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Introduction:-

Levine [9] introduced the idea of continuous functions in 1970.Mashhour [11] introduced and studied «a -
continuous functions in topological spaces. The generalized continuous (briefly g-continuous) functions was
introduced and studied by Balachandran et.al [1].Veerakumar [ 18] introduced and studied y-continuous functions
in topological spaces. Ramya and Parvathi [15] introduced yg-continuous functions. The notion of y a-closed sets
was defined and investigated by Balamani and Parvathi [2]. The purpose of this paper is to introduce and study the
concept of a new class of maps called y a-continuous maps in topological spaces.

Preliminaries:-

Throughout this paper (X, 1), (Y, o) and (Z,n) represent non-empty topological space on which no separation
axioms are assumed, unless otherwise mentioned. The interior and closure of a subset A of a space (X, 1) are
denoted by int(A)and cl(A) respectively.

Definition 2.1 A subset A of a topological space (X, t) is called

1) generalized closed set ( briefly g-closed) [ 9] if cl(A) < U whenever AcU and U is open in (X, 7).

2) semi-generalized closed set (briefly sg-closed)[4] if scl(A) < U whenever AcU and U is semi- open in (X, 1).
3) y-closed set [18] if scl(A) < U whenever AcU and U is sg-open in (X, 1).

4) yg-closed set [14] if wcl(A) < U whenever AcU and U is open in (X, 1).

5) y a -closed set [2] if acl(A) = U whenever AcU and U is yg -open in (X, 1).

6) The closure operator of " a-closed set is defined as y acl(A)=~{F=X: A cF and F is y a -closed in (X, t)}[2]
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(i) y=aTc-space if every ya closed subset of (X, 1) is closed in (X, 1).[3]

(ii) y=To-space if every y'a closed subset of (X, 1) is a- closed in (X, 1).[3]
(iii) 4o T\y+a - SPace if every ga- closed subset of (X, 1) is y a-closed in (X, 1).[3]
(iV) ag T\~ -space if every ag- closed subset of (X, 1) is y a-closed in (X, 1).[3]
(V) ygTy*a-space if every yg- closed subset of (X, 1) is v a-closed in (X, 1).[3]

Definition 2.3 Amap f: (X, 1) — (Y, o) iscalled

(i) Continuous [9] if f*(V) is closed in (X, 1) for each closed set V of (Y, ).

(i) Semi continuous [8] if f*(V) is semi closed in (X, 1) for each closed set V of (Y, o).
(iii) a-continuous [11] if f (V) is a-closed in (X, 1) for every closed set V of (Y, o).

(iv) g-continuous [1] if f (V) is g-closed in (X, 1) for every closed set V of (Y,0).

(v) ga-continuous [5] if f (V) is ga-closed in (X, 1) for every closed set V of (Y, o).
(vi) ag-continuous [5]if f (V) is ag-closed in (X, t) for every closed set V of (Y, o).
(vii) g"-continuous [19] if f *(V) is g -closed in (X, 1) for every closed set V of (Y, o).
(viii) g- continuous [20] if (V) is - closed in (X, T) for each closed set V of (Y, o).

(ix) g"-continuous [21] if f (V) is g’-closed in (X, 1) for every closed set V of (Y, o).
(x)"g-continuous [22] if f (V) is ‘g-closed in (X, 1) for every closed set V of (Y, o).

(xi) - continuous[13] if f *(V) isa g-closed in (X, t) for every closed set V of (Y, o).
(xii) ag-continuous[16] if f (V) is ag-closed in (X, 1) for every closed set V of (Y, o).
(xiii) g,- continuous[17] if f (V) is §,-closed in (X, 1) for every closed set V of(Y, o).
(xiv) g*p*-continuous [12] if f (V) is g*p*-closed in (X, 1) for every closed set V of (Y, o).
(xv) y- continuous[18] if f (V) is y-closed in (X, 1) for every closed set V of (Y, o).
(xvi) wg- continuous [15] if f (V) is wg-closed in (X, 1) for every closed set V of (Y, o).
(xvii) yg- continuous [15] if f (V) is yg- closed in (X, 1) for every closed set V of (Y, o).

Definition 2.4 Amap f: (X, 1) — (Y, o) iscalled

(i)strongly continuous [7] if f*(V) is both open and closed in (X, t)for every subset V of (Y, o).
(ii)totally continuous [6] if f*(V) is a clopen subset of (X, t) for every open set V of (Y, o).
(iii)a- irresolute [10] if f (V) is a-closed in (X, 1) for every a-closed set V of (Y, o).

v @ - continuous maps

Definition 3.1 A map f: (X, t) — (Y, o) is called  star alpha continuous (briefly, ya - continuous) if f*(V) is
v a - closed in (X, 1) for each closed set V in (Y, o).

Example 3.2 Let X =Y = {a, b, ¢} with the topologies T = {¢, {a}.{b}.{a, b}, X} and o= {¢, {a, b}, Y}. Let
f: (X, 1) — (Y, o) be amap defined by f(a) = b, f(b) =a, f(c) = c. Then fis y a -continuous.

Proposition 3.3 Every continuous (resp.a-continuous) map is y a-continuous but not conversely.

Proof: Let V be a closed set in (Y, o).Since f: (X, t) — (Y, o) is continuous (resp.a-continuous) map, f*(V) is
closed (resp.a-closed) in (X, 7). Since every closed (resp.a-closed) set is y'a - closed, f*(V) is y'a - closed in
(X, 7). Hence fis y a-continuous.

Example 3.4 Let X =Y = {a, b, ¢} with the topologies T = {¢, {a, b}, X} and o= {¢, {a}, Y}. Letf: (X, 1) —
(Y, o) be a map defined by f(a) = b, f(b) = a, f(c) = c. Then fis y a - continuous but not continuous and not « -
continuous, since {b, ¢} is closed in (Y, o) but f*({b, c}) = {a, c} is not closed and not a-closed in (X, 1)
Proposition 3.5 Every y a -continuous map is ga - continuous, ag-continuous, ag-continuous, g, -continuous, -
continuous, g - continuous and yg-continuous but not conversely.

Proof: As every y a-closed set is ga - closed, ag-closed, ag- closed, g, -closed, y- closed, yg- closed and g-
closed [2], the result follows.

Example 3.6 Let X =Y = {a, b, ¢, d} with the topologies t= {¢, {d}.{a, b}.{a, b, d},. X} and o= {¢, {a}, Y} Let
f: (X, 1) — (Y, o) be a map defined by f(a) = b, f(b) = a, f(c) = c, f(d)=d. Then f is ga-continuous, ag-continuous,
ag-continuous, B ,-continuous, wg- continuous and g- continuous but not y”a-continuous, since for the closed set
{b, ¢, d} in (Y, o), F}({b, ¢, d}) = {a, ¢, d} is ga - closed, ag-closed, ag- closed, §, -closed, wg- closed and 8-
closed but not '« - closed in (X, 7).
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Example 3.7 Let X =Y = {a, b, c} with the topologies = {¢,{a},{b}.{a, b}, X} and o= {¢, {a, b}, Y}. Let
f: (X, 1) — (Y, o) be a map defined by f(a) = c, f(b) = b, f(c) = a. Then f is y- continuous but not " a-continuous,
since for the closed set {c} in (Y, o), '({c}) = {a} is y- closed but not y a - closed in (X, 7).
Theorem 3.8 Every strongly continuous (resp. totally continuous) map f: (X, t) — (Y, o) is y a-continuous but not
conversely.
Proof: Let V be a closed set in (Y, o). Since f: (X, 1) — (Y, o) is strongly continuous (resp. totally continuous),
£1(V) is clopen in (X, 7). Since every closed set is y a - closed, f*(V) is y"«a - closed in (X, 7).
Example 3.9 Let X =Y = {a, b, ¢} with the topologies T = {¢, {a}, {b}, {a, b}, {a, c},X} and o = {¢,{a}, {a, b},
{a, c},Y}. Let f: (X, 1) — (Y, ) be a map defined by f(a) = a, f(b) = ¢, f(c) = b. Then fis y a - continuous but not
strongly continuous and not totally continuous, since {b} is closed in (Y, ) but f1({b}) = {c} is not open in (X, 7).
Remark 3.10 The following examples show that semi-continuous maps and y a-continuous maps are independent.
Example 3.11 Let X = Y = {a, b, c} with the topologies 1={¢,{a}.{b}{a, b}, X} and o= {¢, {a, b}, Y} Let
f:(X, 1) — (Y, o) be a map defined by f(a) = ¢, f(b) = a, f(c) = b. Then f is semi- contlnuous but not y'a -
continuous, since for the closed set {c} in (Y, o), F*({ c}) = {a} is semi- closed but not y a - closed in (X, 1).
Example 3.12 Let X =Y = {a, b, ¢} with the topologies t ={¢, {a, b}, X} and o ={¢, {a}, Y}.Let f: (X, 1) — (Y, ©)
be the identity map. Then f is "« - continuous but not semi-continuous, since for the closed set {b, ¢} in (Y, o)
f1({b, c}) = {b, c} is y a-closed but not semi-closed in (X, 7).
Remark 3.13 The following examples show that the notion of g-(resp. g, &, ¢*, "9, &, g’p”)continuity and v a-
continuity are independent.
Example 3.14 Let X =Y = {a, b, ¢, d} with the topologies ={¢,{d}.{a, b}.{a, b, d}, X} and o= {¢, {a}, Y}. Let
f: (X, 1) — (Y, o) be a map defined by f(a) = b, f(b) = a, f(c) = ¢, f(d)=d. Then f is g-(resp. ¢, & ¢", g, &,
g*p")continuous but not y“a - continuous, since for the closed set {b, ¢, d} in (Y, &), f*({b, ¢, d})={a, c, d} is g-
(resp. g, & 9% g, & o' p*)closed but not '« - closed in (X, 7).
Example 3.15 Let X =Y = {a, b, ¢} with the topologies T = {¢, {a}, {a, b}, X} and o = {¢, {a, b}, Y}. Let
f: (X, 1) — (Y, ) be a map defined by f(a) = b, f(b) = ¢, f(c) = a. Then fis y a - continuous but not g-(resp. not
g’,not g, not g*, not “g, not g, not g* p*-) continuous, since for the closed set {c} in (Y, o) F'({c}) = {b} is v a-
closed but not g-(resp. not g*,not g, not g, not “g, not g, not g* p*) closed in (X, ).
Theorem 3.16 A map f: (X, 1) — (Y, o) is y a-continuous if and only if the inverse image of every open set
in (Y, o) is y a-open in (X, 1)
Proof: (Necessity) Let U be an open set in (Y, o). Then Y-U is closed in (Y, o). Since f is y a-continuous,
fiY-U)= X- (V) is \y*a—closed in (X, 7). Hence f* (U)is y a -openin (X, 7).
(Sufficiency) Assume that f*(V) is y a-open in (X, t)for each open set V in (Y, o).Let V be any closed set in
(Y,0).Then Y V is open in (Y, c). By assumptlon FLY-V)= X- fY(V) is y'a -open in (X, 1) which implies that
(V) isy'a -closed in (X, 7). Hence fIS\|/ a -continuous.
Theorem 3.17 If f: (X, 1) — (Y, o) is y"a - continuous then f(y acl(V)) < cl(f(V)) for every subset V of (X, 7).
Proof: Let V be any subset of (X, ). Then cl(f(V)) is closed in (Y, c).Since f is y"a- continuous,f*(cl(f(V))) is v a-
closed in (X, 1).Since fiV) < cl(f(V)), V < f}(F(V))=F*(cI(f(V))) and hence fi(cI(f(V))) is a y'a - closed set
containing V. By definition of y a-closure, we have vy acl(V) < fY(cl(f(V))) which implies that
f(y acl(V)) < cl(f(V)).
Remark 3.18 Let f: (X, 1) — (Y, ) be a continuous map. Then for every subset V of (X, 1), f(y acl(V)) < cl(f(V)).
Proof: Since every continuous map is y a-continuous and by Theorem 3.17, the result follows.
Theorem 3.19 Let f: (X, 1) — (Y, o) be a map from a topological space (X, 1) into a topological space (Y, ¢). Then
the following statements are equivalent:

@) For each point x in (X, 7) and each open set V in (Y, o) containing f(x), there exists a v a - open set U

in (X, 1) containing x such that f{U) c V.

(b) For every subset A of (X, 1), f(w*acI(A)) c cI(f(A)).

(©) For every subset B of (Y, o), y acl(f'(B)) c f(cl(B)).
Proof: (a) & (b) Lety e f(y acl(A)). Theny = f(x) for some x € y acl(A) < X. Let V be any open set in (Y, ©)
containing f(x).Then by hypothesis, there exists a y a- open set U in (X, 1) containing x such that {U) c V. By
Theorem 5.4 [2] we get U N A # ¢.Then f(U N A) #¢. which implies that V N f(A) # ¢. Hence y = f(x) ecl(f(A)).
Therefore f(y acl(A)) c cl(f(A)).

Conversely, let x € X and let V be any open set in (Y, o) containing f(x). Let A = f*(V°) then xgA. By (b),

f(y acl(A)) < cl(f(A) < cl(f(F* (V) < cl(V®) = V°. Therefore f'(f(y acl(A))) < (V) which implies
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vacl(A) c (V) = A Hence A = y acl(A). Since xgA, xg y acl(A). Then there exists a y a- open set U
containing x such that U N A = ¢ and hence f(U) c f(A°) c V.
(b) & (c) Suppose that (b) holds and let B be any subset of Y. Replacing A by f*(B) from (b), f(y acl (F}(B))) =
cl(f(F*(B))) < cl(B). Hence y acl (F'(B)) < f*(cl(B)).

Conversely, suppose that (c) holds and let B = f(A) where A is a subset of X. Then y acl (A) < v acl(f*(B))
c f(cl(B)). Therefore f(y acl(A)) < cl(B) = cI(f(A))
Theorem 3.20 If f: (X, 1) — (Y, o) |s v a - continuous and g : (Y, 6) — (Z,n) is continuous (resp. strongly
continuous) then gof : (X, 1) — (Z,n) is y a- continuous.
Proof: Let V be any closed set in (Z,m). Since g is continuous (resp. strongly continuous), g*(V) is closed (resp
clopen) in (Y, o). Since fis y a- continuous, (g°f) (V) = £(g(V)) is v - closed in (X, t). Therefore gof is y a-
continuous.
Theorem 3.21 If f: (X, 1) — (Y, o) is continuous (resp. a-continuous) and g : (Y, o) — (Z,n) is continuous then
gof: (X, 1) — (Z,m) is v a - continuous.
Proof: Let V be any closed set in (Z,n). Since g is continuous, g™(V) is closed in (Y,o). Since f is continuous (resp.
a-continuous), (gef)™ (V) = F1(g™(V)) is closed (resp. a-closed) in (X, 7). Since every closed (resp. a-closed) set is
v a - closed, (gof) (V) is y'a - closed. Therefore gof is y a - continuous.
Theorem 3.22 If f: (X, 1) — (Y, 6) is a-irresolute and g : (Y, o) — (Z,n) is continuous then gof: (X, 1) —
(Z,m) is '« - continuous.
Proof: Let V be any closed set in (Z,n). Since g is continuous, g™*(V) is closed in (Y,o). Since every closed set is
a - closed, g™*(V) is o -closed. Since f is a- irresolute, (gof)™(V) = f(g™(V)) is « - closed in (X, 7). Since every o
- closed set is y a- closed, (gof)*(V) is y a-closed. Hence gof is y a - continuous.
Theorem 3.23 Let f: (X, 1) — (Y, o) be o - irresolute and g : (Y, 6) — (Zn) be '« - continuous. If (Y, c)is a
w*ale-Space then gof : (X, t) — (Z, ) is a - continuous.
Proof: Let U be any closed set in (Z,n). Since g is y a - continuous, g™(U) is v« - closed in (Y, o). Since (Y, o)
isa ,«T«-space, g*(U)is a-closed in (Y, o). Since fis o - irresolute, (gof)*(U) = F(g*(U)) is o - closed in
(X, 7). Hence gef is o - continuous.
Remark 3.24 The composition of two "« - continuous maps need not be a y a - continuous map as seen from the
following example:
Example 3.25 Let X=Y =Z = {a, b, ¢}. Consider t={¢, {a}, {a, b}, X}, o ={¢, {a, b}, Y} and n = {9, {a}, Z}.
Let f: (X, 1) — (Y, ) be a map defined by f(a) = a, f(b) =b,f(c)=candg: (Y, o) — (Z,n) be a map defined by
g(a) = b, g(b) =a, g(c) = ¢. Then the maps fand g are y a - continuous but their composition g°f X, 1) —>(Z, ")
is not a " - continuous map, since {b, c} is closed in (Z,n) but (g°f) '{b, c}) = {a, c}isnot y a- closed in (X, 7).
Theorem 3 26 Let f: (X, 1) — (Y, 0) andg: (Y, 5) — (Z,n) be y a - continuous maps. Then gof : (X, 1) — (Z, n)
is also a " - continuous map, if (Y, o) isa wra T c-Space.
Proof: Let V be any closed set in (Z,n). Since g is '« - continuous, g*(V) is ' - closed in (Y, o). Since (Y, o)
is a T, -space, g(V) is closed in (Y, ). Since f is y a - continuous, (gof)*(V) = F*(g™(V)) is v a - closed in
(X, 7). Hence gof is a y a - continuous map.
Theorem 3.27 Let f: (X, 1) — (Y, o) be ga - continuous and g : (Y, o) — (Zn) be continuous. Then
gof : (X, 1) — (Z,m) is ay a - continuous map, if (X, ) is a ga T y*a - SPAce.
Proof: Let V be a closed set in (Z,n). Since g is continuous, g™(V) is closed in (Y, o). Since f is ga -continuous,
(geH™(V) = f(g (V)) is ga - closed in (X, 7). Since (X, 1) iS @ goT\*a -Space, (geH™(V) is y'a - closed in (X, 7).
Hence gof is a y a - continuous map.
Theorem 3.28 Let f: (X, 1) — (Y, o) be ag - continuous and g : (Y, o) — (Z,m) be continuous. Then
gfﬂXJya(Znﬁsaw%-ammmmmm@Jﬂanma@wawm&
Proof: Let V be a closed set in (Z,n). Since g is continuous, g*(V) is closed in (Y o). Since f is ag-continuous,
(goD™(V) = FH(g™(V)) is ag- closed in (X, 1). Since (X, 1) is a agT\= -space, (goH) (V) is v« - closed in (X, 1).
Hence gof is a y a - continuous map.
Theorem 3.29 Let f: (X, 1) — (Y, o) be wg- continuous and g : (Y, o) — (Z,m) be continuous. Then
gf&XJyﬁ(ZnMSaw%-ummmmmm@JﬂXijaWJwaﬁmm
Proof: Let V be a closed set in (Z,n). Since g is continuous, g*(V) is closed in (Y, o). Since f is yg -continuous,
(N (V) = fi(g (V)) is wg - closed in (X, 7). Since (X, 1) is a ,qTy=« -space, (geH)™(V) is y'a - closed in (X, 7).
Hence gof isa y a - continuous map.
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