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Introduction:-

Generalized closed sets play a very important role in general topology and they are now the research topics of many
topologists worldwide. Generalized closed sets have been studied extensively in recent years by many topologists.
The investigation of generalized closed sets has led to several new and interesting results,In1963, N.Levine [5]
introduced semi-open sets in topology and studied their properties. N.Levine [6] introduced the concept of
generalized closed sets and studied their properties in 1970. Mashhour [9] [1982] introduced pre-open sets in
topological spaces. Andrijevic [1] introduced one such new version called b-open sets in 1996.Maki, et al.[1993] [8]
introduced generalized o- closed and o-generalized closed sets (briefly, ga-closed, ag-closed). M. K. R. S.
VeeraKumar [18](2003), g*-closed sets in topological spaces. In this paper, we introduce a new class of generalized
closed sets called g*b-closed sets in topological spaces and its various properties are discussed

Preliminaries:-

Throughout this paper (X, t) (or simply X) represent topological spaces ,For a subset A of X, cl(A), int(A) and A°
denote the closure of A, the interior of A and the complement of A respectively.
Let us recall the following definition, which are useful in the sequel.

Definition 2.1

A subset A of a space (X, 1) is called a

(i). Preopenset[9] if A cint(cl(A)).

(ii). semi-open set[5] if A  cl(int(A)) .

(iii).a-open set [8]  if A cint(cl(int(A))).

(iv).b-open [1] if A c cl(int(A))Uint(cl(A)),

(v). *b-open [10] if A < cl (int (A)) Nint (cl (A)).

(v). b*-open[15] if A = cl(int(A))Uint(cl(A)),
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The complements of the above mentioned open sets are their respective closed sets.

Definition 2.2

1.

2.

10.

11.

A subset A of X is called a generalized closed (briefly g-closed)set[6] if cl(A) < H whenever Ac Hand H is
open in (X, 1).

A subset A of X is called an o-generalized closed (briefly ag-closed) set[8] if acl(A) c H whenever A < Hand
H open in (X, 1).

A subset A of X is called a generalized a-closed (briefly ga-closed) set[8] if acl(A) c H whenever A< H and
H is a-open in (X, 1).

A subset A of X is called g-closed set [19] if cl(A) c H whenever A  H and H is ag-open in (X,7);

A subset A of X is called *gp-closed set[2] if pcl(A) SH whenever A — H and H is ag-open in (X,1);

A subset A of X is called a g”s closed set[18] (written as g”s-closed) if scl(A) = H whenever A c H and H is
ag-open set of (X, 1) .

A subset A of X is called a g*a-closed [11] if acl(A) = H whenever AcH and H is g-open in (X, 1) .

A subset A of X is called generalized b*-closed (briefly gb*-closed)[17] if b*cl(A) €H whenever A €H and H is
open in (X, 1).

A subset A of X is called generalized b-closed (briefly, gb-closed) [4] if bcl(A)SH whenever ACH and H is
open in (X, 1).

A subset A of X is called generalized b*-closed set (briefly, gb*-closed) if int(cl(A)) < H Whenever A < H and
H is gh-open set in (X, 1) .

A subset A of X is called generalized star b-closed set (briefly, g*b-closed) set[16] if bcl(A)SH whenever A ©
H where H is g-open in (X, 1) .

The complements of the above mentioned closed sets are their respective open sets.

Properties Of g*b -Closed Sets:-

In this section we introduce the following definition and study further some of their properties.

A subset A of a space (X, ) is called a g*b closed set if bcl(A) = H whenever A  H and H is a a.g-open set in
(X, 7).The complement of a g*b-closed set is called g*b-open set of (X, 1)

Proposition:-

(i) Every closed set is pre closed set.

(ii) Every o closed set is pre closed set and semi closed set.
(i) Every semi closed set is b closed set.

(iv) Every b” closed and *b closed set is b closed set

The converse of the above Proposition need not be true.

Proposition:-

(i) Every pre closed set is “gp closed set.

(i) Every semi closed set is g”s closed set.

(iii) Every o closed set is g*o closed set.

(iv) g” closed and “gp closed set is gb* closed set.

(v) Every g’s closed set is gb closed set

The converse of the above Proposition need not be true.

Theorem 3.3:-
Every b-closed set is g*b-closed.

Proof:-
Let A be any b-closed set in X. Let H be any ag-open set containing A. Since A is a b-closed set ,we have bcl(A) =
A. Therefore bcl(A) = H .Hence A is g"b -closed in X.The converse of the above theorem need not be true.

Example 3.4:-
Let X ={a, b, ¢, d}, T={X, ¢, {a}, {b}.{a,b}{b.c},{a,b,c}}.{a,c} is g*b-closed set but not b-closed set
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Theorem 3.5:-
Every closed(resp. a-closed, pre closed, semi closed) set is g*b -closed.

Proof:-
Tﬁl;ne proof follows from the definitions and the fact that every closed (resp. o.-closed, semi closed) set is
g"b-closed.

Example 3.6:-
Let X ={a, b, ¢, d, e}, 1={X, ¢, {a}, {b}.{a,b}}, Let A={a,c,d } .Here A is g”b-closed set but not pre-closed set
in(X, 1)

Example 3.7:-

Let X ={a, b, ¢} with the topology T ={X, ¢,{a,b}}. Let A= {a, c} is g’b -closed set but not semi-closed set in

X, 1)

Let A be any #gp -closed set and H be any ag-open set containing A. from the definitions and the fact that every pre
open set is b open.bcl(A) Spcl(A) SH.Hence A is g#b—closed.The converse of the above theorem need not be true in
general, as shown in the following example.

Example 3.8:-
Let X ={a, b, ¢, d} with the topology t ={X, ¢,{a}.{b}{b,c}} {a,b,c}, Let A= {a}is g*b -closed set but not a-closed
set in(X, 1)

Theorem 3.9:-
Every g*s-closed set is g*b-closed set but not conversely.

Proof:-

Let A be any g”s -closed set and H be any ag-open set containing A. from the definitions and the fact that every
semi open set is b open.bcl(A) Sscl(A) SH . Hence A is g*b-closed. The converse of the above theorem need not be
true in general, as shown in the following example.

Example 3.10:-
Let X ={a, b, ¢} with the topology T ={X, ¢,{a,b}}. Let A= {b} is gb -closed set but not b*g-closed set in (X, 1)

Theorem 3.11:-
Every “gp-closed set is g"b-closed set but not conversely.

Proof:-

Example3.11:-

Let X ={a, b, c, d, e} with the topology T ={X, ¢,{a}{b},{a.b}}, Let A= {a,e}.Ais g"b -closed set but not “gp -
closed set in(X, 1)

Theorem 3.12 :-
Every g”a-closed set is g*b-closed set but not conversely.

Proof:-

Let A be any g*o -closed set and H be any g-open set containing A. from the definitions and the fact that every o
open set is b open.bcl(A) Sacl(A) SH. Hence A is g*b—closed. The converse of the above theorem need not be true
in general, as shown in the following example.

Example 3.13:-

Let X ={a, b, ¢, d} with the topology t ={X, ¢,{a}.{b}.{fa.b}.{b,c}.{a,b,c}}, Let A= {a,c}.Aisg’b -closed set but not
g*a -closed set in(X, 1)
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Theorem 3.14:-
Every g” closed set is “gp-closed.

Proof:-
The proof follows from the definitions
The converse of the above theorem need not be true in general, as shown in the following example.

Example 3.15:-
Let X ={a, b, ¢, d} with the topology T ={X, ¢,{a},{b}{a,b}{b,c}{a.b.c}}, Let A= {c}is “gp -closed set but not
g” -closed set in(X,t)

Theorem 3.16:-
Every g# closed set is gb*-closed.

Proof:-
The proof follows from the definitions
The converse of the above theorem need not be true in general, as shown in the following example.

Example 3.17:-
Let X ={a, b,c}with the topology t ={X, ¢,{a}},Let A={c} is gb*-closed set but not g"-closed set in (X,t)

Theorem 3.18
Every gh*-closed set is g*b -closed.

Proof:-

Let A be any gb*-closed set in X . Let H be gb -open set containing A. Since every ag-open set is gb-open, we have
bcl(A)cH. Hence A is g*b closed

The converse of the above theorem need not be true in general, as shown in the following example.

Example 3.19:-
Let X ={a, b, ¢, d} with the topology t ={X, ¢,{a},{b}{b,c}} {a,b,c}, Let A= {a}is g’b -closed set but not gh*-
closed set in(X, 1)

Theorem 3.20:-
Every g b* -closed set is g#b -closed.

Proof:-

Let A be b*g-closed set in X. Let ACH where H is open. Thus H is b-open. Since A is b*g-closed, bPcl(A) €H .But
bel(A)Sb®cl(A). Thus we have bel(A) SH whenever A €H and H is b-open. Therefore A is g*b-closed set.

The converse of the above theorem need not be true in general, as shown in the following example.

Example:3.21
Let X ={a, b, ¢} with the topology T ={X, ¢,{a,b}}. Let A= {b}.A is g’b -closed set but not b*g-closed set in (X, )

Theorem 3.22:-
Every g#b closed set is g*b-closed.

Proof:-

Let A be g"b -closed set in X. Let ACH where H is open. Thus H is b-open. Since A is g*b -closed, bcl(A)cH
whenever A €H and H is b-open. Therefore A is g*b -closed set

The converse of the above theorem need not be true in general, as shown in the following example.

Example 3.23:-

Let X ={a, b, ¢, d} with the topology t ={X, ¢,{a},{b}{b,c}{a,b,c}, Let A= {a}is g’b -closed set but not g*b -
closed set in(X, 1)
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Theorem 3.24:-
Every gb*-closed set is gh*-closed

Proof:-
The proof follows from the definitions
The converse of the above theorem need not be true in general, as shown in the following example.

Example 3.24:-
Let X ={a, b, ¢} with the topology T ={X, ¢,{b,c}}, Let A= {a,b} is gb* -closed set but notgb” -closed set in(X ,7)

/b= -closed

closed —* pre closed +—— @-closed — semi -closed—* b- closad

IR

g -closed —»"gp-closed +—— g-closed—» g7s-closed —» gb-closed

! NS !

gb*-closed — gb™-closed —» gb-clossd ——  g*b-closed

Diagram-1:-

Characterization of g*b—Closed Sets:-
Theorem 4.1
The intersection of any two subsets of g*b-closed sets in X is g*b-closed sets.

Proof:-

Let A and B be the subsets of g’b-closed sets, AcU and bcl(A) cU, BcU and bel(B) cU, U is an ag-open.
Therefore, ANBcA and bcl(AnB) <bcel(A), A~BcB and bcl(AnB) <hbel(B). Hence, bcl(AnB) cU and U is an
ag-open. Thus, A~B is g*b-closed set.

Remark 4.2

If the subsets A and B are g*b-closed sets, their union need not be g*b-closed set.

Example 4.3:-
Let X ={a, b, ¢, d} with t={X, ¢,{a},{b}.{c}.{a,b}.{b,c}{a, c}.,{a,b,c}}. In this topological space(X, t), the subsets
{c} and {a,b} are g*b-closed, but their union {a,b,c} is not g*b-closed.

Theorem 4.4:-
If Ais a g"b-closed set of (X, 1), then bcl(A)-A does not contain any non emptyag-closed set.

Proof:-

Let F be a ag-closed set contained in bcl(A)-A. Then A < X-F and X-F is a ag-open set of (X, t). Since A is a g’b-
closed set of (X, 1), then bcl(A) < X-F. Now F < X-bcl(A). Then F < (X-bcl(A)) n (bcl(A)-A)) < (X-bcl(A))
Nbcl(A) = ¢. Hence F = ¢.

Theorem 4.5:-
If Ais a g’b-closed set of (X, t) and A < B chcl(A), then B is also a g*b-closed set.

Proof:-

Let H be an ag-open set of (X, 1) such that B < H. Then A cH.Since A is g*b-closed, then bcl(A) < H. Since B
cbel(A), then scl(B) <bel(bel(A)). Thus bel(B) < H. Therefore B is a g*b-closed set of (X, 7).
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Theorem 4.6:-
Asubset A isa g*b-closed set in (X, 1) if and only if bel(A) - A contains no non-empty og -closed set in (X, 7).

Proof:-

Let F be a ag -closed set contained in bcl(A) - A. Then A°c F€ and F€ is a ag -open set of (X, 1). Since A is g"b-
closed set, bcl(A)SFC. This implies F € X - bcl(A). Then F € (X -bcl(A)) n (bel(A)- A).FS (X-bcl(A))nbel(A)= ¢.
Therefore F = ¢Conversely, suppose that bcl(A) - A contain no non-empty ag -closed set in (X, t).Let H be a

ag -open such that A €H. If bcl(A) ¢H, then bel(A) N G is a non-empty ag -closed set of bel(A) - A, which is a
contradiction. Therefore bcl(A) € H and hence A is an g*b-closed set in (X, ).

Theorem 4.7:-
If A is both ag-open and g*b-closed in X then A is b-closed.

Proof:-
Suppose A is ag-open and g*b-closed in X.Since A < A, bcl(A) < A. But Always A < bel (A).
Therefore A = bcl (A). Hence A is b-closed.

Corollary 4.8:-
Let A be a ag-open set and g*bclosed set in X. Suppose that F is b-closed in X. Then An F is g*b-closed in X.

Proof:-
By theorem 4.7, A is b-closed. So An F is b-closed and hence A N F is an g*b-closed in X.

Theorem 4.9:-
If A is both open and ag-closed in X, then A is g*b-closed in X.

Proof:-
Let Ac H and H be ag-open in X. Now Ac A. By hypothesis acl(A) < A. Since every a-closed set is b-closed
bcl(A) < acl(A). Thus bel(A) = A = H. Hence A is g*b-closed in X.

Theorem 4.10:-
Let A be a g*b-closed set in (X ,t).Then A is b-closed iffbcl (A) - A is ag-closed.

Proof:-

Suppose A is preclosed in X. Then bcl(A) = A and so bcl(A) - A = ¢ which is ag-closed in X.Conversely , Suppose
bcl(A) -A is ag-closed in X.Since A is g*b-closed , bcl(A) - A does not contain any non-empty ag-closed set in X.
That is bcl(A) - A = ¢. Hence A is b-closed.

Theorem 4.1:-
Let A cY =X and suppose that A is g*b-closed set in X,A is then g*b-closed set relative to Y.

Proof:-

Given that A cY =X and A is g*b- closed set in X, to show that Aisg*b-closed set relative to Y. Let A YU,
where U is an ag-open in X,thenbcl(A) cU and bcl(A) ncYcYNU. Therefore, bcl(A) NY is the b-closure of A in
Y. Thus, A is g*b-closed set relative to .

5.9"b-Neighbourhoods and g*b -Limit points:-
In this section, we define and study about g*b -neighbourhood, g*b -limit point and g*b -derived set of a set and
show that some of their properties are analogous to those for open sets.

Definition 5.1:-
Let (X, 7) be a topological space and let x € X. A subset N of X is said to beg*b-neighbourhood of a point xeX if
there exists a g*bopen set H such that x€ H cN.

Definition 5.2:
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Let (X, ) be a topological space and A be a subset of X.A subset N of X is said to be g*b-neighbourhood of A if
there exists a g*bopen set H such that A€ H cN.The collection of all g*b-neighbourhood of x € X is called the
g*bneighbourhood system at ‘x” and shall be denoted by g*oN(x).1t is evident from the above definition that a g*b-
open set is a g*bneighbourhood of each of its points. But a g*b-neighbourhood of a point need not be a g*b-open set.
Also every g*b-open set containing x is a g*bneighbourhood of x.

Theorem 5.3:-
A subset of a topological space is g*b-open if it is a g*b-neighbourhood of each of its points.

Proof:-

Let a subset H of a topological space be g*b-open. Then for every x € H, x€ H cH and therefore H is a g’b-
neighbourhood of each of its points. Analogous to those for open sets. The converse of the above Theorem need not
be true as seen from the following example.

Example 5.4:-

Let X={a,b,c,d} with topology T ={X, ¢ , {a}.{b}{a, b} {b,c},{a,b,c}}.In this topological spac(X, t),g*b-cl(X) =
{X, ¢ {a}.{c}.{d}{a, c}.{a, d}, {b, c}{b, d}{c, d}.{a, c, d},{b, c, d}} the set{a, b, d} is the neighbourhood of {a,
d}, since a, de{a, d} c{a, b, d} ,and {a, b, d} is the g*b-neighbourhood of each of its points. However,{a, b, d} is
not g*b-closed in X.

Theorem 5.5:-
Let (X, 7) be a topological space. If A is a g*b-closed subset of X and x € X - A, then there exists a g*b-
neighbourhood N of x such that N n A =¢

Proof:-

Since A is g’b-closed, then X - A is g*b-open set in (X, 7). By the above Theorem 5.3, X - A contains a g"b-
neighbourhood of each of its points. Hence there exists a g*b-neighbourhood N of x, such that N c X - A.That is, no
point of N belongs to A and hence N n A =¢.

Theorem 5.6:-
Let (X, T) be a topological space and A € X. Then x €g’bcl(A) if and only if for any g*b-neighbourhood N of x in
X, 7), AnN=o.

Proof:-

Suppose x €g”bcl(A). Let us assume that there is a g*b-neighbourhood N of the point x in (X, ) such that N n A =
¢. Since N is a g*b-neighbourhood of x in (X, T) by definition of g’b-neighbourhood there exists an g*b-open set H
of x such that x€ H cN. Therefore we have H n A= ¢ and so A € H°. Since X - H is an g*b-closed set containing
A.We have by definition of g’b-closure, g*bcl(A) € X-H and therefore x ¢g*bcl(A), which is a contradiction to
hypothesis x €g’bcl(A). Therefore An N = ¢.

Conversely,Suppose for each g*b-neighbourhood N of x in (X, T).A N N = ¢. Suppose that x €g’bcl(A). Then by
definition of g*bcl(A), there exists a g*b-closed set H of (X, t) such that ACH and x ¢ H. Thus xeX - Hand X - H is
g*b-open in (X, t) and hence X - H is a g*b-neighbourhood of x in (X, t) .But An(X-H)= ¢ which a
contradiction.Hence x €gbcl(A).

Theorem 5.7:-

Let (X,t) be a topological space and p €X. Let g*bN(p) be the collection of all g’b- neighbourhoods of p. Then
1. g’bN(p) # ¢ and pe each member of g*bN(p).

2. The intersection of any two members of g*bN(p) is again a member of g*bN(p).

3. IfN € g’b N(p) and MSN, then M €g*b N(p).

4. Each member Neg’b N(p) is a superset of a member Heg’b N(p) where H is a g*b-open set.
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Proof:-

1. Since X is a g"b-open set containing p, it is a g*b-neighbourhood of every peX. Hence there exists at least one
g*b-neighbourhood namely X for each peX. Here g’bN(p)# ¢. Let N €g”bN(p),N is a g*b-neighbourhood of
p.Then there exists a g*b-open set H such that pe H cN.So peN.Therefore p €every member N of g*b-N(p).

2. Let N eg”bN(p) and M €g”b N(p). Then by definition of g*b-neighbourhood, there exists g*b-open sets H and F
such that pe H €N and p €F € M. Hence pe H NFEMNN, Note that H NF is a g”b-open set since intersection
of g*b-open sets is g*b-open. Therefore it follows that NNM is a g*b-neighbourhood of p. Hence NnM €g’b
N(p).

3. IfN eg’bN(p) then there is an g*b -open set H such that p€ H €N.Since M € N, M is a g*b- neighbourhood of
p. Hence M €gb N(p).Let N €g’bN(p) .Then there exist an g"b-open set H such that pe H €N. Since H isg*b-
open and p € H, H is g*b-neighbourhood of p. Therefore H €g”bN(p) and also HEN.

Definition 5.8:-

Let (X,t) be a topological space and A be a subset of X.Then a point xeX is called a g*b-limit point of A if and
only if every g*b-neighbourhood of x contains a point of A distinct from x. That is [N{x}]NnA # ¢ for each g’b-
neighbourhood N of x. Also equivalently if and only if every g*b-open set H containing x contains a point of A other
than x.

In a topological space (X,t) the set of all g"b-limit points of a given subset A of X is called a g*b-derived set of A
and it is denoted by g*bd(A).

Theorem 5.9:-

Let A and B be subsets of a topological space (X,t). Then
g’bd(d)=

If A € B, then g*bd(A) <g”bd(B),

If x €g’bd(A), then x eg*bd[A-{x}],

g*bd(A) ug*bd(B) cg*bd(AUB),

g*bd(ANB) < g'b d(A) Nng*bd(B).

ISARE S

Proof:-

1. Let x be any point of X and x €g*bd(¢)). That is x is a g*b-limit point of ¢. Then for everyg*b-open set H
containing x, we should have [H-{x}]n ¢ # ¢.which is impossible. Hence g*bd(¢b)= ¢

2. 1f Xeg’b d(A), that is if x is g"b-limit point of A, then by Definition 5.8 [H - {x}] n A # ¢. for every g*b-open
set H containing x. Since ACB implies [H - {x}] N A € [H - {x}] n B. Thus if x is a g*b-limit point of A it is
also ag*b-limit point of B, that is x €g*bd(B). Hence g*bd(A) Sg*bd(B).

3. (iii)If x €g’bd(A), that is x is a g*b-limit point of A. Then by Definition 5.8 every g”b-open set H containing
x contains at least one point other than x of A -{x}. Thatis H n (A -{x}) # ¢ Hence x is a g’b-limit point of
A -{x} and as such it belongs to g*bd[A -{x}]. Therefore x €g’bd(A) =xe g*b d[A-{x}].

4. Since A € AUB and B CAUB, it follows from (ii) g*bd(A)<g*bd(AUB) and g*bd(B) g*bd(AUB) and hence
g"bd(A)ug’bd(B) Sg*b(AUB).

5. Since ANBSA and N B € A, by (ii) g’bd(AnB) cg’bd(A) and g*bd(ANB) Sg*bd(B).Consequently
g"bd(AnB) c g’bd(A) Ng’bd(B).

Theorem 5.10:-
Let (X,t) be a topological space and A be subset of X. If A is g*b-closed, then g*bd(A) € A.

Proof:-

Let A be to g*b-closed, Now we will show that g*bd(A)SA. Since A is g*b-closed, X-A is g*b-open.To each xeX- A
there exists g*bneighbourhood H of x such that HEX-A. Since An(X - A) = ¢, the g’bneighbourhood H contains no
point of A and so x is not a g*b-limit point of A. Thus no point of X - A can be g*b-limit point of A that is, A
contains all its g*b-limit points. That is g*bd(A)SA.
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