c}. Let 7={®, X, {a}, {b, c}} be a topology on X and ¢ = {@, Y, {a},{b}, {a, b}}
be a topology on Y, closed set of X are 7={X, @, {a}, {b, c}}, closed set of Y are o={Y, @, {c}, {a, c}, {b, c}}, R*-
C(X)={X, 8, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}}. Let f: X—Y defined by identity function, then is R*-continuous
but not continuous function, as the closed set {c} in Y, then f~1({c}) = c is not a closed set in X.
Theorem 3.5:

i. Every g-continuous is R*-continuous but not conversely.

ii. Every w-continuous is R*-continuous but not conversely.

iii. Every g-continuous is R*-continuous but not conversely.

iv. Every r-continuous is R*-continuous but not conversely.

Proof: The proof follows from the fact that every g-closed (resp. w-closed, g-closed and r-closed) set is
R"- closed set.

Similarly we can prove ii,iii,iv

Example 3.6: Let X=Y ={a, b, ¢, d}, let T = {9, X, {a}, {b}, {a, b}, {a, b, c}} be a topology on X and
oc={0Y,{a}, {a b}, {a b, c}} be a topology on Y. Closed sets of X={X, @, {d}, {c, d}, {a, c, d}.{b, c, d}},
closed sets of Y={Y, @, {d}, {c, d}, {b, c, d}}, R*-C(X)={X, ®.{d}.{a, c} {a d}, {b, c}, {b, d}, {c, d}, {a, b, c}, {a
b, d},{a,c, d}, {b, c, d}}, g-C(X)={X, @, {d}, {a, d}, {b, d}, {c, d}, {a, c, d}, {b,c, d}, {a, b, d}}. Letf: X > Y
defined by f(a)=d, f(b)=d, f(c)=d, f(d)=b is R*-continuous function, as the closed set {d} in Y, then f~1({d}) =
{a.b.c} is not g-closed set in X.

Theorem 3.7: Every R*-continuous function is rg-continuous but not conversely.

Proof: Let f: X—Y be R*-continuous and F be a closed set in Y, by definition fYF) is R’closed set in X. Since
every R*-closed set is rg-closed, then f~1(F) is rg closed in X. hence f is rg -continuous.

Theorem 3.8:

i. Every R*-continuous function is 7g continuous but not conversely

ii. Every R*-continuous function is gspr continuous but not conversely

iii. Every R*-continuous function is gpr continuous but not conversely

iv. Every R*-continuous function is 7g8 continuous but not conversely
V. Every R*-continuous function is rwg continuous but not conversely
Vi Every R*-continuous function is wgracontinuous but not conversely.

Proof: The proof follows from the fact that every R*-closed set is 7g -closed (resp. gspr-closed, gpr-closed, rgp-
closed, rwg-closed, wgra-closed) set in X.

Similarly we can prove (ii), (iii), (iv), (v) and (vi).

Example 3.9: Let X=Y={a, b, c}. Let 7={0,X,{a},{b},{a,b}} be a topology on X and o={@, Y, {a}, {b}, {a, b}, {a,
c}} be a topology on Y. Closed sets of X={X, @,{c}{a,c}{b.c}}, Y={Y,0,{b}{c}{ac} {b, c}}, R*
C(X)={X,0,{c}.{ac}{b,c}}. Let f: X>Y defined by f(a)=a, f(b)=a, f(c)=b is rg continuous, r*g-continuous,gspr-
continuous,gpr-continuous, rgB-continuous,rwg-continuous, wgre-continuous but not R*-continuous function, as the
closed set F={a,c} inY then f~1(F) = {a, b} is not R*closed set in X.

Remark 3.10: The following example shows that R*-continuous is independent with some existing continuous
functions in topological spaces

Example 3.11: Let X=Y={a, b, ¢, d}, let t={@, X, {a}, {b}, {a, b}, {a, b, c}} be a topology on Xand ¢ = { 9, Y,
{a}, {a, b}, {a, b, c}} be atopology on Y. Closed sets of X={X, @, {d},{c, d}, {a, c, d}, {b, c, d}} and closed sets
of Y={Y, @, {d}, {c, d}, {b, ¢, d}}, R*-C(X)={X, @, {d}, {a, c}, {a, d}.{b, c}, {b, d}, {c, d}, {a, b, c}, {a, b, d}, {a,
c, d}, {b, c, d}}. Let f: X=Y defined by f(a)=d, f(b)=d, f(c)=d, f(d)= b is R*-continuous function but not a rs-
continuous, gs-continuous, ag-continuous,gsp-continuous, gp-continuous, g*-continuous, g*p-continuous, wa-
continuous, pgpr-continuous, rps-continuous and ga**-continuousin X, as f~1(d) = {a, b, ¢} is not a rs-closed set,
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gs-closed set, ag- closed set, gsp- closed set, gp- closed set, g*- closed set, g*p- closed set, wa- closed set, pgpr-
closed set, rps- closed set and ga™*- closed set in X.

Example 3.12: Let X=Y={a, b, c, d}, let t={0,X,{a},{b},{a,b},{a,b,c}} be a topology on X and ¢ = {@, Y .{a}.{a,
b},{a, b, c}}be a topology on Y. Closed sets of X={X,0,{d}{cd}.{ac,d}.{b,c,d}} and closed sets of
Y={Y,0,{d}.{c.d}.{b,c,d}}, R-C(X)={X, ®,{d}.{a.d}.{b,d}.{c.d}.{a, b, d}.{a, c, d}{b, c, d}}.

Let f:X-Y defined by f(a)=d,f(b)=d,f(c)=b,f(d)=d is pre continuous. Semi continuous, sp continuous,b-continuous,
swg-continuous, gwe-continuous, sgb-continuous, rg*b-continuous, wag-continuous, ga*-continuous, g*s-
continuous and #ga-continuous,but not R*-continuous in X as f~(a, b) = {c} is pre closed set, Semi pre closed set,
sp pre closed set, b pre closed set, swg- pre closed set, gwa- pre closed set, sgb- pre closed set, rg*b- pre closed set,
wa g- pre closed set, ga*- pre closed set, g*s- pre closed set and #ga- closed set in X but not R*-closed set in X.

Remark 3.13: From the above discussions and known facts, the relation between R*-continuous and some existing
continuous functions in topological space is shown in the following figure.

rwg-contimuous

/'

ng(l conunuous rg-connnuouns

} [ ‘
continuons —»I w-continuous [—* | g-continuous [— | R*-continuous ——"l rg-fomlnuousl

E

r-continuons

K

)

g-continuous I rgb-contmuous I gpr-connnuons

| fBB continuons I‘—— gspr-contimuous

rs=Continuots. gs-contmuous. a~contunuous. a E-Ct‘lllll]ll\‘\l&._‘.’)}?'collllll!l‘ull&.x}“’-\'olﬂll)\ll.‘lls.g Vo
continuons, g* p-continnons. wa-continuous pgpr-continuous_ rps-contonuouns, ga* *-contimuous.
S=CONUNUONS. SP-continuons, b-continuous sWg-continuous, gwa-continvons. fwg* -continuons, * * ga-
contnuouns. gab-continuous sgb-continuons.rg* b-continuons, W g -continuons, ga * ~-coninuons. g* s-
COII!IHUUII&.'{.’(I contmuous

r

A—¥ B Means the set A implies the set B but not conversely

A <«——» B Means the set A and the set B are independent of each othes

Theorem 3.14: Let f: X—Y be a map. Then the following statements are equivalent
. f is R*-continuous
ii. The inverse image of each open set in Y is R"-open in X.

i. Let f: X-Y be a R"-continuous, let U be an open set in Y. Then U¢ is closed in Y. Since f is R*
continuous, f~1(u¢) is R*-closed in X. But f~*(u¢) = X — f~1(w). Thus f~(u) is R open set in X.

ii. Suppose that inverse image of each open set in Y is R*-open in X. Let V be any closed set in Y. By
assumption f~1(v°) is R*-open set in X. But f~1(v°) = X — f~1(v). Thus [X - f~1(v)] is R*-closed in
X. Thus f is R*-continuous. Hence the proof.

Theorem 3.15: If f: (X,t) —=(Y,0) is a map then the following holds
i. f is contra r- irresolute and rg-continuous map then f is R*-continuous.
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ii. f is contra r- irresolute and rwg-continuous map then f is R*-continuous.
iii. f is contra r- irresolute and gpr-continuous map then f is R*-continuous.
iv. f is contra r- irresolute and rAg-continuous map then f is R*-continuous.

Proof:

i. Let V be any regular closed set of Y. Since every regular closed set is closed, V is closed set in Y. Since F
is rg-continuous and contra r-irresolute map, f~1(V) is rg-closed and regular open in X, by results 2.5(i),
f£~1(V) is R*-closed in X. Thus f is R*-continuous.

ii. Let V be any regular closed set of Y. Since every regular closed set is closed, V is closed set in Y. Since F
is rg-continuous and contra r-irresolute map, f~2(V) is rwg-closed and regular open in X. Now by results
2.5 [5] f~1(V) is R*-closed in X. Thus f is R*-continuous.

Similarly we can prove iii,iv

Theorem 3.16: If f : X=Y is R*-continuous then f(R*cl(A)<cl(f(A)) for every subset A of X.
Proof: Let f: X—Y be R*-continuous. Let A be a subset of X. Then cl(f(A)) is closed in Y, this implies f~1[cl(f(A))]
is R*-closed in X. Also f(A) € cl(f(A)) and A € f~1[cl(f(A))]. Hence Rcl(A)S f1[cI(f(A))].
Therefore f(R"cl(A)) < cl(f(A)).
Theorem 3.17: Let f: (X,7)—(Y,0) be a map. Then the following statements are equivalent
i. For each point x € X and each open set V in Y with f(x) € V, there is a R*-open set U in X such that x € U

and f(U) c V.
ii. For each subset A of X, f(R*cl(A)) < cl(f(A))
iii. For each subset B of Y, R*cl(f ~1(B)) < f~1(cI(B))
Proof:
(i) —(ii) : Suppose (i) holds and let y € f(R*cl(A)) and V be an open set containing Y. From (i), there exists x
€R"cI(A) such that f(x)=y and R*-open set U containing x such that f(U) €V and x € R*cl(A). Then we know that
for a subset A of a topological space X. Then xeR"cl(A) if and only if UnA=# @ for every R*-open set U containing
x.That is @ # f(UNA) € f(U) Nf(A) € Vnf(A). Therefore f(R*cl(A))<cl(f(A)).
(i) —(i) : Suppose (ii) holds and V be an open set in Y containing f(x). Let A € f~1(V°). This implies that x¢A.
Since f(R*cl(A))<cl(f(A)) SV°. This implies that R*cl(A) € f~1(V)=A. Since x¢A implies that x¢ Rcl(A) and we
know that for a subset A of a topological space X. Then xeR"cl(A) if and only if UnA= @ for every R*-open set U
containing x, there exists a R*-open set U containing x such that UnA= @ then USA® and hence f(U) f(A°) cV.
(ii) —(iii): Suppose(ii) holds. Let B be any subset of Y. Replacing A by f~1(B) in (ii) we get
f(R*cl(f~1(B)))<cl(f(f ~1(B))) =cl(B). Hence Rcl(f ~1(B)) < f~1(cl(B)).
(iii) —(ii): Suppose (iii) holds. Let B=f(A) where A is a subset of X. Then from (iii) we get R*cl(f~1(f(A))) <
£1(cI(f(A))). That is R*cl(A) € f~1(cl(f(A))). Therefore R'cl(f~1(B)) < f~1(cl(B)).
Definition 3.18: Let (X, 7) be a topological space and 7 #={VEX/ R*cl(V%)=V‘} is a topology on X.
Definition 3.19: A topological space (X,7) is called a Tr" space if every R*-closed is closed.
Definition 3.20: A topological space (X,7) is called a R#Tg space if every R*-closed is g-closed in X.
Remark 3.21: The composition of two R*-continuous maps need not be continuous.
Example 3.22: Let X=Y=Z={a, b, c, d}. Let 7={@, X, {a}, {b}, {a, b}.{a, b, c}}be a topology on X. ¢={0, Y,
{a}, {a, b}, {a, b, c}} be atopology on Y and n={@, Z,{a, b}, {c, d}} be a topology on Z. Let f:(X, 7 )=(Y, 0)
and g: (Y, 0)—(Z, n) are identity functions, then f and g are R*-continuous but gof: (X, t)—=(Z, n) is not a
R*-continuous map as the closed set F={a, b} in Z, (gof)~(F)={a,b} is not R*-closed set in X.
Theorem 3.23: Let f: X—Y is R*-continuous and g: Y—Z is continuous then gof: X—Z is R*-continuous.
Proof: Let V be any open set in Z. Since g is continuous, g~1(V) is open in Y. Since f is R*-continuous,
1 (g~1(V))=(gof)~1(V) is R*-open in X. Hence gof is R*-continuous.
Theorem 3.24: Let f: X—=Y and g: Y—Z be R*-continuous functions and Y be T’ space then gof: X—Z is R"-
continuous.
Proof: Let V be any open set in Z. Since g is R*-continuous, g~(V) is R*-open in Y and Y is TR" space, then
g% (V) is open in Y. Since f is R*-continuous f~1(g~1(V))=(gof) (V) is R"-open in X. Hence gof is R"-
continuous.
Definition 3.25: A function f: X—Y is called a perfectly R*-continuous if £ ~1(V) is clopen (open and closed) set in
X for every R*-openset Vin Y.
Theorem 3.26: If f: XY is continuous then the following holds.
. If f is perfectly R*-continuous then it is R*-continuous
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ii. If f is perfectly R*-continuous then it is rg-continuous (resp. r“g-continuous, gpr-continuous, gspr-
continuous, rgf-continuous, rwg-continuous, wgra-continuous)

Proof:
i. Let U be open set in Y. Since f is perfectly continuous then f~1(U) is both open and closed in X. Since
every open is R*-open, f~1(U) is R*-open in X. Hence fis R*-continuous.
ii. Let U be open set in Y. Since f is perfectly continuous then f~1(U) is both open and closed in X. Since
every open is rg- open (resp. rg- open, gpr- open, gspr- open, rgS- open, rwg- open, wgra- open) set in X.
Hence f is rg-continuous (resp. r*g-continuous, gpr-continuous, gspr-continuous, rgf-continuous, rwg-
continuous, wgra-continuous).
Definition 3.27: A function f: X—Y is called R**-continuous if £~(V) is R"-closed set in X for every g-

closedset Vin.

Theorem 3.28: If f: X=Y is R**-continuous then it is R*-continuous but converse is not true.

Proof: Let f: X—Y be R™*-continuous. Let F be any closed set in Y. Since f is R**-continuous, f~1(F) is R"-closed
set in X. Since every closed set is g-closed set in Y, then the inverse image f~2(F) is R*-closed set in X. Hence f is
R*-continuous.

Example 3.29: Let X=Y={a, b, c}, let 7={9, X, {a}, {b}, {a, b}} be a topology on X and o={@,Y,{a}, {b,c}} be a
topology on Y. R*-C(X)={X, @, {c}, {a, c}, {b, c}}, R*-C(Y)={Y, @, {a}, {b}, {c}, {a b}, {a, c}, {b, c}}. Let f: (X,
7)-(Y, o) be a function defined by f(a)=a, f(b)=b, f(c)=c is R*-continuous but not a R**-continuous function as the
g-closed set F={a} in Y, £ ~1(F)={a} is not a R"-closed set in X.

R*-irresolute and strongly R*-continuous functions

Definition 3.30: A function f: XY is called a R*-irresolute map if f~1(V) is R"-closed set in X for every R*-closed
setVinY.

Definition 3.31: A function f: X—Y is called a strongly R*-continuous map if f~1(V) is closed set in X for every
R”-closed set V in Y.

Theorem 3.32: If f: (X,7)=(Y, o) is R*-irresolute then it is R*-continuous but not conversely.

Proof: Let f: X—Y be R*irresolute. Let F be any closed set in Y and hence R*-closed in Y. Since fis R*-irresolute,
f£~1(V) is R*-closed set in X. Therefore f is R*-continuous.

Example 3.33: Let X=Y={a, b, c}. Let t={0, X, {a}, {b},{a, b}} be a topology on X and o={®, Y, {a}, {b, c}} be
a topology onY.R*-C(X)={X,®.{c}.{a,c}.{b,c}}, R*-C(Y)={Y 0.{a}{b}.{c}.{a,b}.{a,c} {b,c}}. Let f: (X,7)=(Y,0)
be a function defined by f(a)=a, f(b)=b, f(c)=c is R*-continuous but not a R*-irresolute map as the R*-closed set
F={a} in Y, f~1(F)={a} is not a R*-closed set in X.

Theorem 3.34: If f: (X,7)=(Y, o) is R*-irresolute if and only if £~1(V) is R*-open set in X for every open set V in
Y.

Proof: Suppose that f: X—Y is R*-irresolute and U be R*-open set in Y. Then U® is R*-closed in Y. By the definition
of R*-irresolute, £~1(U°) is R*-closed in X. But f ~1(U%)=X- f~1(U). Thus f(U) is R*-open in X.

Conversely, suppose that f~1(F) is R*-open set in X for every R*-open set F in Y. Let F be any
R”-closed set in Y. By the definition, f~1(F°) is R"*-open in X. But f~1(F)=X=f~1(F). Thus X-f ~(F) is R*-open in
X and hence f~1(F) is R*-closed in X. Therefore f is R*-irresolute.

Theorem 3.35: If f: (X,7)—(Y,0) is R*-irresolute then it is R**-continuous but not conversely.

Proof: Let f: X—Y be R*irresolute. Let F be any g-closed set in Y and hence f is R*-closed in Y. By the definition
of R*-irresolute, f~1(F) is R*-closed set in X. Therefore f is R**-continuous.

Example 3.36: Let X=Y={a, b, c}. Let ={@, X, {a}.{b}.{a, b}} and o={0,Y {a}.{b}.{a, b}, {a, c}}. R*-
C(X)={X,0.{c}{ac}{b, c}}.R" C(Y) {Y.0,{a},{b}.{c}.{a,b}, {a ch{b,c}}. Let fi(X, r)—>(Y o) be a function
defined by f(a)=a, f(b)=b, f(c)=c is R**-continuous but not a R*-irresolute map as the R*-closed set F={a} in Y,
f~1(F)={a} is not a R™-closed set in X.

Theorem 3.37: Let f: (X,7)=(Y,0) is R*-irresolute then f(R*cl(A))Sgcl(f(A)) for every subset A of X.

Proof: Let AcX and gcl(f(A)) is R*-closed in Y. Since f is R*irresolute, f~1(R*cl(A)) is R*-closed in X. Further
Ac f~1(f(A)) € f1(gcl(f(A))). By the definition of R'-closure, Rcl(A) € f~1(gcl(A)). Hence
f(R"cl(A))cgcl(f(A)).
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Theorem 3.38: Let f: (X,7)—(Y,0) and g: (Y, a)—(Z, n) be any two functions. Then
i. gof: (X, T )= (Z, n) is R*-irresolute if g is R*-irresolute and f is R*-irresolute
ii. gof: (X, T )= (Z, n) is R*-continuous if g is R*-continuous and f is R*-irresolute.

Proof: (i) Let F be any R*-closed set in (Z, n). Since g is R*-irresolute then g~*(F) is R"-closed set in (Y, o).
Since f is R*-irresolute £~1(g~1(F)) is R*-closed set in (X,7). But (gof)~*(F)=f~1(g~(F)) and hence gof is R"-
irresolute.

(i) Let F be any R*-closed set in (Z, ). Since g is R*-continuous then g~(F) is R"-closed set in (Y, o). Since f is
R*-irresolute f~1(g~1(F)) is R*-closed set in (X,7). But (gof)~1(F)=f ~1(g~*(F)) and hence gof is R*-continuous.

Theorem 3.39: If f: (X,7)=(Y, o) is strongly R*-continuous then f is continuous but converse is not true.

Proof: Let f: X—Y be strongly R*-continuous. Let F be any closed set in Y. Since every closed set is R"-closed
and hence F is R*-closed set in Y. Since f is strongly R*-continuous then f~1(F) is closed set in X. Therefore f is
continuous.

Example 3.40: Let X=Y={a, b, c}. Let 7={0, X, {a}, {b}, {a, b}}be the topology on X, and o={@, Y, {a}, {b,c}}
be the topology on Y. Closed sets of X={X,®,{c}.{a,c}.{b,c}}, R*-C(Y)={Y,0{a}{b}.{c},

{a, b}.{a, c}.{b, c}}. Let f: (X, T )=(Y, o) be a function defined by f(a)=a,f(b)=b, f(c)=c is continuous but not
strongly R*-continuous as the R*-closed set F={a} in Y, f ~1(F)={a} is not a closed set in X.

Theorem 3.41: Every strongly R*-continuous is strongly g-continuous but not conversely.

Proof: Let f: X—Y be strongly R*-continuous. Let F be any g-closed set in Y. Since every g-closed set is R*-closed
and hence F is R*-closed set in Y. Since f is strongly R*-continuous then f~1(F) is closed set in X and hence g-
closed set in X. Therefore f is g-continuous.

Example 3.42: In example 3.40, f is strongly g-continuous but not a strongly R*-continuous as the R*-
closed set F={a} in Y, f~1(F)={a} is not a closed set in X.

Theorem 3.43: If a mapping f: (X, 7)=(Y, o) is strongly R*-continuous if and only if F~1(V) is open set in X for
every R*-openset Uin'Y.

Proof: Suppose that f: X=Y is strongly R*-continuous. Let U be any R*-open set in Y and hence U° is R*-closed set
in Y. Since f is strongly R*-continuous, f~(U) is closed set in X. But f~1(U%=X- f~1(U). Thus f~1(U) is open in
X.

Conversely, suppose that f~1(U) is open set in X for every R*-open set U in Y. Let F be any R*-closed set
in Y and hence F°is R*-open in X. But f~1(F)=X- f~1(F). Thus X- f~1(F) is open in X and so f~1(F) is closed in
X. Therefore f is strongly R*-continuous.

Theorem 3.44: Every strongly continuous is strongly R*-continuous but not conversely.

Proof: Let f: X—Y is strongly continuous. Let G be any R*-open set in Y and also any subset of Y. Since f is
strongly continuous then f~1(G) is both open and closed in X, say f~%(G) is open in X. Therefore f is strongly R*-
continuous.

Example 3.45: Let X=Y={a, b, c}. Let ={@, X,{a},{b, c}and 0={0,Y {a} {b},{a,b}}. Let f:
(X,7)=(Y,0) be a function defined by f(a)=a, f(b)=b, f(c)=c is strongly R*- continuous but not a strongly continuous
as the set F={c} in Y, f~1(F)={c} is not a clopen set in X

Theorem 3.46: Every strongly R*-continuous is R*-continuous but not conversely.

Proof: Let f: X—=Y be strongly R*-continuous. Let F be any closed set in Y and hence R*-closed in Y. Since f is
strongly R*-continuous, then f~1(F) is closed set in X and hence R*-closed set in X. Therefore fis R*-continuous.
Example 3.47: In example 3.40, f is R*-continuous but not strongly R*-continuous as the R*-closed set F={a} in Y,
f1(F)={a} is not a closed set in X.

Theorem 3.48: In discrete topological space, every strongly R*-continuous is strongly continuous.

Proof: Let f: X—=Y be strongly R*-continuous in a discrete topological space. Let F be any subset of Y. Since F is
both open and closed subset of Y in discrete space. We have the following two cases.
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Case (i): Let F be any closed subset of Y and hence R*-closed in Y. Since f is strongly R*-continuous then f~1(F) is
closed in X.
Case (ii): Let F be any open subset of Y and hence R*-open in Y. Since f is strongly R*-continuous then f~(F) is
open in X.
Therefore f~1(F) is both open and closed in X. Hence f is strongly continuous.
Theorem 3.49 Let f: X—>Y and g: Y—Z be any two functions. Then
i. gof: X—Z is strongly R*-continuous if both f and g are R*-continuous.
ii. gof: X—Z is strongly R*-continuous if g is strongly R*-continuous and f is continuous.
iii. gof: X—Z is R™irresolute if g is strongly R*-continuous and f is R*-continuous.
iv. gof: X—Z is continuous if g is R*-continuous and f is strongly R*-continuous.

i. Let G be R*-closed set in (Z,n). Since g is strongly R*-continuous then g~%(G) is closed set in (Y,o) and
hence R*-closed set in (Y,o). Since f is also strongly R*-continuous then f~1(g~%(G)) closed set in (X,T).
But (gof)~1(G)=f"1(g~1(G)) and hence gof is strongly R*-continuous.

ii. Let G be R*-closed set in (Z,5). Since g is strongly R*-continuous then g=(G) is closed set in (Y,o). Since
f is continuous then f~1(g~1(G)) closed set in (X,7). But (gof) X(G)=f"1(g~*(G)) and hence gof is
strongly R*-continuous.

iii. Let G be any R"-closed set in (Z,n). Since g is strongly R*-continuous then g=(G) is closed set in (Y,o).
Since f is R*-continuous then f~1(g~(G)) is R*-closed set in (X,7). But (gof)~1(G)=f~1(g~(G)). Hence
gof is R*-irresolute.

iv. Let G be any closed set in (Z,n). Since g is R*-continuous then g~%(G) is R*-closed set in (Y, o). Since f is
strongly R* continuous then £~1(g~(G)) closed set in (X, ). But (gof)~(G)=f~1(g~1(G)). Hence gof is
continuous.

Theorem 3.50: Let f: X—Y and g Y—Z be any two functions. Then

i. gof: X—Z is strongly R contmuous if g is perfectly R*- contmuous and f is continuous.

ii. gof: X—Z is perfectly R*-continuous if g is strongly R*-continuous and f is perfectly R*-
continuous.

i. Let G be any R*-open set in (Z,n). Since g is perfectly R*-continuous then g~%(G) is clopen set in (Y,q),
say g~1(G) is open set in (Y,s). Since f is continuous then f~1(g~%(G)) open set in (X,7). Thus
(gof)~1(G)=f ~1(g~1(G)). Hence gof is strongly R*-continuous.

ii. Let G be a R"™-open set in (Z,n). Since g is strongly R*-continuous then g~(G) is open set in (Y,o).Since f
is perfectly R*-continuous then £~1(g~1(G)) clopen set in (X,7). But (gof)~X(G)=f ~1(g~*(G)). Hence gof
is perfectly R*-continuous.

Theorem 3.51: Let (X,7) be a discrete topological space and (Y,a) be any topological space. Let f:(X,7)—(Y,0) be
a function. Then the following statements are equivalent.

i. f is strongly R*-continuous

ii. f is perfectly R*-continuous.

Proof:

(i) —(ii): Let G be any open set in (Y,0). Since f is strongly R*-continuous then f~1(G) is open set in (X,7). But in
discrete space, f~1(G) is closed set in (X,7). Thus f~1(G) is both open and closed in (X,7). Hence f is perfectly R*-
continuous.

(i) —=(i): Let U be any R*-open set in (Y,0). Since f is perfectly continuous then f~1(G) is both open and closed set
in (X,7). Hence f is strongly R*-continuous.

Theorem 3.52: Let (X,7) be any topological space and (Y,o) be Tg" space and f: (X,7)—(Y,o) be a map. Then the
following are equivalent.

. f is strongly R*-continuous

ii. f is continuous

Proof:

(i) —(ii): Let F be any closed set in (Y,o). Since every closed set is R*-closed and hence F is R*-closed in (Y,0).
Since f is strongly R* continuous then f~1(F) is closed set in (X,7). Hence f is continuous.
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(i) = (ii): Let G be any R*-closed set in (Y,0). Since (Y,0) is Tr" space, F is closed set in (Y,o). Since f is continuous
then £~1(F) is closed set in (X,T). Hence f is strongly R*-continuous.
Theorem 3.53: Let f: (X,7)=(Y,0) be a map. Both (X,7) and (Y,0) are TR" space. Then the following are
equivalent.
. fis R™-irresolute
ii. f is strongly R*-continuous
iii. f is continuous
iv. f is R*-continuous
The proof is obvious.
Theorem 3.54: Let X and Y be R#Tg spaces. Then for the function f: (X,t)—(Y,0) the following are equivalent.

i) f is gc-irresolute

ii) f is R™-irresolute
Proof:
(i) = (ii): Let f: X—Y be gc-irresolute. Let F be a g-closed set in Y and hence R*-closed in Y. Since f is gc-irresolute
then f~1(F) is g-closed set in X and hence R*-closed set in X. Therefore f is R*-irresolute.
(i) —(ii): Let f:X—Y be R™irresolute. Let F be a g-closed set in Y and hence R*-closed in Y. Since fis R*-irresolute
then f~1(F) is R*-closed set in X. But X is R#Tg space and hence f~1(F) is g-closed set in X. Therefore f is g-
irresolute.
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