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Introduction:-
All processes take time to complete, while physical process i.e, acceleration and deceleration take little time
compared to the times needed to travel most distances, the times involved in biological process such as gestation and
maturation can be considerable when compared to the data collection times in most population studies . So, it is
essential to includes these process of times into mathematical models in population dynamics. The process of times
are called delay times and the model that include such delay times is Delay Differential Equation (DDE) models.

Delay Differential Equations (DDES) are a type of D.E. in which the derivative of the unknown function at a certain
time is given in terms of the values of the function at previous times, but in Ordinary Differential Equations (ODEs),
the derivative of the unknown function depends upon a particular time.

DDEs are also called time-delay systems, systems with aftereffect or dead time, hereditary systems, equations with
deviating argument, or differential-difference equations.

A general form of the time-delay differential equation for the unknown function X(t)eRn is

d
GO = fExOx)

Where X, ={X(1) : T < t}represents the trajectory of the solution in the past.
In this equation, f is a functional operator from RXR"X C!(R,R") to R".
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Examples of Delay Differential Equations:-
1. Continuous DDE is of the form

%X(t) = f{t, x(t), j).x(t + ‘E)du(‘t)]
2. Discrete DDE is of the form B

%x(t) = f(t,x(t), X(t = 7,),...., X(t = 7,,)), Where T, >T, >...> 71, >0
3. Linear with discrete delays is of form
%x(t) =a X(t)+ax(t—t,)+....+a,X(t—t,),where a,,a,,...,a,, € R™"
4. DDE of the form

%X(t) = ax(t) +bx(\t) wherea, band A are constants and O <A <1is called pantograph equation.

Solution of Delay Differential Equations (DDES):-
From an ODEs, a unique solution is determined by an initial point at an initial time to, but for a DDE, one requires

information on the entire interval [t, —t,t,],t, —T is the previous time i.e., to know rate of change at t,, one
needs X (t,) and X(t,—1).
DDEs are mostly solved stepwise fashion with a principle called the Method Of Steps (MOS).

For example:-
Consider the DDE with a single delay

%X(t) = f(X(t), x(t —’C)), t €[0, 7], with given initial condition ¢:[-1,0] > R"

Then the solution on the interval [0, t] is given by
y (t) which is the solution to the non-homogeneous initial value problem

Dy () =Fy(),o(t—)) wit

dt
initial condition
v (0)=¢(0)

This can be continued for the successive intervals by using the solution to the previous interval as non-homogeneous
term. In general, the initial value problem is often solved numerically.

Examples:-
1. Let

f(x(t),x(t—1)) = ax(t—1),d(t) =1, t [-7,0]
ie, %X(t) =ax(t—1),t [0, 7], x(t) = d(t),t €[-7,0]

Solution in the interval [0, t] i.e, for t €[0, t]is given by

x(t) = x(0) + j %x(s)ds

s=0

t
=1+ J'ax(s—r)ds
s=0
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=1+ ja<|>(s—r) ds

s=0

t
=1+a I 1ds
s=0
=1+afs], =1+at
i.e, X(t) =1+at, with the initial condition
x(0) =¢(0) =1
Again, for interval t [t,21], we integrate and fit the initial condition,
t

X(t) = (1) + j %x(s)ds

S=1

=(l+at)+ jax(s)ds

S=1

=(1+ar)+ajx(s—r)ds

S=1

t
=(1+ar)+aj{1+a(s—r)}ds, Put s—t=2,ds=dz; when s=1,z=0;5=t,z=t—1
t—t

= (1+ar)+aj(1+az) dz

2 t—t
=(1+ar) +a{z +a%}

0

= (1+ar) +a{(t—r) +all _21)2}

ie, X(t)=(1+ar)+a(t—r1) {% (t-1) +1}

with the initial condition X(t) = ¢(t) =1+ar,
and this can be continued for the successive intervals by using the solution to the previous interval.

Reduction of DDE to ODE:-
In some cases, delay differential equations are equivalent to a system of ODEs.
2. The DDE

—00

0
%X(t) = f(t, x(t), fx(t + r)e”dr} , can be converted to ODE by choosing,

y(t) = ix(t +1)e"dr

dy_o ’ b
E__ij(tﬂ)e dr
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0
=e"x(t+1)]°, - j A" X(t+1)dt

= (X(t)—O))—k.Te”x(Hr)dr

=X(t) -y
dy

S =X
dt y

So we get a system of ODEs

d d
—x()=f(t,x,y), —y(t)=x—-A
O (t.x,y) YO y

3. The DDE

0
%x(t) :f[t,x(t), [ x(t+7)cos(ax+p) er
is converted to ODE b)_/,

Letting y(t) = j.x(t + 1) cos(at+B)dt

d 0
d—i’ - jw X'(t + 7) cos(ot + Bt

= % = cos(at+ B)x(t+ T):l + j).OLSin(O(,’C-i-B)X(t +1)dt

—00

=X(t)cosB+a isin(aw B)x(t+rt)dt
= % y(t) = x(t)cospB+az

Where Z = j.sin(oc’rJrB)X(tth)dr, ie, Z= j).X(t—f-‘E)Sin(Ot‘C-i-B)d‘E

—o —o0

Also Z = }X(t+r)sin(ar+ﬁ)dt

—00

% = [ X/(t+7)sin(ax+B)dt

00

= % =sin(ot + B)X(t + r)} - j'cxcos(ar +B)x(t+t)dt

=X(t)sinf—a ])'cos(ow+ B)X(t+rt)dt

=Xx(t)sinB—ay
So the given DDE is equivalent to

d d
& x(t) =f(t,x,y), pm y(t) = cos(B)x + az,
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d .

—2Z(t) =sIn X—
OIt() B)x—ay
Where

y= }x(t+r) cos(at+P)dt, z :ix(t+r)sin(ocr+[3) dt

The Characteristic Equation:-
As in case of ODEs, many properties of linear DDESs can be characterized and analyzed using the characteristic
equation.

To find the characteristic equation associated with the linear DDE with discrete delays

%x(t) =3, X(t)+ax(t—-t)+...+a, x(t—r,,)
Let x(t)=e™
=Xt-7)=e""",i=12,..m

then the above DDE reduces to

— et =a et +ae*™™ 4+, .+ et
dt 0 1 m

=M =eM(a, +a,e”" +...+a,e7"")
=>A=(@,+ae " +...+a,e"™"), e" =0
=Al=(a,+a,e"" +...+a,e""")
=[-Al+a,+a,e” +....+a,e""]=0

= det(-Al+a, +a,e”™ +...+a,e”"") =0,
Which is the characteristic equation associated with the above linear DDE with discrete delays.

The roots A of the characteristic equation are called characteristic roots or eigen values and the solution set is
referred to as the spectrum. This characteristic equation is a non-linear eigen problem and there are many methods
to compute numerically.

4. Finding the characteristic equation for DDE

d
ax(t) =—x(t-1)

The characteristic equation for the DDE :

let, X(t) =eM
d _
so M — _ghlt-D)
dt
. }\‘eM — _eMe—K
=A=—¢"

= —A—e " =0, which is the characteristics equation of the given DDE and there are infinite number of
solutions to this equation for complex A .

Also, —L—e™* =0

=>A=—e"

=A=(-1e™

= A =W, (1), where Wy is the kth Branch of the Lambert — W Function.
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Is ODE theory enough, for numerical solution of DDEs ?
Consider the general constant delay differential equation

{y’(t) =f(t,y(t), y(t-1)), t=0
y(t) = o(t), t<0

The most natural, but not unique approach solving (1) numerically is to assign integration steps less than or equal to
delay T=1 and to integrate step by step the ODEs obtained from (1) by substituting the delayed term y(t-1) by a
function m(t—1), given according to the value of t, either by the initial functiond(t—1) or by continuous
extension of the approximate solution previously computed by the method itself.

()

Continuing this process, at the (N +1)St step, the equation to be solved is
{Wml(t) = f(t’ Wn+1(t)’ X(t _1))1 tn < t < tn+1
Wn+1(tn) = yn
d(s) for s<0
n(s) for0<s<t,

(2

Where X(S) :{

The integration formula provides the value of Yy ., and the approximate solution mof (1) is then continued in
[tn : tn+1] in such a way that

1’](thrl) = yn+l
The numerical ODE method gives approximate values of the solution of nodal points only, where as the DDE
methods will be based on continuous extensions of numerical ODE schemes. The presence of a delayed term can be
drastically modify some boundedness or stability properties and in general, the dynamics of the simpler ODE
models.

Order Failure:-
In order to illustrate the possible loss of accuracy, consider the class of constant coefficient linear equations.

y'(t) =ay(t) —geay(t ~1), t>0
y(t) = o(t) =eatsin(gtj, t<0 -
whose solutions, Y(t) = e sin(g tj , are class of ¢* in [~1,0]

To check, Y(t) =€" sin[gtj is the solution,

at gin| T
y(t)=e sm(ztj

'(t) = ae® sin| Zt |- Ze2eatD sin(z t—1j
') (2 j g -1

—aesin| Tt |- Tetgin| Et_ T
2 2 2 2
—aesin| Zt |+ Zetsin| Tt
2 2 2 2
—ae®sin| Tt |+ Ze® cos | Tt
2 2 2
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d—y:aeatsin Tile et cos | Xt
dt 2 2 2

_ a [T T a T
:y—aje S|n(5tj+aje [COSEtj dt

« TR | « T, W_. T
=y=a Slasin—t——cos—t||+= ~|acos—t+—sin—t
, T 2 , T 2 22
a +— a‘+ -
4 4
Using [e™ cosbxdx = —°__(a cosbx —bsin bx)
a“+b
je""xsinbxdx= >—— (asin bx —bcos bx)
a“+b

4e™ . T, T __ T n| 4e™ T, W. T

=al ———|asin_t—_—cos_t||+—-|———|acos_—t+_sin_t

4a° +7 2 2 2 2| 4a°+m 2 2 2
4e* , mW). m
=————||a’+—[sin—t
4a+m 4 2

4e* da’+m?) . &
= sin—t
4a° + 1 4 2

. T
=e*sin Et , which satisfies

. T
So, y(t) =€ sin Et is the solution.
According to (2), for n=0,1, ... we shall solve the ODE,
T
W:Hl(t) = aWn+1(t) _Eeax(t _l)’ tn st< tn+1

Wn+l(t) = yn

(4

d(s) =e* sin[gsJ fors<0

n(s) for 0<s<t,
We know for ordinary differential equation,
y'(®)=f(t.y())
y(to) =Y,

The implicit mid point method is given by

h 1
= hf| t A'A\Yn n+
Ynu=Ynt (n+2 2(y +y 1))

Which computes an approximation to a definite integral.
We can integrate DDE in eq.(3), using Gaussian collocation method and the method is known as midpoint rule.
For Gaussian point v = 1, the general eq.(2) takes the form,

Where, X(S) =
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h y +y h
=y, +hflt +—, 220 xt +—--1
yn+1 yn (n 2 2 (n 2 j}

= Vo = Yo + D (6, W, (1), X(t 1)) .. (5)

Where tn +% =1, % (yn + yn+l) = Wn+l(t)

1
Using eq.(5) to eq.(4), with constant integration step size h = Y m > 2 is an integer, 0< 0 <1
m —

y +h a(mj—feaqﬁ(tnﬂ—lj Ct+N1<o
Yo, = 2 2 2 2
n+l T

yn+h(a(mj—£ean(tn+g—lj} tn+g—1>0

gives

2 2

s) for s<O
= X(S) = 6(s) and s:t—l,t:tn+n,
n(s) for0<s<t, 2
Where n(tn +g—1j is given by linear interpolation

1
(m-3)

1 1 1

—=0 +|0+—= 0<o<—

[2 ]yn—m ( ijn—mﬂ, 2
1

“(3 1 1
—-0 +|0—— — <0<
( 2 jynm +1 ( 2 j yn—m+2, 2

‘+0<d<1land 1—8+8+1=1,§—8+8—1=1
2 2 2 2

i€, n(tn +2—1j:n(tn +g—(m—6)hj,h =

Ast <t<t,, andstepsizeis h,
So t, =nh

Also, t +g—1S 0

:>nh+g—1£0

:>n( L )+ ! -1<0 (-.-h:L,OSSS
m-56) 2(m-3) m-3

- 2n+1-2(m-9) <0
2(m—23)
=2n+1-2m+25<0

:>n§m—6—1
2

Similarly, t, +%—l> 0
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:>n>m—6—1.
2

y,+h a[mj—eaﬁ¢(tn+n—lj : tn+n—1£0
2 2 2 2
a T
2

yn+1=
yn yn+1 h h
+hla e’ t,+—-1|| t,+—-1>0
4 U 2 j “(" 2 D 2

h h T h h
+—ay. +—ay..,—he*=¢/t +—-1]| t . +—-1<0
yn 2 yn 2 yn+1 Z(I)( n 2 ] n 2

Now,

h h T h h
+—ay, +—ay,,—he*=nmt +=--1|, t +—-1>0
yn 2 yn 2 yn+1 Zn(n 2 j n 2

For tn+ﬂ—1£0
2

h h no(wpt) (m(h
1+—aly, +—a he* Ze ' 2 ’sin| =|t +—-1
yn+1 ( 2 jyn 2 yn+l 2 (2[ n 2 Jj
h h o(teh) n( h }
= —a 1+—aly. —~he sinf —| t,+—-1
yn+l 2 yn+l ( 2 jyn 2 (2 n 2
h
(1—lhajyn+l (1+ 1 hajyn ~The ( )sin E(tn +D—1j
2 2 2 2 2
h
(1+1hajyn—nhe (v ZJsin 7t(tn+h—1)
2 2 2 2

= yn+l =
1—1ha
2

nh+h
(1+1hajyn —Ehe( )sm [nh +h—1)
2 2 2 2

1—£ha
2

et 321

1—1ha
2

= yn+1 =

= yn+1 =

For t, +D—1>0
2

h h h
=y, +—ay,+—ay,,,—he'nt, +—-1
yn+1 yn 2 yn 2 yn+l n( n 2 J
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(1+£hajyn—heaE
2 2|1\ 2

= —=h =
yn+1 2 a'yn+l 1 LT
1+ E ha yn —he® =

1 m|(1 1 1
1+=haly, —he* Z|[Z -5y, +[6+= . 0<8<>
1 ( 2 jyn 2 |:(2 jyn—m ( 2jyn—m+l:| 2
S\ 3 1 1
a T
(l+§hajyn —he E{(E—Sjynmﬂ +[6—§jynm+2j|, E <d<l1

(14_ 1 hajyn - hea E 1 - 8jynm + (8 + 1 yn—m+l
2 2|1\ 2 2 1
1 , OSSSE
1-=ha
= yn+l = 1 3 2 1
(l"i' - hajyn —he? X ( - 8jyn—mﬂ + [8 - )yn—m+2
2 21\ 2 2 1
1 , —<oxl
1->ha
2
Summing up the midpoint rule for equation (3), we get
a n+E h
(l+1haij—nhe[ stm n(n+1jh—1
y 2 2 2 2
nl —
1—1ha
2 ..(6)

1
for n < m_S_E and

(1+1haJyn _neah{(l_SJyn_m +(6+1]yn—m+l:|
2 2 2 2
: , 0<8<1
1—§ha
yn+1 =
1 T 3 1
1+ ~haly, ——e*h|| = -6 +{6—=
( 2 Jyn 2 |:(2 jyn—mﬂ [ Z)yn—m+2:| 1
1 , —<o<l
1-=ha
2

.. (7
1
forn>m-86——
2
for v > 1 the method becomes more complicated whose solutions involve in linear system in R. More generally we
shall see that for arbitrary step sizes in DDE method based on v-stage Gaussian collocation exhibit nodal and

uniform accuracy orders equals to uniform order v+1of the continuous ODE method.

The nodal accuracy of order p the resulting DDE Method considered above for its solution in the interval and this
solution is of class C” .
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Hence no discontinuities are present which can spoiled accuracy order of the method.

Conclusion:-

In most applications of delay differential equation in the sciences, the need of including time delays is often due to

the presence of process of times or the existence of stage structure.

1. Inengineering applications, such time delays are often modeled via high dimensional compartment models.

2. In life-science applications, compartmental models can present the additional challenges of estimating some of
the involved parameter values. In such cases, low-dimensional delay differential models with fewer parameters
can be sensible alternatives.

Numerically solving most Delay Differential Equations (DDESs) or systems is almost as simple as solving Ordinary
Differential Equations (ODEsS).

In this paper we have given comparative study of DDEs and ODEs. In some cases, DDESs are equivalent to a system
of ODEs, discussed in some examples. Further the characteristic equation associated with linear DDEs with discrete
delays have been discussed . Lastly we have discussed the order failure in the comparison of DDEs versus ODEs.
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