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Introduction:-

In this paper, firstly we have studied some inverse and saturation
results for the family of linear positive convolution operators. We have
used Bernstein inequality for proving inverse theorems.Then we have
found some linear combinations which are not saturated by
construction.
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Consider a family of linear positive convolution operators [1],

(E(n,n)f)(x) =(f* g(n))(x) = %ffﬂf(t)g(n)(x —t)dt,neNandx € R (1)
where C,, is the space of 2m-periodic functions with norm,

If Il = max|f ()

with kernel n= (g, (x))n>O clL},

depending upon the parameters n > 0 and n — oo.

Here, kernel n = {g(n)}:=1 be a sequence of even trigonometric polynomials of degree atmost m(n) = 0(n) ,

which are normalized by,
L g (®dt =1

1
Iy (x) = >t ZZL:OI) P(kn) COS kx

@

Here, the operators are uniformly bounded,

|Een) || < alrl @)

and satisfy Bernstein type inequality,

|Eamf) || < A0@2lI(EqmIl - @)

Also, we have,

(E(”rfl)f)’(x) = (E(n,n)f,(x))

()

For all f with ¢(n) > 0 monotonely increasing to infinity such that,
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SUp  (p@m+1)) _
Tl>0{go(n) }_k<oo

Ford > 0,0 < a < 2, we have from [2],

0o (f;8) = o b sIFCe+ 1) = 2£ GO + flx = Wl

su
= 0 << s FOOI

Llpza = {f (S Czn-;(l)ch; 8) = O(é‘(l)’é‘ b 0+}

By the monotonicity of the modulus of continuity,
w,(f; ) < At* + AR%t 2w, (f;t)  (6)

Inverse Results:-

Lemma 2.1. Let Q be monotonically increasing on [0, c]. Then,

Q) =0(t*) ,t—> 0%, ifforsome, 0 <a <randall h,t €[0,c]
And m € N, such that ,

Ry St < hypp_y

And

Q) < Q(hy_1) < Bh%_; = B(Mh,,)* < B(Mt)®

Introducing the Steklov means for § > 0,
f(x) = 6%[_652 f_ﬁﬁ//zzf (x + s+ t)dsdt
Also, we have from [3],
If = f51l < w(f; ) (7)
1551 < 67202 (f; 8 ®

Theorem 2.1. [4] If 0 < a < 2, then we have,

”E(n,n)f —fll < Apm)~

This implies that, f € Lip,«

Proof. By the assumption and using (3), (4), (5), (7) and (8), we have for h > 0,
h/2 h/2 "

17 £ < A7 (F = Equm N + L S 2B f) G+ s + Odsde

S 4||f - E(n.n)f” + h? {” [E(n,n)(f - fd)]”” + ”E(n,n)]%””}
< 4Ap(m)~ + AR {e WIf — Il + (|55}

< 4Ap(n)~® + Ah? {q)(n)z + 5%} w,(f;6)

< AS(n)* + A (ﬁ)2 w(f;8(n))

for 5§ = 5(n) = p(n)7?
If we choose, §(n) <t <8(n—-1) < ké(n),
then, f € Lip,a .

Theorem 2.2. [5] For 0 < a < 2, we have,

* 1 i
Empf =0 (n_“) , then, f € Lip,a
where, for the polynomial e(,, ., f of best approximation, E(, . f is given by,

* inf *
B = ok I = ol = I =

7, being the set of complex trigonometric polynomials of degree n.
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Proof. Let J,,,, for n € N, be a sequence of convolution operators (1) satisfying (2),
Jamf € n s
and [ f — fl < Aoz (fi7)  (9)
using Bernstein inequality for trigonmetric polynomials,
le¢anfll < n?llecn
We have, )
|Gan?) | W = Fu)l + Wenm sl
<0y (f = fa-0l + Allfi -l
< An’w, (f33) (10)
Using (9) , (10) and theorem 2.1, we have,
h/2

182 £ < 1182 (F = Cefumf DN + S 157, || ey ) G+ 5 + 00| dsde

< 4(E(upf) + h? ||[e2‘n,,,)(f —J(nmf)]"” + h? || [](n.n)f]"”

<44 () +n?n?|

e(*n.n)(f _](n.n)f)” + nzth‘Dz (f; %)

< A[ +n?h2Aw, (f;1)]
= A8 + hé; 2w, (f; 8,)
with &, = (/)

Now, 65" < 2, and using (5), we have, f € Lip,«a .
n+1

Some Definitions:-
Definition 3.1.

Fejer type kernels.

Let g € L'(R) be normalized by ,

[ q®dt=2m  (11)

Now, for (2), we will consider even g with its fourier transform § with compact support,
G =5 q®ede =0, bl >T,  (12)

for some T > 0.

Then g* = {qy }nen With,

4:00) = ;%f—onqlnx + 2nkn]  (13)

is called a kernel of Fejer type.

Closed representation is given by,

q;(x) = %+ Yl gkn=t coskx , x €R, (14)

Now with the Poisson formula [6] , the singular convolution integral (1) with kernel g may be represented as
convolution integral on real line as,

(Eangnf) ) =17 F©)ai G = Dt = (Eguyy )G = o= [T, f©)q, (x —5)de  (15)

YT 27 J—c0
The above condition placed on g guarantee that (E, 4+ f)(x) defines an approximation process on Cy,, .
Definition 3.2.
®)

Jackson Kernel. The positive Jackson kernels j® = {](n)} , are given by,
ne

) _ 1 sin (nx /2) 2p
](") - A0,)(P) { sin (x /2) } » where, x € R (16)

This is the closed representation of Jackson kernels.
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in (nt /2)) %
Here, Ag.)(p) = f {S;Tn?:t/Z)} coskt dt ,where, 0S k< (n—1p (17)

Corresponding convergence factors are given by,

() =/1(k,n)(P)
Paeny(JP) Tom® (18)
Where [1],
(1/m) () cosktdt, 0 <k <m(n
Piom _{ J" 9w ™ (19
0, k >m(n)

Here, kernel {g(n)}::1 = 1 be a sequence of even trigonometric polynomials of degree atmost m(n) = 0(n),
which are normalized by,

2 gy (Ddt =1
The Jackson kernels are not of Fejer type.
Also, A ) (p) can be represented as in [7] [8],

(2 —-D+p-k-1
Aty (@) = Z]?zo(—l)/ ( ]p) (n(P ];p —pl ) , 0<k<sMn-1p (20)
Using property of central factorial numbers ,
(i) t,’}—Tk"—O , n<k
.. k—2j
G) T = (1)1()( ) ,0<k<neN, (21

Where, ti} is the central factorial numbers of first kind and is uniquely determined coefficients of the polynomials,
[n] — Zn n..k
X k=0 tk X

Similarly, T} is central factorial numbers of second kind and is uniquely determined coefficients of the polynomials,

"= Yo TixlM
By putting k = 0 in (20) and using (21),

Kom®) = g g n? 62 51 (P (o - @2)

andfor1 <k < n—p, we have,
2p wi—1 (21— M P
A(kn)(P) —1)1 fztzf ;n}l( o )nZ‘ 2m—1p,2m
fo’ o(— 1)1( )(p j)zi-zm=1

1P (2
(Zp 1)'< p>2p K0+ 20m P (23)

For some, C;jy = Cqi,)(J®) and d. ) # 0, polynomial division of (23) by (22) gives,

. -1/ 1 i i _ _
1= Py (1P) = Z021 () Bl Cap k2 + dgegy ™24 +0(n720)  (24)
We can see from (24),
j® e s@r-Dand j® ¢ §2p)

For, p = 3, we have approximation rate higher than 0 (n=2) for the linear combination y = {X(n)}nEN of even

trigonometric polynomials of degree (na,) , for Jackson kernels,
An (x) = Zf}:l YVg(nav)(x) ’ X ER, (25)

Definition 3.3.
Central B-splines and Jackson De La Vallee Poussin kernel.
We can define central B-splines [9] as the Fourier transforms of the powers of the sinc function,

B,(v) = %f_ww (sinc é)m cosvtdt  (26)
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X

sincx = %, x € R\{0} ,sinc0=1
Their closed form is given by,

B, (0) = { - e ey (7) (3= 1wl -0)" i <3
’ 0 vl >

(@7)

The main properties of B-Splines are,
B,(v) =0, v ER,

B,(v) € C™2(R) ,m = 2,

Bayecmt[-24+i-24i+1] , 0<is(m-1),ieN (29

The function , q is given by,

q(0) = qy(@) =1 /{ zp} (29)

B,,(0) (sinc 2)
satisfies (11) and (12).

For p € N, the corresponding Fejer type kernel (13), namely, the kernel of Jackson and de la vallee Poussin ﬁ(p) =

{P(p)}, n € N, is given by, according to (2),

(n)
) 1 np —1 Bap(k/n)
Poy () = + pa B2y () coskx, x € R, (30)

For p = 1, we have well known Fejer kernel f = {E,}, n € N with,
_ i sin (nx /2) z

E’(x) T om [sin(x/Z) ! XER ! (31)

and convergence factors,

oy () =", 0<k<(n-1), (32)

For p = 2, we have classical kernel of Jackson de La Vallee Poussin ,

(2) Cosx sin (nx /2) 4
P(n) (o) = ( 4n3 ) [sin x/2)1 "’ X ER,(33)

Convergence factors for above kernel is,

2 (4n® —6nk? +3k3)/4n®,0<k<(n—-1)
= 34
Paen)(P°) { (2n— k)3 /4n3 0<k<@n-1) Y
Saturation Results:-
Here, we will study saturation theorems that are not saturated.
Consider the best trigonometric approximation for f € C,,,
in X
(o) = o f =, U =l = lIf = ;1 (35)
n n
For convergence factors of a kernel 1, there holds,
Py =1, 1<k<n, (36)
We have, Eq, ,y(t,,x) = t,(x) , t, €Em,, (37)
| Euy (£ = FON < [[Eumy (f =t DI + 11 = 231
| Equmy (£ = FOI < T llf =2l +1If = &1l (38)

For example, the well-known linear combination, {z,,} , n € N, of the Fejer kernel f,
Tn (X) =2F4 (X) —F (X) (39)
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satisfies (36), so that, we have,

| ooy (F) = FOI = 01) (I f), Tor, f € Cop

We can generalize above method in the following way.
Suppose the convergence factor of | admits an expansion fort=10r 2,u €N,

, 1 1
1= paemy () = Zj, (=119 (k) (nT,) + R (m) ., (40)
For h,,y € R, 1 < k < n, thus in particular, ne S,

We can now built a linear combination similar to (25) such that all terms on right hand side of (40) are cancelled.For
example, kernels of Jackson and De La Vallee Poussin ﬁ(”) with its convergence factors .

Forp = 2, we have,

X0 (0) = V1PL () + V2 Pon () +¥3P, (x) , x €ER (41)

Where, a; =i,1 < i < 3, coefficients y; can be uniquely determined.
Here, for the linear combination,
Xn (x) = Zf;:l YVg(nav)(x) holds (36).

From this, we have the Following:-

Corollary 4.1. The unique linear combination yof Jackson De La vallee Poussin kernels (41) satisfying (36) is given
by,

Xn () = 2P2, () =S P2, () + P2, (x), for, x € R (42)

Corresponding singular integral for f € C,, is given by,

|Eny () = FO|l = 0D Eqy ()

The kernels of Jackson j® of (16), p= 2, admits no expansion of the form (40). Also, here linear combination are
not saturated. This will be briefly outlined for p = 2. The convergence factors are then given by,

1 { 3k% — 6nk? — 3k + 4n3 + 2n, 0<k<n (43)
4nd342n (=3 + 6nk? — 12n%k+ k+8n° —2n, n<k <2n

Py G2 =

Now for j% and a; = i,1 < i < 3, leads to another corollary.
Corollary 4.2. [10] The unique linear combination ¥ of Jackson De la Vallee poussin kernels (42) satisfying (36), is
given by,

Tn@ == (1+5) 200 +35 (4 +55) B =3 (1+55) 30 +5 (32 + 5) J2, (1) (44)
Corresponding singular integral for f € C,, is given by,

|Ezy (F) = FOIl = 0 Eqy ()

Here, the coefficients depend on n, and are bounded by linear combination ¥ = {)’Z(n)(x)} ,n € N, which defines an
approximation process and is not saturated by construction.

Conclusion. Jackson de La Vallee Poussin kernels seems more suitable for these linear combinations since the
calculation of coefficients is less elaborate.
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