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Introduction:-
Suppose K is a skew field. Let K™*™ denote the set of all matrices over K. For A € K™*", the matrix X € K™*" is
said to be the group inverse of 4, if it holds that

AXA = A, XAX =X, AX = XA
Denote by X = A*. By Zhuang (1987), if X = A* exists and it is unique.
Kilicman et al., (2008) extend some results for the weighted Moore-Penrose inverse AL‘N in Hilbert Space to the
weighted Minkowski inverse A}'}N of an arbitrary rectangle matrix A € M,,, in Minkowski spaces p. Hanifa

Zekraoui et al., (2013) introduce some new algebraic and topological properties of the Minkowski inverse A® of an
arbitrary matrix A € M,,,, in Minkowski space p. This paper also shows that Minkowski inverse A® in a
Minkowski space and Moore-Penrose inverse At in a Hilbert Space are different in many properties such as the
existence, continuity, norm and SVD, and some new conditions like existence, continuity and reverse order law of
the Minkowski inverse are also given. Meenakshi (2000) introduced the concept of range symmetric matrix and the
existence of the Minkowski inverse of a range symmetric matrix in Minkowski space M. Meenakshi et al., (2006)
studied the necessary and sufficient conditions for the product of range symmetric matrices of rank r to be range
symmetric in Minkowski space M.

In this paper the notations A*, and A~ stands for conjugate transpose and Minkowski adjoint of a matrix A
respectively, I,, denote the identity matrix of order n X n. Let C™ be the space of complex n-tuples and we shall
index them from 0 ton — 1, thatisu = (ug, Uy, Uy, ..., U,_1). Let G be the Minkowski metric tensor defined by

Gu = (uo_, —Uy, ~Uy, ..., —un__l)._ _
And the Minkowski metric matrix is defined by

G=[1 0 ];G*=G; G*=1,.
0 n—1
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In [15] the Minkowski inner product on C™ is defined by (u,v) = [u, Gv], where [.,.] denotes the conventional
Hilbert (unitary) space inner product. A space with Minkowski inner product is called a Minkowski space
(Krishnaswamy et al., 2013). We establish the existence and the representation of the group inverse for block matrix
(SN ; )(P,Q € K™, (P~)2 = P~) in Minkowski space.

Definition:-
For any P € C™", the Minkowski adjoint of P denoted by P~ is defined as P = GP'G, where P" is the usual
Hermitian adjoint and G the Minkowski metric matrix of order n.

Some Lemmas:-
Lemma 2.1. Let Pe€K™n, if (P™)2=P~, then there is a unitary matrix A € K™*" such that

P~ = (4"~ (f)’" 8) A~, where r =rank(P™), I, isthe r X r identity matrix, I, € K™*".
Proof. Let P € K™*" then there are unitary matrices A;, 4, such that

_ I. 0 e _ e (L 0 . IR 4 MU | A NV S SER | RN
P _PA1 SJO AP =m0 NaispP=as (0 )ai=a (7 )ATAz@A)
~ A~ 1 2 ~ _ A~ P1 P2 *\ ~
Let A7 A3 = (P3 P4)thenP = 4; (0 0 ) (43)
Since (P~)? = P~,sowe have P,(P, P,)= (P, P,) because (P, P,)isfull rowrank,thenP, =1..
~ _ A~ Ir _PZ ~ _ A~ IT' 0 *) ~
Let 4~ = 4; (0 In_r) then P~ =4~ (7 0} (4")
Lemma 2.2 LetP,Q € K™, if (P~)? = P~, rank(P~) =1, rank(Q~) = rank(Q~P~Q~) then there is a unitary
matrix A € K™*", such that Q~ = A~ <Q1 i _Q3X> (A*)~ and (Q;)* exists where Q; € K™, X € K™<(v ),
-YQr YQiX
Y € K(n—r)xr.
Proof. Since (P~)? = P~, by Lemma 2.1 there is a unitary matrix A € K™**, such that
o — o (l OY gy~ o _ - (Q1 —Q§>*~
where Qik € err’ Q; € K(n—r)xr, Q§ € er(n—r), QZ € K(n—r)x(n—r)
Then
o =a (¥ ¥y, e -a (%, Oy
P =a ({1 [P)@r, aPr=a(S, o) @)
From
rank(Q™) = rank(Q~P~Q~) < rank(Q~P~) < rank(Q~)
we have
rank(Q™) = rank(Q~P~)
From
rank(Q™) = rank(Q~P~Q~) < rank(P~Q~) < rank(Q~)
we get
rank(Q™) = rank(P~Q™)
Thus

rank(P™) = rank(Q~P~) = rank(Q~) = rank(P~Q")

Since from rank(Q~) = rank(P~Q™~), we have

Q=YQi, Qi=YQ; YeKr™X
and from rank(Q~) = rank(Q~P~), we get

Qi =QiX, Q=X =YQiX, XKD

~_ - (91 —QIX> oy~
=A ( . . A
¢ -voi voix)™)

We have rank(Q;) = rank(Q;)? = rank(Q™), that is (Q;)* exists.
Lemma 23 LetP € K™, Q € KX M = (1(; 8) € K™ ™. Then the group inverse of M exists in M if and
only if the group inverse of P~ exists in M and rank(P~) = rank (Z:) If the group inverse of M exists in M ,
then

So, we get
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() 0
M= (Q~((P~)#)2 0)

Proof. Since M = (g~ 8) suppose group inverse of P~ exists in M and rank(P~) = rank <g~> Now

rank(M) = rank (g: 8) = rank (g:) = rank(P~). Butrank(P~) = rank(P~)? as (P~)" exists

= rank(M) = rank(M?). Therefore M# exists in M.
Conversely, suppose the group inverse of M exists in M, then it satisfies the following conditions,

(i) MM*M = M, (i) M*MM* = M* and (iii) MM* = M*M. Also rank(M) = rank (g: 8) = rank (g:) >
rank(P~) = rank (g:)
(P)* 0

# _ —
Let M" =X = (QN((PN)#)Z then
(i)
~ 0\ [((P)* 0\/P~ 0
MxM = (Q~ ><Q~((P~)#)2 o) (Q~ 0)
_(P( ~)*p~ 0)
S\QT PP 0
=<P~ 0)
e~ 0
MXM =M
(ii)
PH* 0\ (P~ 0\[/PH* 0
X (Q () ><Q 0 <Q~(<P~)#)2 0)
<(P )P~ (P 0)
Q~((PHM*P~(PH* 0
_ <(P ) 0)
Q~((PHM? 0
XMX =X
(iii)
=< o> ((P~)# 0)
Q~((P)H* 0
_(P~PHF 0
_<Q (P)* 0)
(PH* 0 P“ 0
. _<Q (P ) o o)
_(PPH* 0
_<Q~(P~># 0)
XM =MX.
Lemma 2.4 LetP € K™, Q € K"™*™) and M = (g g ) € K™ ™, Then the group inverse of M exists in M if

and only if the group inverse of P~ exists in M and rank(P~) = rank(P~ Q7). If the group inverse of M exists
in M, then,

e = (GO @)

Proof. The proof is same as Lemma 2.3.

Lemma 2.5 Let P,Q € K™, if (P~)? = P~, rank(P~) =1, rank(Q™) = rank(Q~P~Q™) then the following
conclusions hold:

(i) (Q"P)*Q"P Q™ =Q;
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(i) P~(P~Q™)* = (P~Q™)*,(Q"P™)*P~ = (Q"P™)*,(P~Q™)*P~ = P~(Q"P7)*,(Q"P)*Q~ = Q (P Q)%
(iii) (P~Q™)*P~Q"P~(P~Q")* = (P~Q")*, P~(Q"P )" (P~Q)*P~Q" = (P~Q")";
(iv) (Q"P)*Q~P~(P~Q™)*P~ = (Q"P)*,Q~(P~Q™)*P~Q P~ =Q"P".
Proof. Using Lemma 2.2, 2.3 and 2.4 we have
o=y (8 S9N e =y (B o)
then

c i _ e (@DF —=(QD*X) 4~ i _ ¢ g~ [ @D 0\ ,-
(Pm@y = (ay (0" (@D X) 4, (QP)#—(A)<_Y(QD# o)A
®
i~ pep~ = (4~ [ @D 0 4o e~ (Q1 0) 4~ gy~ (@1 —QiX\ ,-
@P'ePreT =M (—Y(Ql*)# o)A @) (—YQ; O)A @) (—YQ; YQ}X)A
_ o (G =iy
=@ (Gg; vin)

= Q~
Similarly (ii) — (iv) can be proved.

Conclusion:-
Theorem 3.1 Suppose M = (1(; g )where P,Q € K™, (P~)? = P~, rank(P~) =, then
(i) M* exists if and only if rank(Q~) = rank(Q~P~Q™);
(i) If M# exists, then

= (P~ — (P7Q) + (P Q)P = (PYQ)PTQ P~ P™+ (P Q)P — (P“Q“)#P“Q”P“)

(QPYQ™ +(Q"P*(P Q)P Q™ = (Q"P)F —(@P™)"
Proof. (i) rank(M) = rank <g~ g ) =rank (gN g > = rank(P~) + rank(Q"™).
P+ P~Q~ P~ P~Q~ P~ 0 P~
rank(M?) = rank (QNI; ¢ QNPN) = rank (0 q QNPN) = rank <Q“P“Q“ QNPN)
= rank 8~P~QN gN) =rank(P~) +rank(Q~P~Q").

M*# exists if and only if rank(M) = rank(M?), that is rank(Q~) = rank(Q~P~ Q™).

(i) Let X = (2 gi) where,
Zy =P = (P Q)"+ (P~Q )P~ — (P Q") = (P7Q")*P~Q"P;
Zy =P+ (P Q)P = (P~Q)*P Q" P;
Z3=(Q"P)* Q™+ (@ P)*(P Q)P Q™ — (P

Zy=—(QP)*
Then we will prgve that the above matrix satisfies the three conditions of group inverse.
_ (P~ P\(Zy Z,\(P~ P~
i =(o- 5 )z 7)o o)
_ (PN(Zl +Z,)P"+ P (Z,+7Z,)Q~ P (Z; + Z3)P~>
T \Q7ZPT+ Q7 Z,Q” Q~Z P~
Using Lemma 2.5 we get from (2,1) block of MXM
Q Z1P™ +Q7Z,Q =Q~ (P~ — (P~ Q)" + (P~Q™)*P~ = (P7Q")*P Q" P™)P™ + Q™ (P~ + (P7Q")*P~
—(P~Q™)*P~Q P)Q™
=Q P~ —Q (P"Q")'P QP +Q P Q"+ Q (P~Q)' P QPQ
=(Q"P)'QPQ
= QN
Similarly we can get
P~(21 +Z3)P~ + P~(22 +Z4)Q~ = P~,
P~(21 +Z3)P~ = PN,
Q~21P~ = 0
Now
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. Z4 Zz>(P~ P~)(Zl Zz)
XMX ‘(23 zJ)\0= 0 )\z; z,

_ (ZlP~Zl +2Z2,07Z2,+2,P~Z3; Z,P"Z,+7Z,07Z, +ZlPNZ4)
T\ZP 2, + 2,072, + Z3P~Z; Z3P~Zs+ 2,07 Z, + Z3P~Z,

Using Lemma 2.6 we get

Z\P 7y + Z,Q7Zy + Zy P Z5 = Zy + PT(QPT)* QT + PT(QT P (PTQT)*PQ — P~ (Q"P)*
+(P~Q")*P~Q"P~(P~Q")* —(P~Q")*P~Q P~ (P~Q")*P"
+(P~Q")*P~Q P~ (P~Q")*P~Q"P~ = (P"Q")"P~Q P (Q"P™)" Q"
—(P~Q)*P~QP~(Q"P")*(P"Q")"P~Q" + (P*Q")*P~Q P~ (Q P’
—(P~Q) + (P~Q)*P" —(P~Q)*P QP

=Z1+(P7Q)* P Q™ + (P7Q)* = (P~Q™)*P~ + (P~Q™)* — (P7Q7)*P~

+(PQ)*PTQ P~ —(P~Q)*P~Q™ — (P7Q7)* + (P~Q")*P~ — (P7Q)*
+(P~Q7)*P™ = (P7Q7)'P~QP"

We can easily get

ZP~Zy+ Z,Q"Z, + Z,P~Z, = Z,

Z3P~Z + Z,Q 7y + Z3P~ Z3 = Z4

Z3P Z3+ 2,Q7Z, + 23Q7Z, = Z,

. _ oy < (PT(PTQO)PTQTPT+ (PTQT)PTQT P - (P~Q~)#P~Q~P~)
Finally M= XM ((Q~P~)#Q~P~—(Q~P~)#Q~ @ PY'Q P
So we have X = M*,

Theorem 3.2 Suppose M = (113: g~) where P,Q € K™, (P~)? = P~,rank(P~) = r, then
(i) M* exists if and only if rank(Q~) = rank(Q~P~Q");
(i) If M# exists, then
it = (P = @ P+ (PQ)PT = (PQ7)'PQPT (QP)*QT+ (QP)!(PTQPTQT = (P7Q)
P~ +(P~Q7)*P~ = (P~Q)*P~Q"P" —(P~Q")’
Proof. Proof is same as Theorem 3.1.
~ ~\#
Theorem 3.3 If (Z~ 67 ) exists, where 2, @ € A", (P™)? = P~, rak (P) = r, then
P~ Q" wd @ P aresimilar.
~ ~\#
Proof. Since (P gJ ) exists, using Lemma 2.1 and Lemma 2.2 there is a unitary matrix 4 € A”>”, such that

0"

rewy (g g o=y (G Yo
ol =(A*)N(Om EQV)AN
=57 7, )& 96 )
Hence o o (OF 0\ -
o= (—mi‘ )
RN A [ O [V P

So P~ ¢ and ¢~ P~ are similar.
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