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Introduction:-

Multirotors using fixed motors for flight, have been widely used in many applications, such as agriculture,
surveillance and search, entertainment, photography, and rescue missions. However, there are the risks resulting in
injury or deaths and damages if multirotors crash. Therefore, multirotor flight crash avoidances in the case of
complete motor failures have been studied [2], [4]-[7], [11], [12], [14]-[16], [18]-[20]. However, feedback-loop
controls to avoid a crash for both configurations, have been seldom studied. Especially the establishment of the
hexarotor feedback-loop controls to avoid a crash, is very important under general Euler angle rotational motions.On
the other hand, the authors obtained the maneuver and flight states for multirotors (a quadrotor, a hexarotor, or an
octorotor) with standard symmetrical configurations, based on both of the general Euler angle rotational motion and
the translational motion of the state equations. They provided definitions of the operating points and equilibrium
points of multirotors, and definitions of multirotor motor speed control signal vectors. Further they provided “add-on
to underdetermined system equations” method of directly providing motor speed control signals for hexarotor or
octorotor flights to avoid crashes (an open-loop control) when some motors fail and stop, and illustrated typical
examples of hexarotor or octorotor flight states to avoid crashes obtained by the method [12]. Hence in this paper, to
solve the problem to avoid a crash for the hexarotor in the case of complete failures, we expand on “add-on to
underdetermined system equations” method based on [11], [12], [16], [18], and build a feedback-loop control to
avoid a crash such that the hexarotor flight states to avoid crashes are stably realized when some motors fail and
stop. First, we summarize the modeling foundation for a hexarotor, the maneuvers, and the flight states. Secondly,
we provide theorems of the stabilizability of the flight states for avoiding a crash and stabilizing such flight states by
nonlinear dynamic state equations with state variable feedbacks. Thirdly, we verify the theorems by simulations of
the hexarotor stable flights to avoid a crash in the case of complete propeller motor failures. In Conclusion, we
summarize the principal results and describe future research.
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Mathematical Description of a Multirotor:-

In this section, we summarize the mathematical foundation for describing the motion of a multirotor as a rigid body,
and multirotor body frame configurations. We also describe dynamical Euler angle state equations of rotations,
dynamical system state equations of translations, and the maneuvers and flight states (or operating points) based on

[12].

Rigid-body dynamics:-

Table 1:- Describes the symbols for the motion of a multirotor as a rigid body based [1].

Symbol Description
R3 Three-dimensional real vector space
teR Time

w: 0 + span{e,, e,, e;}.1"]

Basis vectors of a right-handed Cartesian stationary coordinate system
at the origin O (Fig. 1)

W:0, + span{E,, E,,E;} or ( 0.+ | Basis vectors of a right-handed moving (or local) coordinate system
span{e,, e,, e;})."" connected to the body at the center of mass 0,
B Linear operator, B: W - w
qeEw Radius vector of a point moving relative to the stationary system
Q) Radius vector of the point relative to the moving system such thatq =
r+ BQ
q Absolute  velocity such that g =4+ BQ + BQ, where an
overdotrepresents time differentiation
T Radius vector of the moving coordinate system relative to the
stationary coordinate system
T Velocity of motion of the moving coordinate system
Qe Vector of angular velocity in multirotors such thatQ = BTw
wEwW Instantaneous angular velocity
[(Iiy #0,,; # 0,133 #0,1; =0, Moment of inertia for multirotors
fori # j)

Table 1:- Mathematical description for the motion of a multirotor as a rigid body [12].
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Fig. 1:- Radius vector of a point with respect to stationary (w) and moving (W) coordinate systems[12].
In addition, linear operatorBis also described by a matrix form:-

cospcosb
B = {siny cosf

—sin 6 cos @ sin¢

cos sin 6 sin ¢ — sin P cos ¢
siny sin 8 sin ¢ + cosy cos ¢

cos sin 6 cos ¢ + sin sin ¢
siny sinf cos ¢ —cosysing ;.
cos 6 cos ¢

2.1

The angles v, 6, and¢are Tait—Bryan angles and are examples of the Euler angles [8],[13].
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Description of multirotor body frame configuration:-

We assume that all rotors are the same, distributed evenly, and coplanar, and the distance from each rotor to the
geometric center of the multirotor Lis equal [6]. Eachmultirotor has a standard symmetrical configuration with a
clockwise-rotating rotor adjacent to a counterclockwise-rotating rotor as shown in Figs. 2—4.

M_:Q/ JMa

N4 /\_)

M=
Fig. 3:- Hexarotor with standard configuration

Fig. 4:- Octorotor with standard configuration.

F(i=12,..,2p,p=234)and M;(i = 1,2,...,2p,p = 2,3,4)in Figs.2—4represent vertical forces and moments,
respectively.Each motor of a multirotor has an angular speed w,,; and produces a vertical force F;satisfying
F; = kpwd;, i =1,2,..,2p,p = 2,3,4. (2.2)

Each motor also produces the moment
M; = kywi;, i =1,2,..,2p,p = 2,3,4. (2.3)

In practice, simple lumped parameter models are applied such that kr > 0 and k,, > 0 are constants that can be
easily determined from static thrust tests. For quadrotors (p = 2), hexarotors (p = 3), and octorotors (p = 4) that
have standard symmetrical configurations, we define the moments of S.,.,,u,, and the translational forces of

StrazpUzp, P = 2,3, 4, as follows.
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For quadrotors(p = 2),

(2.4) 0 —C-kpo 0 € kpy
. Sros = | € kp1 0 =t kp3 0 s
—kum kz}fz —kp3z kpa

2.5
( ) Uy = Zwiﬁle‘.
For hexarotors(p = 3), i=1
(26) 0 -tk Lok 0 Pekps Beokpe

Swi6=| €-kp1 03C-kpy ~05C-kpy —C-kpa ~0.5¢-kps 05C-kpg |-

—Kat1 k2 —kn3 k4 —kms kne
6

(2.7)

z : 2
u6 = lele
For octorotors (p = 4), =l

28) 0 Lk ~Cokps Ltk 0 Llokpe ke L2kpg
Sto8 =| ¢ kpy T‘/_f ka0 J;f kpg —C-kps —S20kpg 0 Y2eokpg
=k k2 —km3 k4 —kms ke —km7 ks
(29) N
) ug = Z w%/ﬁsMi.
For multirotors (p = 2,3, 4), =
0 o .- 0
(2.10) Swap=| 0 0 - 0 |
kpir kpz o kpop

uZp - lepl (DMZSML(Z 11)

wherespan{&y, €y, ..., Emzp} arethe basis vectors of a right-handed2p-dimensional real vector spaceR?”.

State equations, maneuver, and flight states (or flight operating points) of multirotors:-

In this subsection, based on the preceding mathematical foundation and [12], dynamical system state equations for a
hexarotor are described for clarifying relationships between state variables. Here we show Theorem 1lin an explicit
form with the Euler angle state variables of dynamical system equations for multirotor rotations.

Theorem 1 [12]:

(2.12) If det(BfBwa) = —111ln133c0s0 # 0,

the dynamical system state equations for multirotor rotations are written in an explicit form in terms of Euler angle
state variables (x,%)T € ¥, € R®, and the input vector function of time u € A c R? controls the outer
generalized forces acting on the multirotor, then

(2.13) %( p ):( Y(1, X‘)+Zx(ﬂ)Fr0t(u) )

(2.14) L B
Z(p) = (BxX)IB(x)" - wz(,0)) - B(x),

(2.15) Y(n, %) = ~(BOIBx)T - wi(w, )" (Bx, ©)IBx)T - wi(y,0) + BOOIBx) - a2z, 6,4, 0)) - &,
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where t € R refers to time, x = (,0,¢)T = @, M, =00, x= ), 6,6)" = (¥, 1'1)T,1'1 =06, w=
w;x,and p € N.

On the basis of the above equations, we also describe Theorem 2 as an explicit form of dynamical system equations of
translation for the multirotor as follows.

Theorem 2 [12]: Let (x(t),x(t))T be the solution for Eq. (2.13) in Theorem 1. Then the dynamical system state
equation of translation for the multirotor is obtained in the following explicit form:

(2.16) d ( r )_ F
dai\ 7 )7\ —ges + LB(g (1, (x, 50), u) Fira(w) |’

where (x(t),)'c(t))T = (1 (t, (%0, %) T, ), P, (t, (X0, %), u))T = P(t, (X0, %), u) € ¥or < RE with initial
points(to, (xo, %)T) E R X Yot CR X R® and u € A.

We now summarize the dynamical system state equations of the multirotorthe symmetrical standard configurations
(p = 2,3,4), as follows:

d(x)\_ X
(2.17) E( X ) - ( Y(n,x) + Z(’i)SrotZ;)uZp )’
(2.18) i( r ): | F
dr\ F —ge3 + = B($ (1, (x0, X0) ', ))Sya2ptta, |°

Here, by using the state variables of rotational motionx = (1,6, )", x = (1,6, d))T and translational motion
T = (11,15, 13) T, 17 = (7, 7,,73)T (Fig. 5), we represent the multirotor maneuver and flight states in many applications
as shown in Table 2. The multirotor uses 2p fixed motors for flight. The angular velocities of the motorsu,,are
directly used to achieve the flight states in Table 2. In the case that the motion of yaw v, pitch 8, and roll ¢is fixed,
from Eq. (2.17),d/dt(x,x)T = (05,05)T and 05 = (0,0,0)Thold. Then, as shown in Eq. (2.18), since # depends on
x(t) = ¢4 (t, (x9, Xo) ™, u),the motion of r;is given byd/dtr; = (e;, 1/m B(X)Srazplizp), i = 1,2. The motion of r;

such that multirotors always maintain or control their altitudes is given

byd/dti; = (e3, —gez + 1/m B(X)SirazpUsp).

Maneuver Related state variables Flight state

(i-1) Altitude up control | rsdirection, d/dtr; > 0 Lifting the multirotor under gravity and
moving it up.

(i-2)  Altitude down | rydirection, d/dtr; < 0 Lifting the multirotor under gravity and

control moving it down.

(ii) Hover control

T'3 diI’ECtiOH, 7:'1 = 7:'2 = 7:'3 = 0, d/dtfl =
d/dti, =d/dtis=0,)=0=¢ =0

Being in equilibrium by lifting it under
gravity, no rotational motion, and
remaining in one place in the air.

(iii-1) Yaw-changing Y,0 <y <2m,p >0 Yaw  changingby  counterclockwise
forward control turning.
(iii-2) Yaw-changing P,0<y <2m,Pp <0 Yaw changingby clockwise turning.

backward control

(iv-1) Pitch-changing
forward control

r1 direction, d/dtr; >0,
6,0<6<m/2,6>0

Pitch turning counterclockwise,
dropping down, tail lifting up,
beginning to accelerate forward.

nose
and

o direction, d/dtr; <0,
6,-m/2<60<06<0

Pitch turning clockwise, nose lifting up,
tail dropping down, and beginning to
accelerate backward.

(iv-2) Pitch-changing
backward control
(v-1) Roll-changing

) direction, d/dtr, >0,

Roll turning clockwise, right side lifting
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forward control b, -m/2<Pp<0,§<0 up, left side dropping down, and
beginning to accelerate sideways to the
left.

(v-2) Roll-changing | r, direction, d/dtr, < 0, | Roll turning counterclockwise, right side
backward control p0<p<m/2,6>0 dropping down, left side lifting up, and
beginning to accelerate sideways to the
right.

Table 2:- Multirotor maneuver and flight states of Fig. 5 [12].

3
N

Roll Pitch

RN

°
-* .
-

ri r2
Fig. 5:- Rotational motion and translational motion of the quadrotor (one of the multirotors) [12].

Operating points and equilibrium points of multirotors can be related to the flight states in Table 2. In the following,
we describe Definition 1 for the operating points and equilibrium points of multirotors.

Definition 1 [12]:Operating points (hereinafter, referred to “flight operating points”) of multirotors(x,p, xop)T €
R3 X R3, Xop = (WopsNop) s Mop = (Bops Pop) ™, @NA(T4p, 76,) T € R® x R3 are determined as

(2.19) Xop ( 05 )
Z(']op)srot2pu2p(op) 03

(2.20) ( F3(op) ) ( 0 )
(e3,—ge3 + _B(xop)straZpUZP(op)> cJ

(2.21) Z(nop) = (B(xop)IB(xop)" - wi(Wop. bop)) " - B(xop),

(2.22) F1 ={ey, #B(xOP)SLrFquZp(Op)),

(2.23) 2 ={e, %B(xop)straZpu2p(op)>v

(2.24) i3 = c,

where ¢ € Ris a constant and 03 = (0,0,0)™. If ¢ = 0, the flight operating points (xp, Xop)" and (r,p, 7op) Thave a
constant altitude. Further, if 7, =7, =# =#,=0and c = 0 (i.e., #3 = 0), the flight operating points are also
identified as equilibrium points (x,, ,)T and(r,, 7)™ and occur in hovering flight.

Problem of multirotor stable flights to avoid a crash:-

In this section, in the case of complete propeller motor failures, we describe a method of providing motor speed
control signals to achieve flight states to avoid a crash [12]. We assume that the motors in the i;th, i,th, ..., i,,th rotors
1< <iy < <ip<2p,1<n<2p-—-2,p=23,4n€eN) have completely failed. Then the motor speed
control signal vector of the remaining motors is determined by

i—1 ir—1 2p

l[ l') _ B 5 .

(3.1) “2p-n ZwMISMJ+ DL CrEMjt e ) Wiy e
J=i+l J=ip+1
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The remaining moments of S,qe2pt55 %" ™ and the remaining translational forces ofSiz,usy 2", p = 2,3, 4, are
respectively given as

3.2 115125 0slp — 0130250l E1,02500000p
(3.2) Srothuzp_n Srot2p—n u2p—n ’
33 [13020eenslp — 1502 5ensip 01502505l
(3.3) StraZp“zp_n Stra2p—n Yop-n

where S?Z';{';l"'" is the matrixS,,, with the i, th, i, th, ..., i, th rows deleted (§ = rot, tra).
Here,we summarize the state equations of the multirotors with the symmetrical standard configurations (p = 2, 3, 4)in
the case of complete propeller motor failures using the Euler angle rotational equation [Eqg. (2.17)]and the
translational equation [Eq. (2.18)] as follows:

(3.4) i( X ): . Jf.,iq,_._,in iLizein |
dr\ * Y(']’ ) + Z(q)sro‘[ipfn u2p7n

(3.5) dir A
(7)) —ges mBOOS Lo 2 |

In [12] in the case of complete propeller motor failures, theflight operating points and equilibrium points of
multirotorsare related to the two types of multirotor flight states in Table 3 to avoid a crash when some motors fail
and stop. for the flight operating points and equilibrium points of multirotors to achieve the flight states in Table 3 to
avoid a crashwhen some motors fail and stop, Definition 2 is given. Based on Definition 2, a methodto provide motor
speed control signals to achieve the flight states in Table 3to avoid a crash is proposed and verified by several
simulations. However, in this paper, we only consider the case of Type (I) in Table 3. We provide theorems of the
stabilizability of the flight states for avoiding a crash and stabilizing such flight states by nonlinear dynamic state
equations with state variable feedbacks. We alsoverify the therems by simulations.

Type Achieved flight states in Table 2

(1) No Problem All (e.g., in Fig. 6).

(11) Admissible Problem Yaw angles cannot be controlled. Yaw angles are freely changing
(e.g., in Fig. 7).

Table 3:- Two types of multirotor flight states to avoid a crash [12].

Type (1): Among the remaining motors, some must be stopped to achieve all states in Table 2 when certain motors fail
and stop.

Type (11): Among the remaining motors, some must be stopped to achieve all states (except for yaw control) in Table
2 when certain motors fail and stop.

Type (1) and type (I1) represent the severity levels of complete propeller motor failure. Type (1) and type (1) are
determined by the equation forms of Eq. (41) in Method 1. Type (I1) is more severe than type (I) because yaw angles

cannot be controlled.
B Sl ﬁ

e
Fig. 6:- Example of type (I)no problemwhere one of the remaining motors must be stopped to achieve all the states
of the hexarotor in Table 2 when one motor fails and stops [12].
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Fail and stopping

"__.{—-___._‘
a”
o
o
’!

r

i YYaw

I [

v A

H

L] ]

A I

» ’

A i
\.\ rJ
'~ o>,
. -
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Fig. 7:- Example of type (I1) admissible problem where one of the remaining motors must be stopped to achieve all
states(except for yaw control)of the quadrotor in Table 2 when one motor fails and stops [12].

Definition 2 [12]: When some motors fail and stop, the flight operating points of multirotors to achieve the flight
states in the case of Type (1) in Table 3 (X,p Xop)" € R3 X R3, %05 = Wops Mop) ™ Mop = (Bops Pop) ™
and(r,p, 7op) T € R X R3to avoid a crash are determined as

(3.6) ( i ifon i1, ) ( 03 )
Z(’?op)SrotZ,p—n uZpin(op) 03
(3.7) ( (en.— + lB( F3(;§)1|,12, Jn 0150200 Jn> ] ( 0 )’
€3, —ge;s m X()p traZp n 2[7 ”(OP)
(3.8) Z(np) = (Bxop)B(xop) - wiWop, op)) ™" - Blxop),
. 1 11,1 In 1,0 »in
(3.9 = (e, EB(xOP)StII'aZZp -n 2][3 ZH(OP)>

(3.10)

P 1 150250 00in ”912! win
F2 = (e, HlB(xOP)Strde -n 2p—n(0p)>

(3.12) 3 =c,

where ¢ € Ris a constant and 03 = (0,0,0)™. If ¢ = 0, the flight operating points (xp, Xop)™ and (r,p, 7'op) Thave a
constant altitude. Further, if 7, =7, =+ =%, =0 and ¢ = 0 (i.e., #; = 0), the flight operating points are called
equilibrium points (x., x,)T and(r.,7.)T and occur in hovering flights.

Further, we provide Theorem 3 based on Definition 2 to provide motor speed control signals to achieve the flight
states in the case of Type (1) in Table 3.

Theorem 3: For the hexarotorcase of complete propeller motor failures, let F(x u """ ‘”) be the following C* function
taking values in R®~™ with a neighborhood of Euler angle state variables ¥ in R3 and the motor speed control signal

vector of the remaining motorsii,™ € R6~", with F(% L n‘") 0,_,, = (0, ...,0)",including both lower sections
of Z(n,)Snyn in Eq. (3.6) and (e5, —ge; + — B(xo)Stm gl n(Op)) in Eq. (3.7):

rot—m 6 n(op)

Fx,ulm) = A (x)ulr ™ — be_,, (3.12)

() —n

2115l
i) € RO-X6-1) [ A 4x(6-m) ™ ] (3.13)
Q2><(6 n) '

Z{J;]S
A’ = v-\4><{(} n) _ ( HiffJ n., ) 3.14
4x(6-m) (7] eh”B{ L9 1 J, (314

r (ﬂf:- —n !
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ben = W1, 0,$,c +g,b2)", (3.15)

where ¢ € Ris a constant and  Q,x(s—n) € R?*®™™is a constant matrix. b_, € R®™™ and b, € R? is a constant
vector.If for arbitrary % € R®, (i)det(4.;™ (%)) # 0, and (ii) there existsﬁ;1 nl" € R ™such that

F(%, ﬁ;} n‘n) 04_p, thentil 7 'm= ALv-n(%)~1h,_,, is uniquely obtained.

Then ), 6, and ¢ are also determined as

={&. Y(5.%) + Z{q}S“’ ").

roth— n 6 —n

(3.16) 0= (e Y(q.5)+ Z(qS": ”e - iy,

roth— —n

b = (&3, Y(. %) + Z()S" 0 g1y,

mrb n 6 —n

Thus ﬁ‘g n”‘ € 1% ™are obtained as the motor speed control signals to achieve the flight states in the case of Type

() in Table 3 to avoid a crash. As the number of failed motorsn increases, the rank ome,6 ’*;l € (13x(6-1) or

Stin e [13%(6-1) and the dimensionality ofuy"™ € 715 "decrease. Therefore, since AL € [1(6=*(6-) s not
a square matrix, it is necessary to remove arbltrary rows to obtain square matrices.
The proof of Theorem 3 is provided in a similar way to that in the proof of either Theorem3 or Theorem4 in [12].

Linearized or nonlinear dynamic state equations to stabilize the flights for avoiding a crash
This subsection describes linearized or nonlinear dynamic state equations to stabilize thehexarotor flights for
avoiding a crash the case of type (I)in Table 3.

In the case of type (1) in Table 3 (1 <i; < <i,<6,1 <n <2,n € J), we obtain the following variational
differential equations with constant matrices at the operating points (x,, &,) which can be used to stabilize the
hexarotor flights in the case of type (1) in Table 3.

d . L
—oX,, =TI, 6—n( )(\.1\’- + G, 6—n( )(SL'T“.““J".
dr rot rot6—niop rot rotb—nlop 6—n (3 17)
6Xyor = (6x,0%)",
M LT
(0x,0%)" = (X — X(gp) & — X(op) (3.18)
P B [ 033 I3 ]
raealep) = \ Srox(ops Xops ”6";[-011,) Jro(MopsXop) [ (3.19)
G _ ( ll}xuﬁé—rr} )
rat6—n{op) — S s
t r 1 f rraru'ﬁ'_';;"":(qr)p) ( 32 0)
4 .
'Ir' g Uy, P uf i) le =Y “} ap* ."‘} + rj,_g [Z(J}}s:‘m, J.’l ;I rll II *
| '=7==7.
* (3.21)
f;-rarg"{qpp-xup) }{“’UP xr)p) (3 22)
‘fmnfi.]_-;_;”m(HW’ Z“"’P S’r’rﬁ - (323)

where { =x € 0%, orp € 02, {=k € 13, 0r) € 1%, 035(6_p) iSthe 3 x (6 —n) zero matrix.
Y, and Y, denotes the partial derivative of Y with respect to x and Y with respect to x, respectively.
frotxes froex» and fro u f1in denotes the partial derivative of f,.,,with respect to x, f,.,. with respect to x, and 1
with respect t0D6 " respectlvely

Theorem 4:In thehexarotor case of type (I) in Table 3 (/ <1, << 05<6,1 <02, and 1 € 1), let
o (op) € XX D) he a 6 x (6 x (6— 1)), controllability matrix defined as Eq. (3.24).
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¢ Mrot6-n(op) = | Gmr6—n{0p} F rot6—n{op) Gmr6—n(op} .
2
F J"OF6—n(op}Gr‘0F6—n(op} -----

F mr6—n(op}G”0’6—”(°P} 8 (3.24)

If 00 6=y has full rank 6, namely the constant matrix pair (I 46— o0y, oons—nory) IS completely
controllable, there exists a (6 — [1) x 6 constant matrix [l,_- -y such that every solution of Eq. (3.25) approaches

the origin vector of Eq. (3.25)14 =(0, ...,0)T € [° (i.e., the origin is asymptotically stable), and that the variational
acceleration 17 approaches the origin vector [1; = (0,0,0)" € (1%, by Eq. (3.26).

d
E()th = (Fro[ﬁ—n(op) - Grolé—r!(op)K6-ii(0P) )0 Xror, (3 25)

) 1 9 ’n [T
oF = m lax( (x)slraf) —n'6- rr(op)) KE'"T(OP)OX'Ot

(3.26)

l[’ﬁ6 n

ox — —B(xop)S
=Xop

where 01 =(0 0, OO Tand 00 =0 = 0.

Proof: In the hexarotorcase of type (I) in Table 3 (/ <, << 05<6,1 <0<2,0€ 1), for arbitrary
constant matrix [y € [ (6=%6 qybstituting Ol ==0g_n om0 into Eq. (3.17), the closed-loop
system equations of Eqg. (3.25) is obtained. Since [/, s () has full rank 6, namely the matrix pair
(5 0m6=n¢y Honng=ncoy)is completely controllable, it is proved that there exists a constant matrix [ls_
such that all eigenvalues of [ 5_ ¢y = Lig—r oy He—r ooy have negative real parts from [21]. In the case
that all eigenvalues of U 6 ¢y - Uoo6-r 00y Hs—roy have negative real parts, every solution of Eq. (3.25)
approaches the origin vector (4, and by Eq. (3.26) 0, = [, (then 00 — [13) implies 077 — ;.

Theorem 5:1n the hexarotorcase of type (I) in Table 3 (/ <[, <-- <[] <6, 1 <0 <2and [1€) (0)if
Uonne-n¢omy of Eg. (3.24) has full rank 6, then substituting [Da—, = DDD =—Ug-—nomy (0= Oy,
0 - D(W))T, into the dynamical system state equations of Eq. (3.4) and Eqg. (3.5), the following closed-loop
equations of Eg. (3.27) and Eq. (3.30) are obtained.Further ((J[1) if all eigenvalues of Jacobian matrix
(Ooons-o@o bR Uoone=ncyUe—nary) have negative real parts, then the solutions of Eq. (3. 27) (0L, (U 0)D,

St (Dg,)7) with initial points (U, (Cy,005)") near (0 ,[H )", approach to (C,(1-)", and by Eq. (3.30),
the acceleration [ (11) approaches the operating point vector(” (.

il ) (o
dt\ x fmr(x-x} (327)

M=( 053 I ).

(3.28)
Frorx, &) = Y(1.5) + Z(STn (i niopy T du * (3.29)
alr)- f
d,( P )T\ fuallt, (xg.50)"). @(1. (x0.%0)T)) '(3.30)
Siralx, &) = —ge3 + ,_LB(““S:EHJ:r("s “niop) o7, (3.31)

where (5 ¢y: a constant matrix defined in Theorem 4, (TH )T = (0= oy, 0 =Cem) | (00, D))" =
(Ot (Tos T0)D, €t (T D)D) = (1t (s T0)T T2y + D062, T (T D)7 Ol sy +
gk )Tez - < DPwith initial points (1, (1, 79)") € 0 X 0 and (/7 ) +00,0 7 €A, and [ a
neighborhood of (1,00~ )"in =~ © % such that ||(y -0y Cp-0050)T| < 1.

Proof: In the hexarotorcase of type (I) in Table 3 (/1 <0, <--<[;<6,1 <1<2,0€T]), we utilize
Hartman-Grobman theorem in [9], and for arbitrary constant matrix [s_; ) € [ (6=x6 , Substituting

8Ll (0, 0) = =Ugrnry(0 = D¢y, U = Oy \)) , into the dynamical system state equations of Eq. (3.4) and
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Eq. (3.5), the following closed-loop equations of Eq. (3.27) and Eq. (3.30) are obtained. Sincell 5_. () of Eq.
(3.24) has full rank 6, there exists a constant matrix [1_ .y such that all eigenvalues of [J s -
o=y He—ncoof Eg. (3.27) have negative real parts from Theorem 4. Further since all eigenvalues of
Jacobian matrix (U 6— 00y Hoons—n oy He—n¢oy) have negative real parts, it is proved that the solutions of
Eq. (3.27): (L(t, (Uy )N, O, (0, 01,)") with initial points (2, (Cg,1))€E O x [ near (U-,07)" and the
linearized flow map (C1C(t, (00,0000, DO (00, 000)7) (D =Dy, Dg=Cloy)" are topologically
equivalent from the Hartman-Grobman theorem. Namely, since the linearized flow map is asymptotically stable,
(T, (T, TN, O, (T4,07)T) with initial points (7, (T, 1) )€ 0 x 0 near (7,01 )" is also asymptotically
stable. Thus by Eq. (3.30), theacceleration/([1) approaches the operating point vector(” (.

Simulations of the hexarotor stable flights to avoid a crash:-

In this section, we present typical examples of Type (I) of the hexarotor stable flight states in Table 3 to avoid a
crash in the case of complete propeller motor failures. We verify Theorem 3-5 of realizing the hexarotor stable
flights to achieve the flight states in the case of Type (I) in Table 3 to avoid a crash. The following results are
obtained by using Theorem 3-5 with Maple symbolic computations, MATLAB matrix calculations, and MATLAB
numerical simulations with the ode45 solver [10].Notice that regarding the translational state equation of the
hexarotor [Eq. (3.5)] the numerical computations in the following figures are carried out using the computation
results obtained from the Euler angles state equation of the hexarotor [Eq. (3.4)] together with piecewise linear
interpolations [17] of (1), (1), and [J([1).

The numerical parameters of a hexarotor, are given in Table 4.

Symbol Description Value and unit

m Total mass of the hexarotor 2 (kg)

I, Moment of inertia of the hexarotor 0.02973 (kg ‘m°)

Iy, Moment of inertia of the hexarotor 0.02931 (kg ‘m°)

I35 Moment of inertia of the hexarotor 0.048315 (kg -m?)

g Gravitational acceleration 9.80665 (m/s?)

ke Motor force coefficients of the hexarotor | 1.79 x 1077 (N/rpm?)

ky Motor moment coefficients of the | 4.38x 107°(Nm/rpm?)
hexarotor

4 Distance from each rotor to geometric | 0.365 (m)
center of the hexarotor

Table 4:- Numerical parameters of a hexarotor (p = 3) [12].

In addition, we define the constant matrix of [, _ ., € 0@ ™%, 11 = 3, as follows:

the hexarotor (CJ = 3),

41 01 -1 0 0
) sz6:(0 00 1 -1 0)’

where [ (5 _yx,in Eq. (3.13) in Theorem 3.

In the following, we assume that under complete propeller motor failures, the hexarotor is in a hover control:
maneuver (ii) in Table 2, as well as possible.As an example of type(l) in Table 3, we also assume the motor failure
case such that the motor in the first rotor has completely failed (in Fig. 8), as follows.

Fllght state: J( u)] = U(H ) = L( ) = O[I"ad], L( ) = U(H ) = U( ) = O[I’ad/sz], L]( ) = UZ(H ) =0 [m],
sy = 3Iml, Uy = Doy = sy = 0[mis], ¢ (oril;) =0 [m/s?], Motor control signal vector (Motor
rOtatIng speed) (1)52(5:) = (DD_?(D]) = (DD5(D]) = 0“)D6(D:) = 5233.8205 [I’pm],(x)m(mj) =0 [rpm]
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Rotor No. 3 -
Stopping
Rotor No. 2 Rotor No. 4
Fail and stoppi \
Rotor No. 1
/-— Rotor No. 5

Rotor No. 6

Fig. 8:- An example of type(l) in Table 3: the motor in the first rotor has completely failed

Theorem 3 is applied to the example of (a):-

(a) Under the condition (t [s] € [0 1]) in the case of Fig. 8, we ascertained the following flight simulation result of the
flight state to avoid a crash (type (1) in Table 3, maneuver (ii) in Table 2) as shown in Fig. 9 and Fig. 10. 0 (), (D),
and [J([)) in Fig. 9 completely overlap. (1,(1)) and [1,([)) in Fig. 10 also completely overlap.

F{r;.u;‘} = A;‘[r})ug‘ — bs,

(4.2)
; A’
‘4;[[q) o e ( T4x;:lﬂ) ]
SQR'LZXS (43)
i \
A'ges(m) € RS = ( TZ]W)S”’{?[ )
€3 EB{X }'SFMS (4.4)
bs = (.8, ¢,c+g.b)T € R, “s)

where (1, =1, k = 1, [1,/, € 1, and (1, € [1.span{[],, (] ,} are the basis vectors of a right-handed two-
dimensional real vector space [2.D5;5 is the matrix [J,,,s with the(J,;th (or 1th) row deleted. Dg; is the matrix [1z4
with the [7,th (or 1th) row deleted (& = rot, tra).

Rotational behavior of the hexarotor

—— ()
——B(t)
o5l ) i

Tait-Bryan angles [rad]

-1

L] 0.2 0.4 0.6 0.8 1
Time [s]

Fig. 9:- Simulation results of Tait-Bryan angles when the motor of the first rotor has completely failed (example (a)).
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Translational behavior of the hexarotor

_._rl(t)

|| —=— rz(t)

fa

—— I"B(t)

1]

Movement distance [m]
o

[
T
1

Time [s]
Fig. 10:- Simulation results for position of motion when the motor of the first rotors has completely failed ((; = 3
[m]: initial condition) (example (a)).

The example of (a) verifies that Theorem 3 achieves the hexarotor flight states to avoid a crashe (type (1) in Table 3)
using the remaining motors of the hexarotor in the case of complete propeller motor failure, even without any
feedbacks.

Theorem 4 is applied to the examples of (b).

(b) Under the following conditions in the case of Fig. 8: as an application of Theorem 4, as follows.
For the hexarotor when the motor of the first rotor has completely failed, we choose the constant matrix
Csqry € 7% as follws:

™ I%6
KS(O]J) e R

0.8273  —0.0336 —0.0591 0.0083 —0.0003 —0.0006
11| 08273 00336 00591 -00083 0.0003 -0.0006
= 10" 16546  0.1346 0 0.0165  0.0013 0
—08273 00336 00591 —0.0083 0.0003  0.0006

0.8273 00336 00501  0.0083 00003 0.0006 (4.6)

Then the eigenvalues of ), s¢y = HioseoyHseony of Eq. (3.25) are -300, -300, -300, -150, -150, and -150,
respectively. Thus, the closed-loop system of Eq. (3.25) is asymptotically stable.

The simulation initial values are set as follows (t [ s] € [0 0.1]):

1. 00(0) = 0.00174533 [rad], JL1(0) = 0 [rad], ULI(0) = 0 [rad], L1(2(0) = 0 [rad/s], &(1(0) = 0 [rad/s], and
UC(0) = Ofrad/s].

2. TD: = 0 [rad], TD] = 0 [I’ad], ﬁ:D = 0 [rad/S], ﬁ[j = 0 [rad/S], ﬁop = 0 [I’ad/S], ’_‘DZ(D[) = ’_‘D.?(D[) =
Coscory = Hogory = 5233.8205[rpm], and () 4¢ 1y = O[rpm].

Typical behavior of the closed-loop system of Eq. (3.25) is illustrated in Fig.11 and Fig.12, typical behavior of the
variational acceleration 5( of Eq. (3.26) is illustrated in Fig.13 and Fig.14, and the remaining motor speed control
signals of state variable feedback controls are illustrated in Fig.15.

80([1) andd¢([1)in Fig. 11 completely overlap and

[0/0086(0)and [1/0018¢(11) in Fig. 12 also completely overlap.

801,(1) andd1,(1) in Fig.13 completely overlap and

/00 80,() and [1/0001 81,(1) in Fig.14 also completely overlap.

81,(0) andd145(1),8013(0) andd15([1) in Fig.15 completely overlap.
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<107 Rotational behavior of the hexarotor
3 . . . :
—— Byt
2.5H —+— 88 7
= S¢(t)
= 2} i
=T1] X
= 1.5
-
5
. 1
&8
= 0.5
-1
H
-
_0_5 1 1 1 1
0 0.02 0.04 0.06 0.08
Time [s]

0.1

Fig. 11:- Simulation results of Tait-Bryan angles for stabilizing a flight for avoiding a crash with state variable
feedbacks by linearized state equations, when the motor of the first rotor has completely failed (example (b)).

©
=

e
[}
th

-0.05

Angular velocities of Tait-Bryan angles [rad/s]
o
o

Rotational behavior of the hexarotor

—e— d/dt Swy(t)
—=— d/dt 58(1)
—— d/dt St

0 0.02 0.04 0.06 0.08
Time [s]

0.1

Fig. 12:- Simulation results of angular velocities of Tait-Bryan angles for stabilizing a flight for avoiding a crash with
state variable feedbacks by linearized state equations, when the motor of the first rotor has completely failed (example

Movement distance [m]

(b)).

x 10

- Translational behavior of the hexarotor

—e— 31, (1)

B R R A a A

R

o 0.02 0.04 0.06 0.08
Time [s]

0.1

Fig. 13:- Simulation results for position of motion for stabilizing a flight for avoiding a crash with state variable
feedbacks by linearized state equations, when the motor of the first rotors has completely failed (example (b)).
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Translational behavior of the hexarotor

0.04 :
—w—d/dt 61‘1(1:)
—_ —a didt Br_(t
= 0.02 20 .
E —e—d/dt &r (1)
oy
g
= 0
[-5]
-
Bt
g
g -0.02 .
[
(=}
=
-0.04 .
0 0.02 0.04 0.06 0.08 0.1
Time [s]

Fig. 14:- Simulation results for velocities of motion for stabilizing a flight for avoiding a crash with state variable
feedbacks by linearized state equations, when the motor of the first rotors has completely failed (example (b)).

This example of (b) verifies that Theorem 4 stabilizes the hexarotor flight states to avoid a crash (type (1) in Table 3)
using the remaining motors of the hexarotor in the case of complete propeller motor failure.

Theorem 5 is applied to the example of (c) with 15, in Eq. (4.6).

(c) Under the following conditions in the case of Fig. 8 as an application of Theorem 5, as follows.

The simulation initial values are set as follows (t[s]€ [0 0.1]):

1. 00(0) = 0.00174533 [rad], JL(0) = 0 [rad], UL(0) = 0 [rad], L 2(0) = 0 [rad/s], &(1(0) = 0 [rad/s], and
0(0) = Ofrad/s].

2. =0 [rad], ., =0 [rad], 0, =0 [rad/s], ], =0 [rad/s], [, =0 [radls], [ oy = oz =
Coscory = Hogeory = 3233.8205[rpm], and [ 4¢ 1y = O[rpm].

Typical behavior of the Euler angles state equation with state variable feedbacks of Eq. (3.27) is illustrated in Fig.15
and Fig.16, typical behavior of the translational state equation with state variable feedbacks of Eq. (3.30) is illustrated
in Fig.17 and Fig.18, and the remaining motor speed control signals for realizing a stable flight for avoiding a crash
with state variable feedbacks by nonlinear state equations, are illustrated in Fig.19.

C0(0) and DL ()in Fig.15 completely overlap and

0/0000(and /0 000(0) in Fig.16 also completely overlap.
00,(0) andJ0,(0) in Fig.17 completely overlap and

0/00 00,(0)and O/00 O0,(0) in Fig.18 also completely overlap.
81,() and L 4(1),000;(0) and 1 05(01) in Fig.19 completely overlap.

-3 Rotational behawvior of the hexarotor

10
3 =
s Sy
2.5 —— se(D E
= St
= 2 N
=
SN
= 1.5 1
=
]
e ! 1
[="=]
= 0.5 i
=1
H
10 e e aar o
-0.5

o) 0.02 0.04 0.06 0.08 0.1
Time [s]

Fig. 15:- Simulation results of Tait-Bryan angles for realizing a stable flight for avoiding a crash with state variable
feedbacks by nonlinear state equations, when the motor of the first rotor has completely failed (example (c)).
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Rotational behavior of the hexarotor
0.1 T . .

—e—d/dt Syi)
—=— d/dt S58(h)

—— d/dt 54(h)

e
=)
&

Angular velocity [rad/s]

i

e

-
1

0 0.(I)2 0.(I)4 0.(I)6 0.68 0.1
Time [s]
Fig. 16:- Simulation results of angular velocities of Tait-Bryan angles for realizing a stable flight for avoiding a crash
with state variable feedbacks by nonlinear state equations, when the motor of the first rotor has completely failed
(example (c)).

< 10-4Translational behavior of the hexarotor

|| —— 5r1(lt)
6r2(t)
| ——Br.(0)

Movement distance [m]
th b W =D = e W

0 0.02 0.04 0.06 0.08 0.1
Time [s]
Fig. 17:- Simulation results for position of motion for realizing a stable flight for avoiding a crash with state variable
feedbacks by nonlinear state equations, when the motor of the first rotors has completely failed (example (c)).

Translational behavior of the hexarotor

0.04 :
—w—dfdt 61‘1(]:)
—_ —adidt er(t
< 0.02 29 .
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=
=] 0
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£ -0.02
[
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0 0.02 0.04 0.06 0.08 0.1
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Fig. 18:- Simulation results for velocities of motion for realizing a stable flight for avoiding a crash with state variable
feedbacks by nonlinear state equations, when the motor of the first rotors has completely failed (example (c)).
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x 108 Motor speed control signals of the hexarotor
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o 1 i
g
B ost .
FE|
=4
E 0.5 g
=
g -1 5112(12) 1
=
£ .15 6u3(t) i
B
5 2 Su, () ||
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0 0.02 0.04 0.06 0.08 0.1

Time [s]
Fig. 19:- Simulation results for the remaining motor control signals for realizing a stable flight for avoiding a crash
with state variable feedbacks by nonlinear state equations, when the motor of the first rotors has completely failed
(example (c)).

This example of (c) verifies that Theorem 5 achieves the hexarotor stable flight states to avoid a crash (type (1) in
Table 3) using the remaining motors of the hexarotor in the case of complete propeller motor failure.

Conclusion:-

The following results were obtained:

1. We have provided Theorem 3 based on Definition 2 to provide motor speed control signals to achieve the flight
states in the case of Type (1) in Table 3.

2. We have provided Theorem 4 of stabilizability of the operating points for the hexarotor flights to avoid a crash in
the case of Type (I) in Table 3, and Theorem 5 of nonlinear hexarotor dynamic state equations with state variable
feedbacks to stabilize flight states to avoid a crash in the case of Type (I) in Table 3.

3. We have presented typical example of Type(l) of hexarotor stable flight states in Table 3 to avoid a crash, and
verified Theorem 3-5.

4. we will build a state variable feedback control for stabilizing themultirotor flight statesin the case of Type (lI) in
Table 3 under the influence of disturbances such as wind.

5. We will verify theorems experimentally through several tests of actual multirotor flights to avoid a crash in the
case of complete propeller failures using a commercial multirotor model with modifications based ontheorems.
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