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Introduction:

The study of free convection in a saturated porous medium bounded by a vertical plate has received much attention
in the past following decades. Various cases of free and mixed convection in geothermal systems have been studied
by Cheng and Minkowyz [1]. Free convection from a vertical flat plate embedded in a saturated porous medium has
investigated by them. The wall temperature varies as power function of the distance from the origin. Many authors
have found similarity solution for wall temperature varying as power function or exponential function. It is the case
of Johnson and Chen[2], and Ramilison and al.[3]. A great deal of work has been done concerning the case where
the porous medium is saturated with a fluid at the temperature of its maximum density. This is particulary the case
of water at 4°C. Kumaran and Pop [4] have studied the natural convection on a heated vertical plate embedded in a
saturated porous medium by water near 4°C. In this work, we propose to study natural convection from an
isothermal vertical plate near 4°C embedded an anisotropic porous medium. The wall-ambient temperature
difference varies as power function of the distance from origin of x axis.

Governing equations
The physical situation and coordinate system is describing in Figure N°1. It consists of a vertical plate embedded in
an anisotropic porous medium saturated by some water near its maximum density. The fluid is flowing in the
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direction of x’. Principal axes are shown with extremum permabilities K; and Kz. The anisotropic angle 6 giving the
orientation of the principal axis labelled K; with respect to the horizontal y’ axis. We defined the anisotropic ratio
K*=Ki/K,. The following approximations are adopted to simplify the mathematical model: Water is an
incompressible Newtonian fluid; the engendered flow is laminar, permanent and two-dimensional; Viscous and
pressure’s strengths are neglected; the thermo-physical properties of the fluid are constants and are estimated at the
reference temperature.

The density of the fluid varies non-linearly with the temperature; the porous medium is anisotropic in permeability;
the empirical Darcy’s law is assumed. The density according to the temperature is expressed by the parabolic model
used by A. Mahidjiba et al. [5]and W. Zheng et al [6]:
— . . 2
P~ Prax _ _ ﬁ(T -T ) 1)

max
p max

Surface temperature T'w=3.98°C

“Figure N°1:-Physical situation and coordinate system

Where Tn']ax =3.98°C is a temperature of the maximum density of the water. the coefficient of thermal volume

expansion of the fluid f=8.0x10%(°C), pmax is the maximum density of the water. The resulting equation is valid for
the range [0-8°C] [6]. With our previous assumptions, the basic equations are :

V.V =0 ©
— K _

Y =;[—VP+(Ap)g] 3
(pc,) V-(V -T)=kVT @)

Where V’ vector is Darcy velocity, i and Cp are the viscosity and specific heat of the convective fluid, g the gravity
vector, (pCp): is the total heat capacity of the fluid per unit volum, k is the effective thermal conductivity of the

saturated porous medium, P is the fluid pressure, T’ is the temperature and K is the second-order permeability
tensor.

m {ch052¢9+ K,sin?@ (Kl—Kz)sinecose} -

(K,—K,)singcos® K, sin’6+K,cos’
From Eq.1 it appears that the density difference involved in Eq.3 becomes:
AP = P < B (T =T ) = (T, =T ) | (6)

The governing equations in primitives variables (axis 0x’,0y’) may be expressed as:
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We must notice that:

a=cos’@+K"sin’ @ (10)
b=sin’?@+ K" cos® (11)
c=(1-K")sindcosH 12)

More over, in boundary layer regime, the flowing is restricted to a thin thickness & of boundary layer along the

. . 2 2 2 2 . .
vertical surface. In this area of study, (6 x H”) we have: 0" /ox* <o /8y . In a boundary layer region, the basic
equations in two dimensional laminar convection flow are the following:

ou ov
—+—=0 (13)
oxX oy
ad _ K0P/ © [(T o) (T T )1 (14)
oy Hooy
8T 8T —u o°T 15
YT ay oy*
By defining the stream function y associated with the behavior of the filtration velocity:
14
u :—Wandv __8_!// (16)
oy OX

The conservation equations for mass (Eq.13) is automatically satisfied. By introducing the relations (Eg.16) into the
equations (Eqg.14) and (Eq.15), we obtain respectively the following expressions:

‘v 1K Lo

‘ l/lz 1gpmaXﬁ ¢ |:(T T ) (Tao _Tmax )2i| (17)
* a wu

T 1 aw oT' oy oT "
8y'2 oy ox ox oy (18)
The thermal conditions on the borders spell:

y =0, T =T, +AT (x >0) (19)
y 5o, T =T, (20)

AT :Tv;/ —TO; =Nx" where N is a real number. Under the influence of the gradient of temperature, it is born an
unidirectional flow along the vertical surface. It is advisable to write then:

y =0 v=0 (21)
Far from the vertical plate, the flow velocity is the one of the free flow which is developed in the direction (Oy’), it
spell:

y >0, u=0 22)
After a scaling analysis following Vasseur and al.[7] and Bejan[8] we introduce the similar variables below :
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' ' 1/2 ' '
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a
We also defined the inversion parameter R as:
T -T
R — max . o0 (24)
AT

In our case R=1
The governing equations in similar variables become:

[ —(0-1)>+1=0

o+ o nt (9-1)=0 5
n=0;6=1f=0

|7 —>00;0=0

Before discussing the computed results, the basic transport quantities of interest are determined, in term of similarity
variables, as follows:

Rax. 1/2 '
Nuw:{ . } {e(m} (26)

Where NUX| is a local Nusselt number and the thermal boundary layer relative thickness is obtained from Eq.27.

5. a 12
O | 2 27
x T (Rax.j 0

175+ is a point where 6 might have a value of 0.01.

Numerical method and code validation
Eq. 28 with boundary conditions were solved with shooting method and Runge Kutta of 4th order. Firstly, we solved

the case AT = NXIn, R=0 and n=1/2 which were resolute analytically by Kumaran [4] and we compared these

results. See table 1. Secondly, by noticing that for AT = NX", and R=0 the governing equations amounts in:
f'—(R-6)+R*=0
. (an+1) .
0 +—=f6d —nf (6—R)=0
2 ( ) (28)
n=060=1"f=0
n—0,0=0

Where q is the degree of the expression of the variation of the density according to the temperature. The model used
for the present study is parabolic (q=2). The linear model (q=1) was numerically solved by Cheng et al. for the natural
convection on a vertical plate in isotropic case[1]. We reported also their results in the table 2.

Table 1:-Comparison with results of Cheng and Minkowycz [1]

Cheng and Minkowycz [14] Present method Present work
g=1 g=1 q=2

n a'(0) 0'(0) 6'(0)

0 -0.444 -0.444 -0.377

1/3 -0.6788 -0.677 -0.615
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Taking into consideration its results of table 1 and 2, we concluded that the numeric code was very substantial of the
point of view of the precision because of the gaps relatively very weak observed.

Table2:-Comparison with results of Kumaran

Kumaran,2006 Present numerical code
-6'(0) \/5 0.7071283939991931
2
Ns ~J2In001 5.964584666059244

Results and discussion:-

Fig.2 displays the velocity profile for a range of values of n and 7. It is observed that the velocity increases from the
leading edge of the vertical plate and reached rapidly its maximum value when the temperature exponent n is made
high enough. For lower values of n, the velocity increases with n and tends asymptotically to its maximum value.lt
is easy to notice that for n ranging from 0 to 10 the flow is directed downwards as shown in Fig.2. Therefore, it is
when the temperature of the porous medium is constant and does not vary (n = 0) that the velocity is the highest.
The velocity in the porous medium is stronger at the beginning of the plate and it decreases more and more far from
the vertical plate until it vanishes whatever the value of n. Fig.2 also shows that the convective movement,
characterized by the velocity of the flow in the porous medium, extends from the plate to a distance away from the
plate as a function of n. the larger is the n, the shorter is the distance. Otherwise it is the thickness of the dynamic
boundary layerThe variation of the non-dimensional temperature in the porous medium with the similarity variable n
is presented in Fig.3 for various values of the temperature exponent n. From Fig.3, when n increases, the non-
dimensional temperature in the porous medium decreases drastically. It reveals that the heat diffuses from the
vertical plate into the porous medium. The influence of the temperature exponent n on the relative boundary layer
thickness is shown in Fig.4. It is observed that the relative boundary layer thickness decreases drastically when the
temperature exponent n increases and reaches its minimum value when n is made higher enough. Hence, the fluid
nearest to the plate warms up, decreases its density and moves downwards according to Archimede’s law. So, in that
case, the formation of a thin boundary-layer along the plate is observed.

n
0 1 2 3 4 5 p
0 A
0.2
0.4 -
u
Ray
0.6 -
0.5 - n=10, 6,4,2,1,0
1

Figure 2:-Variation of the velocity in the porous medium for various values of n in isotropic case
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Figure 3:-Variation of the non-dimensional temperature in the porous medium forvarious values of n in isotropic
case (R=1)

Fig.5 shows the effect of the orientation angle 8 on the variation of the average Nusselt number Nu with the
temperature exponent n when K* = 0.1. When n = 0, the average Nusselt number increases with the orientation
angle @ defined as the angle between the horizontal direction and the principal axis with permeability K,. It is
observed from Fig. 5 that, the average Nusselt number increases and reaches its maximum with the temperature
exponent n when 6 increases from 0° to 90°. Thus, it follows from this result that a maximum (minimum)
convective heat transfer is reached when the orientation of the principal axis with higher permeability of the
anisotropic porous medium is parallel (perpendicular) to the gravity. Fig. 6 shows the effect of the permeability ratio
K* on the variation of the average Nusselt number Nu with the temperature exponent n when 8 = 45°. When n =
0, the average Nusselt number decreases when the permeability ratio K *increases. It follows in that case, that lower

value of K* favors the heat transfer.
55
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Figure 4:-Variation of the relative boundary layer thickness on the vertical plateversus n in isotropic case (R=1)
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Figure 5:-Variation of the average Nusselt number versus n for various values for 8 with K*=0.1 (R=1)
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Figure 6:-Variation of the average Nusselt number versus n for various values for K*with 6=45° (R=1)

Conclusion:-

Natural convection in anisotropic porous medium bordering a vertical plate at 4°C has been studied. The wall-

ambient temperature difference varies as a power-law variation with x. The major conclusions that emerge are:

1. The anisotropy parameters act both the flow and the heat transfer, a maximum (minimum) convective heat
transfer is reached when the orientation of the principal axis with higher permeability of the principal axis with
higher permeability of the anisotropic porous medium is parallel (perpendicular) to the gravity;

2. The convective transfer is at its maximum with isothermal temperature in the porous medium (n = 0), when the
porous medium is not thermally stratified.

3. The convective flow is directed downwards, from the upper end of the vertical plate to the lower end in the
thermal boundary layer. The hottest places are the deepest ones;

4. The convective transfer in the case when the vertical plate is at 3.98°C, depends on n and reaches its minimum
value for n = 0.2. The relative thickness of the boundary layer is strictly decreasing as n increases.

Nomenclature

a,b,c Constants in equations (10,11 and 12)

Ra Rayleigh number

AT’ Characteristic temperature difference, Ty, — To, (°K)
x',y' Cartesian coordinate system
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Dimensionless coordinate system
Velocity of the water film in the porous medium

u',v Darcy velocity components in x" and y’

Darcy velocity components in x and y
Height of the vertical plate

Nu,, Local Nusselt number

~o DAXNAXHTQS ZD

Inversion Parameter equation(48)

Constant in AT =Nx"

Constant in AT =Nx"

Gravitational acceleration (m.s?)

Convective heat transfer coefficient (W.m2K)
Temperature (°K)

Saturated porous medium thermal conductivity (W.m1K-1)

1,Ka2 Flow permeability along the principal axes (m?)

Flow permeability tensor, equation (5)
Anisotropic permeability ratio, equation (13)
Pressure (Pa)

Exponent in the density equation (1)
Similarity stream function variable

Greek symbols

a Thermal diffusivity (m2.s)

B Thermal expansion coefficient (°C2)

1) Boundary-layer thickness (m)

u Dynamic viscosity (kg.m™.s1)

v Stream function (m2.s™)

p Density of the water (kg.m)

v Kinematic viscosity (m?.s™)

o Normalized temperature

n Independent similarity variable

Subscripts

x' Based on x'

max Denotes quantities at maximum

o) Denotes conditions at infinity

w Refers to the vertical surface

Exponent

‘ Variables with dimension
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