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Introduction:-

In recent years, reusable launch vehicles have been researched and developed around the world in order to reduce
the space transportation cost and to facilitate the space development. Among possible concepts of future space
transportation system, s winged-type vehicle is advantageous from its reusability, operability, and abort capability.
The dynamics of such a vehicle is highly nonlinear, because the aerodynamic characteristics dynamically change
along its flight profile. For example, in suborbital flight, flight sequence contains powered-ascent, coasting, apogee
flight, reentry, gliding, and landing, where dynamic pressure and Mach number undergo drastic changes. Therefore,
there is an increasing demand in developing nonlinear control methodologies for future space transportation system.

This paper focuses on the development of dynamic inversion (DI) theory for nonlinear control. DI theory is a control
technique that cancels nonlinear dynamics of the system and realizes desirable dynamics via algebraic
transformation®®.  Using DI theory, however, it becomes troublesome to construct and implement the control law
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when the system has high relative degree between the input and output maps, because the lengthy derivative
calculation is required. In order to overcome this difficulty, studies on flight control based on DI theory combined
with time-scale separation were initially conducted by Menon et al.*”, and these works are referred by many
succeeding researches®®. Time-scale separation is a concept that stems from the singular perturbation theory, and it
enables to construct the hierarchical dynamics when the vehicle dynamics can be divided into subsystems with
explicitly different time scales'®. Different time constants inside a system can exist corresponding to, for example,
translational vehicle motions, rotational vehicle motions, and actuator dynamics. When the control law is properly
designed and applied to each subsystem, and the resulting time-scale is sufficiently separated, the hierarchical
structure can greatly simplify the design of the control law and its analysis. Outer loop of the time-scale separated
system has relatively large time constant, and it is called “slow-scale”. On the other hand, inner loop has small time
constant, and it is called "fast-scale”. As a rule of thumb, it is generally considered that the ratio of these time
constants has to be more than three for the sufficient separation®.

However, the control law of slow-scale subsystem using the time-scale separation approach is designed with the
assumption that the dynamic variable with fast-scale is always on an equilibrium state. This means that, dynamics
interference between the subsystems is neglected, and it is stated by Abe, et al. that it is difficult to guarantee the
stability of such a closed-loop system'®. In addition, design procedures of the controller are somewhat empirical,
and they require experience.

Abe et al. developed an adaptive control law that guarantees Lyapunov stability using backstepping method*®*".
Generally, the derivative of intermediate controlled variable must be prepared, when the control law is constructed
using backstepping method'®. This makes the analysis even more difficult, and the control law becomes
complicated. Abe et al.’**" circumvented this problem by estimating the derivative of intermediate controlled
variable via an adaptive algorithm instead of calculating it exactly. This can prevent the control system being too
complicated. The validity of the method was demonstrated via carrying out numerical simulation using ALFLEX
(Automatic Landing Flight Experimental) vehicle as a model, and the result indicated that the method can improve
the robustness against disturbances in the lateral direction. However, the methodology for determining control gains
such that realize Lyapunov stability is not completely established.

So as to solve the foregoing problems, a novel kind of hierarchical dynamic inversion based on the block-strict
feedback form of backstepping method is investigated in this paper. Its basic idea is to construct a transfer function
between the state and pseudo input for each hierarchy and to ignore its nonlinear term. Since the dynamic
characteristics of lower hierarchy subsystem affect the higher hierarchy subsystem in reality, the nonlinear dynamic
characteristics of higher hierarchy cannot be cancelled completely using the proposed approach. On the contrary,
when the response of the lower subsystem is sufficiently faster than that of the higher subsystem, the error resulting
from this linear approximation becomes small. As a consequence, linear dynamic characteristics of the higher
subsystem that is not affected by the nonlinear dynamic characteristics of lower subsystem can be evaluated. This
idea is similar to that of the forced singular perturbation theory™®. There are mainly two advantages in the developed
methodology. First, the process to design the control gains from the characteristics of the closed-loop dynamics is
further simplified. Second, the effectiveness of the gain design methodology can be verified via performing
eigenvalue-based stability analysis. In order to assess the influence of the linear approximation, the instantaneous
linearization of the nonlinear dynamics is constructed as well, and the difference between their eigenvalues is
examined in this paper.

Vehicle model utilized in this paper is that of WIRES#015 (WInged REusable Sounding rocket), which is an
experimental winged rocket developed in Kyushu Institute of Technology®®®. Figure 1 and Table 1 show the
overview and specifications of WIRES#015, respectively. Among the flight phases of WIRES#015, stability
analysis during the gliding phase is conducted.
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lobniiem e . Table 1:- Specifications of WIRES#015
Vehicle dry mass [ka] 672

- Body Length [m] 4
i Wing area [m?] 2.68
) ; Wing span [m] 2.88
vpmongnnm RLJ 77 | Mean  aerodynamic | [m] 1.08

Dwow s bun Parssbuls Sey ‘ Chord
pe P i ,é‘ § Moment of inertia [kg m?] 1138
"u"-ﬁh-. o= Center of gravity [%6] 66

Figure 1:- Overview of WIRES#015

Hierarchal Dynamic Inversion Methodology:-

Dynamic Inversion Theory

Dynamic inversion theory is a methodology for linearizing nonlinear dynamics between input and output maps. In
this section, the DI methodology is described briefly?. For the sake of simplicity, a nonlinear affine system with
single input and single output expressed as egs. (1) and (2) is considered.

= 100+ g (1)

y=h(x) (2)
where

X=X, Xg10. 0%, ) (3)

is the n-dimension state variable of system, y is the controlled variable, and u is the manipulated variable. f(x),
g(x), and h(x) are the functions of x . These mappings are represented in the form of n -dimensional vectors of
real-valued functions of the real variable x , namely

| fl(x)
f,(x
flx) = ( ) (4)
| fo(%)
_gl(x)
0,(x
glx) = 2;( ) (5)
| 6(%)
h(x) =hy(x) (6)
Let L; be the Lie derivative whose definition is presented in the following eq. ( 7).
dh 5 oh
Lih=—fFf =) —f;
f dx |Z:1: 8xi i ( 7 )
In addition, the (i + 1) th order Lie derivative Li+i¢h is defined as
Lsith=L¢(Uth),i=12, ... (8)
The value of r such that satisfies eq. ( 9) is referred to as the relative degree of the system.
Lgerlfh:zaL(;:fhgiiO (9)

i=1 i
When the relative degree of the system is r, the r th order derivative of controlled variable y is expressed by eq. (
10 ) below.

y0) =Lrth+(LyL2h)u (10)
From eq. ( 10), an manipulated variable u can be calculated from the r th order derivative of controlled variable by
u= (Lg L hyl(y(r) —L's h) (11)

which expresses inverse dynamics of manipulated variable u. Then, by introducing the pseudo input v defined by
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NE (12)
control command can be generated using eq. ( 13 ) below.
u,, = (L) - Len) (13)

Since v can be designed in an arbitrary manner, the linear feedback law shown in eq. ( 14 ) is utilized for realizing
linear response in this paper.

V= _(ar—ly(r_l) + ar—zy(r_z) +eet aOy)+ 8Ycom ( 14 )
Using eq. (13) and eq. ( 14 ), the transfer function of the nonlinear system based on DI is obtained as follows.
P(s)=—L = % (15)

Yeom S +ar—1sr71+"'+a0

Hierarchal Dynamic Inversion:-

Using DI, a nonlinear system can be handled like a linear system. However, as the relative degree of a nonlinear
system increases, the higher-order Lie derivatives appeared in eq. ( 10 ) contain the increasing number of terms, and
the control law becomes more complicated. In this paper, in order to mitigate this problem, the nonlinear system is
expressed by block-strict-feedback form consisting of hierarchal m subsystems as follows instead of affine system
used in previous researches.

X i F (Xl) 171 G, (Xl ) Y2
X, FZ(Xl,XZ) Gz(xlrxz)ys
%= Rbgeax) [ GilXeeXi)Yin (16)
X1 Fm—l(xll""xm—l) Gm—l(xlr""xm—l)ym
S || Fa(eeXn) || G Xgu |
BN hl(xl) 1
Y2 hz(Xz)
Yi |= hi(xi) (17)

ym—l hm—l(xm—l)
LV | L Paxm)
In the ith subsystem, the state and output belong to x; e®n and vy, e iR, respectively, and the F, and G; are functions
with the dimension of n;.

Vi |+ X X; Yi
X : —()— G| (Xl !!!! X; )— % 71 I«El(xi )
Yo e | |
Fi (Xl """ XI) ‘_ Xz Xl
(a) Diagram of overall system (b) Diagram of each subsystem

Figure 2. Block diagrams of a system in block-strict feedback form with controller
And also, equations of each subsystem of block-strict feedback form are egs. ( 18 ), and ( 19 ). Fi(xl,m,xi) and

Gi(xl,---,xi) denote the values at a specific point x;,---,X;. These mappings are represented in the form of n;
dimensional vectors of real-valued functions of the real variables x;,---,x; , namely

fi,1(X1v"‘in>
Rk, %) = f"Z(X{""’Xi) i=12,...,m (18)
fn )
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gi,l(xll""xi)
. X ,...lX_
Gi(Xy, %) = 9ol p ) i=12,...,m (19)
gi,nl(xlv”'lxi)
The relative degree of the ith hierarchy r; is defined as follows.
L, L" MR hi(x)#0,i=12...,m (20)

It is noted that the relation of r,<n; holds. From egs.( 16 ), ( 17 ), and ( 20 ) and the DI method explained in the
previous section, command in each hierarchy is obtained by the following equation.

Y2iom [LG LFlrl_lh X)) } [Vl Lg,"h (Xl)]

Y3 :[LG Le," “h (XZ)]» [ z_l-F2 th(xz)]

'com

i, [LGL " lh }[V -Lg h ] (21)

[LGml leml_lhml 1]>[m1 LF1 71hm1(m1)]
=g L g (x va—LF "hy
where, v; ( =12,.. ) is pseudo input in each hierarchy, and it is expressed by the following linear feedback law in
order to realize Ilnear response.

_ (n-1) )
vi =y T tagg it ag Y
_ (r,-1)
Vo =8y aYp " Tt 80 Yo HAgYs
ri-1
Vi :—(ai,r,-1Yi( )+"'+ai,o Yi)+ai,o i (22)

V,

com

m1 = _Eam-l, rm,1-1Ym-1(rm’1_l) ot ano ym—l)+ An_1,0 Ym1,
am,r,"—lym(rm_l)'l'"'+am,0ym +8n0 Ym

Here, ai'rlfj(i =1...m, j=1...,r;) are the design parameters of the control law. By substituting eq. ( 22 ) into eq. (
21), and eq. ( 21) into the r,th order derivatives of the controlled variable ( eq.( 17 ) ) in the mth hierarchy is
obtained as eq. ( 23)-(25).

v =
m com

Vo™ =Le "t )+ Lo L " lxu_, (23)
=Vn (24)
= _(am,rm—l ym(rm_l) +etang ym)+ amo Ym,, ( 25 )
Therefore, the transfer function of controlled variable in the mth hierarchy is expressed as follows.
a
Pa(s) =1 - (26)

Ym S +am,rm—1sr'"71+"'+am,0

com

In addition, the r,_,th order derivative of the controlled variable in the (m-1)th hierarchy is rewritten as follows
utilizing eq. (21).

ym—l(rmil) = LFm,lrmil hm—l(xm—l)+ I-GnH LFm,lrmililhm—l(Xm—l)ym ( 27 )
m-1 m-1"" y
= LF,Hr hm—l(xm—l)+ Ls, . LF"Hr 1hm—1(xm—1)_m Yimeon (28)
mcom
= LFmrM hml(xml{l_L‘| +y—mvm71 (29)
mcum mcom

The most right hand side of eq. ( 29 ) can be divided into a nonlinear term and a linear term in the following manner.
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ym_l(ﬁm) :TFnI "‘TFI , ( 30 )
where

TRy = Llermlhm—l(Xm—l)[l_ Im jl

m,

'com

(31)

TR = Yo Vma

Meom

are the nonlinear term and the linear term, respectively. When the response of the controlled variable in the mth
hierarchy is sufficiently fast, ( y,,/Ymem) Can be approximated to one, and the effect of the nonlinear term

disappears. When the nonlinear term is ignored, eq. ( 27 ) turns out to be eq. ( 32).

Y™ 2y, (32)

mcum

By substituting eq. (22 ) and eq. ( 26 ) into eq. ( 32 ), the transfer function in the (m-1)th hierarchy is described as
follows.

_ Pl
Poa(s)= LA p . . 1’3
Yt S™F F)mam—l,rm,l—ls mat e+ Budy g0
Transfer functions in higher hierarchies can be derived by repeating the procedures from eq. ( 27 ) to eq. ( 33 ),
which gives

(33)

R(s) =h- Poaso
y,  SitPag sttt Pag,

P(s) = Yo _ Paa, 0
Yo, S°+Padg, iS4+ Paayy

Yi R0

P'(S) = —= T+ P r-1 P ( 34 )
Vi, S"HFadi a8t T Hadio

P a(s) = Ym-1 _ Pr@m-1,0

m-1(8) = T P Foa-1 P
Ym-1,,,, Sint + Fpép g, rm,l—lS mTE et Fn@no
— Ym _ am,O

Pm(s) - T er r -1

Y, S ap, oSml4tag,

Hereafter, transfer functions presented in eq. ( 34 ) are called “Linearized Approximation Transfer Functions
(LATF)”.

Application to Experimental Winged Rocket:-

In order to evaluate the validity of LATF, the flight dynamics of WIRES#015, an experimental winged rocket
developed in Kyushu Institute of Technology, is utilized as a test case. The longitudinal dynamics during the
unpowered gliding phase is considered. Dynamics of WIRES contains aerodynamic terms that are nonlinear with
respect to flight conditions (e.g. velocity and aerodynamic attitudes). In addition to the translational and rotational
vehicle dynamics, dynamics of the actuators for the aerodynamic control surfaces is considered.

Plant Dynamics Model:-

It is possible to construct several hierarchical dynamics models based on block-strict feedback form, because there is
no rigorous criterion to determine the number of hierarchical subsystems and to divide the whole system into them.
In this paper, the following two-level hierarchical structure is employed in order to assess the characteristics of the
proposed method as simple as possible. The first hierarchy is the longitudinal vehicle dynamics, and the second
hierarchy is the actuator dynamics expressed as the second-order delay model.

e =
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el

x.=V. « Q o (37)
Xy = [5e 59]-'— ( 38 )
u= 5ecom ( 39 )
Fl(xl): [fl,l(xl) fl,z(xl) f1,3(xl) ‘(1,4(X1)]T (40)
Fz(X2)= [f2,1(x2) fz,z(xz )]T (41)
Gl(xl): [0 0 91,3(X1) O]T (42)
Gz(x2)=[0 92,2()(2)]T (43)
where

A< )\ pvczs -
fi(x) =-gsin@-a) o Cp (44-a)
fi2(x:) :Q+\%COS(®_0‘)_ p;/r;S Co (44-Db)

\V_2ST c 180 180 .
f1,3(X1) _%};[Cm +2VLC[Cm“' 7Q+Cma 7“)} (44-c¢)
f1,4(X1) =Q (44-d)
f2,1(X2) = 5e (44-¢)
fz,z(xz) = _a)5525e _2§<s2@(s55e (44-1)
91,3()(1) = p\Z/i 3¢ @Cmo. (44-9)
yy % ‘

92,2()(2) :w&ez (44-h)

V. [m/s], « [rad], Q[rad/s], © [rad], and &, [rad] are the velocity of center of gravity, angle of attack, pitch angular
velocity, pitch angle, and elevator angle, respectively. m [kg], S [m?], € [m], and Ly [kgem?] are the mass of the
vehicle, wing area, mean aerodynamic chord, and moment of inertia around Y axis, respectively. g [m/s?] and p
[kg/m®] are gravitational acceleration and air density, respectively. As for the aerodynamic coefficients, Col-] C [
1, and C,, [-] denote the coefficients of drag, lift, and pitching moment, respectively. C, . [1/deg.], C,,, [s/deg.], and
C..; [s/deg.] are the derivatives of pitching moment coefficient with respect to elevator angle, pitch angular velocity,
and the angular velocity of angle of attack, respectively. As for the parameters of the elevator actuator, «;, [rad/s],
¢se [-] are natural frequency and damping coefficient of its dynamics, respectively. In this paper, C ;. and Cpy,
are assumed to be zero, and C,, C,, and C,, are expressed as linear or quadratic functions of angle of attack.

Design of Control Law Using Hierarchal Dynamic Inversion:-
The transfer function of the actuator dynamics in the second hierarchy can be expressed as below.

2
0. Ws

Py =——= : 45
"6, St w55t0,” (45)

The relative degree of the first hierarchy is two, and the second derivative of the angle of attack is written as eq. ( 47

) using the relation in eq. (27 ).

i@ =L o) [ Lenba)s, (46)
~ L)+l Lemo)2a (47)

where the command of the first hierarchy dyna:‘;:?cs is given by eq. (48 ) based oneq. (21).
6. =lLaLeno )l - enito) (48)
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Equation (46 ) utilizing eq. (45) and eq. ( 48) gives eq. (49).

a = LFlzhl(X1)+ [Lel LFlhl(Xl)]Pﬁe [Lel LFlhl(Xl)}l[Va - LFlzhl(Xl)] (49)
= LFlzm(X1)+ P, [Va - LFlzhl(Xl)] (50)
= L) -Py )+ Py v, (51)

The most right hand side of eq. ( 51 ) is divided into the nonlinear term and the linear term. If the effect of the
nonlinear term is smaller than that of the linear term, the nonlinear term can be omitted in the following manner.

a= P(;e V, (52)
where pseudo input is created by specifying the desired values of frequency », and damping coefficient ¢ as
presented in eq. ( 53).

v, =-— 2§aa)ao't+a)a2a)+ a)azawm (53)
Subsequently, the Laplace transform of eq. ( 52 ) utilizing eq. (53 ) leads to eq. (54 ).
2
@, Ps
@ “ 0 (54)
a.  $2+20,0,P; s+, P

which gives LATF of the first hierarchy. This transfer function is constructed only by the actuator dynamics and the
pseudo input, and the characteristics of LATF do not depend on the vehicle dynamics.

In addition, when the response speed of the output of the second hierarchy (elevator angle) is sufficiently higher than

that of the first hierarchy (angle of attack), eq. ( 54 ) can be approximately reduced to the following equation.
2

a 1)
~ o > (55)
a $2+24,0,5+ @,

Transfer function of eq. ( 55 ) expresses ideal response of angle of attack, and it can be realized using the ideal
eigenvalue specified by the user.

Instantaneous Linearization of Hierarchical Dynamic Inversion:-
In the previous section, the LATF was derived by ignoring the nonlinear term in eq. (49 ). In this section, in order to
verify the accuracy of this approximation, a longitudinal dynamics model linearized around the equilibrium point
(i.e., a trimmed state) is derived, and the result is compared with the LATF. Since the current values of the state is
required for the hierarchical DI method to generate control command, the stability around the current state is
evaluated via observing whether unstable eigenvalue exists or not. Each instantaneous state can be expressed by the
summation of an equilibrium state and a small perturbation as follows.

Xy =Xy +A%

Xy =Xy +AX,

(56)
Vi = Vi + AV,
yzcom = yzcomo + Ayzcom
where each state vector and manipulated variable are
X = ch a Q ®]T
X, =M, @ Q ®0]T (57)
AX = [Vc a, Q H]T
X, =% Se
in = 560 0 ( 58 )
Ax, = [6eb Seb]r
Y =a
59
{ Yo =0, ( )

Linearized equation for generating the command of control input is obtained from eq. ( 48 ) as follows.
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1 2
Yoo, = m["a (le Yieom )_ Le, h1(X1)] (60)

1

S e TR RN o
Voo + M., = T:hl@[”‘ by, )~ Ll )]

+Lo Lehl, )){(LQLF@(X% ))[ava (X;X e ) f"Laa:(Xlo )]
olg Le
- LGla—;(lhl(XlO) ("a (Xlo Heono )- '-Flzhl(xlo )):|AX1

tarby 2Rl ofuc)s o, )
Loom

Equation ( 62 ) is a Taylor’s expansion of eq. ( 60 ). Here, when y, is equipment state, the following equation
will be established.

Youo = Tﬁlhl@[ Va (X10' Yieomo )— '-Flzhl(xlo) ] (63)

In addition, if eq. ( 62 ) is able to approximate linearization, second order terms of the Ax, and Ay, ~can be

(62)

ignored. Small perturbation of Ay, is able to transfer to the eq. (65 ).

S A e S

0%, 0Xq
- 6LGl LaF)l(hl (Xlu )(Va (Xlo ! ylcom )_ LFlzhl(Xlo )):|AX1 ( 64 )
1,
ool ) ety
1 1 0 ayl com

com

2

_ (le L, hl(xl))>1|: WV, (Xlo Vem ) B ALg, "y(x,) y g, LFlhl(Xl)‘| ™

00Xy 0X, como OX, (65)

-com

+ (L61 Le, hy (%, ))1 —3 L (axylo i ) Ay,

lcnm

Therefore, equilibrium of elevator command and small perturbation of one are the as following eq. ( 66 ), and eq. (
67 ) by replacing y, ~with &, . And equilibrium of angle of attack command and small perturbation of one are

replacing y, with o .
1

ey = m[ Va (Xlo 1 om0 )— Lazhl(xlo) ] (66)

v, oLg’ dlg L
(Lo Le )| 2 (Xalo w,) et Aslen)],
%1 28 0Xq (67)
ov, % &
+ (I-Gl Le, hl(xl))& (g#“’m)Aam
aCDm
The transfer function of the second hierarchy is expressed as follows.
2
. v (68)

O, 24205 w55+ a)l;e2
Using egs. (46), (66 ), (67 ), and (68 ), linearized dynamics for angle of attack is obtained as follows.

o= LZFlhl(Xl)+ Lg, LFlhl(X1)5e (69)
=%, h1(X1)+ Lg, LFlhl(Xl)Pse(semm (70)
— Prhy(x, +ax  Lo L, +Ax )Py (6, +As,) (71)
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Taylor’s expansion is performed for eq. ( 71 ), and egs. ( 72 ) and ( 73 ) are derived with the assumptions of
equilibrium states of ¢ and ignorance of perturbation larger than the second order.

0 =Lhba )+ Lo Lahibo, JPyos, (72)
[oL.2 alg L
db _ Flahl(X:lO ) + LG1 R hl(X% ) P5e 5ec0m0 :| AXl + LGl I—Flhl(xlo )Pa‘e A 5emm ( 73 )
X1 0%y
Substituting eq. ( 73) into eq. ( 67 ) results in eq. (74 ).
oL, 2 v, (x,, v, lxg
Gy :ﬂ(l_pﬁ)+p6va(l—oawm)Axl+p6 V"‘(l—oawm)Aa (74)
ox oy © Oa_
By using the pseudo input defined in eq. ( 53), eq. ( 74 ) is rewritten as follows.
3 oL *hy(e) 2 da da 2
=|———=-P; )-P =128 ,0, — | (A% + Py @,%A 75
Oy 6X1 ( 55) [N Wy 6X1 élaa)a 6)(1 1 [N Wy awm ( )
qT
oL zhl(a) oa
L 1-P; -2 =
v, bp, )20 EAR
oL 2 : V,
F, hl(a)(l_ P()e )—(2@% a_(l+ a)aszge ac
= 520‘( ) 0 qb +Ps a)azAa (76)
oL . .
A hl a (1_ P5 )_ Zé/aa)a a_ap(s
aQ : oQ 0
oL Zhl(a) Oa
: 1-P; )-2¢,0, —P
I 00 ( 59) gawa o0 S, ]
As for the other states,
r Rl
LTS
oV,
ofy Ve
. 0 o | |
v, =— f,Ax, =| 9% 77
c aXl 1127 % q ( )
Q|6
LTS
00 |
r T
afl,Z
v,
Ao | | e
. 0 0 )
= f A = a 78
Ay % 1,28% @ q (78)
oQ 6
Ky
L 00 |
r AT
s
v,
ofi4 Ve
. a a_ O{b
0 =—f A, =| 9% 79
axl 1,4 1 % q ( )
Q|6
)
00 |
Q = ‘(1,3()(1)Jr 91,3(X1)5e (80)
= f1,3(X1)+ 91,3(X1)P5e5ewm (81)
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= {% (x10 )+%(x10 )P 5 (x10 o )}Ax1 + 91,3(X10 )P59A59m ( 82 )
{i (e 223 (o, 6, )}Axl

OX 00Xy

oo ) 2 )2l o e b o (89)

00X,

P,
+013 (Xlo) ('-G Lehy (10) a (Xlo mo)A“m
e,

0 91 3()(1D ) +P. 91,3)(1D 0‘/(1 (XlD ’ (Zwm )
= oy * Le, Lk, hy(x,) o

9 3()(10 ) 0 2 91,3%q,
_—(—)LG Lpl? (L F hl(X ))—mpg o 2 (LG LFlhl(x10 ))}Axl (84)

O1,3\%, 5 Vo X1
Lel Le, h1(X10 ) oa eom
_J|@ f1,3(xlo) 91,3(X10) B,
= {{ o L LF1h1(X10 )a_(LF1 (x1U ))
+ ag“(xlo) 913(X10) 0 ( h:l.(xl )) P, Vg (Xlo . )— Lplzhl(xlo)
00X, |_G1 hl(Xl ) 0%, 0 e |_G1 |_F1 h1(x10 ) ( 65 )

J13 (Xlo ) a(xlu o )} Ax
1

+ P.
"Lelehl,)  ax

P, O13\%y ) Ove\Xy.a )Aa

Clelehby ) da

Whereas the derivative of pitch angular velocity is complex due to the influence by the second hierarchy, some

terms in eq. ( 85 ) can be simplified using the following relations:

LqLFlhl(Xlo ): Jos 91,3()(10) (86)
LFlzhl(Xlo ): Ittt + s+ 30 fos (87)
where J;, is the (i, j)th component of the Jacobian matrix of F.(x,) shown below.

| 8f1,1()(1) afl,l(xl) afl,l(xl) afl,l(xl)i
oa oQ 00
afl,Z(Xl) 8f1,2()(1) afl,z(xl) 8fl,z(xl)
5 o« Q  ®
af1,3(xl) 8f1,3()(1) af1,3(xl) af1,3(X1)
oa 0Q 00
af1,4(X1) oalxa) 0fialx)  Ofialx) (88)
oV, oa oQ 00 o
L Jx=x,
Ju J Jin i
_[Ja J2 I Ju
Jar Ja Jiz Ja
Ja Joo a3 Ju -
Ve, . PVeS M, G, |
J — °_C. — 0 o D _
u m 7 2m VM |y, (89-2)
AVe,’S oC
J, =gcos( “o)—zc—rOna—aD (89-b)
Js =0 (89-¢)
Jig =-gcos(® —a) (89-d)
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9 S AVe,S Mg 0C
Iy =2 cos(@ —ap)- 2, — L% Mo Tl ]
2 %2 (@ —a) om "t om Vo, OM |y, (89-¢)
g . Ve, S 6C,
Jy, =—=sinl®; —qy)-——— -

2 =y (0 —aq)-— == . (89-f)
Jyy =1 (89-9)
J2 :_Vism(@o - ) (89-h)

Co
pV, SC c .
Ja “|c, +—(cm Q +Cmna)
Iyy Co ’ i
V. 2SE (89-1i)
z _ _ ,
+ P 5C 1 Mg 0Cry _LZ(Cm Q0+Cm.d)+ ¢ C, ba
ZIVV VCU oM M=M, 2Vco ’ ‘ Z\/CO : aVC Ve=Ve,
2a—
PV, °SC| aC C oa ;
3., =1 7| Pom g -
2 ", [8(1 N, ™o MJ (89-4)
PV, Sc? da
Jo == —|Cn*Cn. 5 (89-K)
1% QQ:QO
Ve, SC% _ da
Jay = . v 89 -1
4lyy " 00 =0, ( )
Jy =0 (89-m)
Jp =0 (89-n)
‘]43 =1 ( 89-0 )
Ju =0 (89-p)

Then, eqg. (85 ) can be reduced to

_J|ofis O3 0 2
_{ 0xy - L, LFlhl(Xl) 0%, (LE hl()q))}

00,3 O13 0 Vo~ LFlzhl(Xl) J13 ov, 90
+{ 0%, - LGILFlhl(Xl)a_Xl(LGlLFlm(Xl))} LGILFlhl(Xl) Pt LGILFlhl(Xl) 0%y 4 ( )

+ Py _ G v, Aa
‘ LGILFlhl(Xl) Oa ="

of 4
] i( Jai f1,i]Pa‘E
Xy Jp3U13 X \ i

0 o\J 4
. 1 O3 Q13 ( 2391‘3) v, (zJZi fl,iJ P, +P; ov,, A, (91)
JosOis| O IOz 0% i-1 0%
+Ps S —8]/“ Aa
e .]23 013 5amm com

Since J,;=1, eq. ( 85) is further simplified to

. of 0 4
q = {67113 T i J2i )3% }

0 0
+i Shs _Tha ["u _(Z;‘JZi fl,i)}jo; +P;, Ve AXy (92)
O3 X X 0%,
+ Py vy Aa
e aacom com
of 0 4 ov, ov,,
_{[ax_lfa o192 T @}P@ axl}AXﬁPa; Fymm L (93)
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—(30+28,0,3,)P;, Ty,
2
(Jzz +2§aw Jzz +a, )Pae e P, a)azAa (94)
(‘] 4260, 23 )Pée ¢ o
(‘]24 +2¢,, za)Pse 0
where
, 0
Jy' = (321f1,1+‘]22 fo+dofia+tdn f1,4)
v,
, 0
J2 6_(321f11+\]22f12+-]23f13+\]24f14)
5 (95)
Jo' = %(le fla+dnfio+dsfis+du f1,4)
, 0
Jo' =— 20 (321f11+‘]22 fio +‘]23](13+Jz4f14)
By rearranging eqs. (76 ), (77), (78), (79), and ( 94), the following relation is finally obtained.
vc jll jlz
db 21 22 )
gl = Ja - (J 21‘+2§aa)a‘]21)P68 Jgp— (J 22 28,0, )0 + @, )PJE
9' ) J41 ) J42
oL “h(a oLe “hyla
&, Fl—l()(1* Ps. ) (Zfaa) 321) Fl—l()(1* Ps )* (ZgawaJZZ +0)a2)P5
oV, da . e (96)
‘]13 -]14 0_—
Ve 0
J23 ‘]24 0 2
' ' %) P& @y
33— (5 +2§awa-]23)Pae 3 (35 +2§awa‘]24)P§e 0 q |+ EO
el @ °Vo | |pos
oLg “hyla AL %h . %"
%(1* Pae )* (ZfaWana)Pae F1a—®(1 Ps ) (zfaa)a‘JZA)Pée 07 | % 0
Because this system has rank 4, and the second-order derivative of angle of attack is independent, it can be omitted
as follows.
X =Ax+Bu (97)
y =Cx (98)
where, each matrix is expressed by
‘]11 ‘]12
A= I J2
- ' il 2
Ja— (321 +2§aa)a321)P5e Jap — (Jzz +28,0,d5, + @, )P(‘Ie
‘]41 ‘]42 ( 99 )
‘]13 ‘J14
‘]23 ‘]24
Jgz— (323'4‘250[0)0[*]23)')59 Jgy - (J 24'+2§aa’a~]24)P5e
342 J44
[ o
5| ° 100
- Ps, w,’ ( )
| O
0 T
1
C= 101
. (101)
10
Finally, the transfer function of linearized hierarchal dynamic inversion is expressed as follows.
Gon =C(sI —A)'B (102)

212



ISSN: 2320-5407 Int. J. Adv. Res. 5(10), 200-218

Hereafter, this transfer function is called “linearization”.

Linearized Analysis and Simulations:-
When the control performance is evaluated, the pseudo-input generated by eq. ( 53 ) must be used. By utilizing PD
control gains in eq. ( 53 ) instead of », and ¢, pseudo-input is expressed as follows.

v, =Kyla, —a)-Ka (103)
where proportional gain is K, = w,”, and derivative gain is K, =2¢,a, .
In this section, o, =1 Hz, ¢, =1/+/2 are constant, and the natural frequency of actuator, @g, 1S varied from 1 Hz to
10 Hz with the increment of 0.5 Hz. Damping coefficient of actuator is fixed as ¢, = 1/~+/2 . Figure 3 shows the
eigenvalues of the transfer functions of eq. (54 ) and eq. ( 55).

o LATF

30 + Designed

2°

10 s ot
=" NS
£
~ 10 o e o&e

-20 o

00
-30 o°

-60 -50 -40 -30 -20 -10 0 10 20 30
Re [-]
Figure 3. Eigenvalue of LATF and its designed value
Based on the eigenvalue of LATF, when damping coefficients are ¢, =1/+/2 and ¢, =1/ V2, the natural frequency
of the actuator have to be more than twice the designed frequency of angle of attack, that is, ;. >2 Hz. In addition,
when the natural frequency of the actuator is more than four times the designed frequency of angle of attack, the

damping coefficient becomes the same as the designed value of 142. Finally, the eigenvalues of LATF approaches

to the designed frequency of angle of attack as increasing the natural frequency of the actuator.

The numerical simulation was carried out in order to compare the time response of LATF and that of the original

plant dynamics. The altitude is fixed at 5,000 m, and initial value of angle of attack « is 5°. The other status was

derived according to the following steps.

Step 1) It is assumed that the status is equilibrium, and eq. ( 36 ) is satisfied. As a consequence, the following
equations result from V. =0 ¢ =0, and Q=0.

olty)= tanl{—_ci?i?t(:g)))} +alty) (104)

V)= | 2 eodolt)-af) (105)
Step 2) From Q = f,4(x,)+ 9,5(x, ), =0, initial elevator angle is expressed as follows.

5.(t))= —M (106)

M,

Simulations were carried out with the five values of w; =1, 2, 3, 4, 10Hz. Each of them corresponds to the following

situation.
* When w;,=1Hz, LATF is not stable.

* When ws,=2 Hz, LATF is at the stability limit.
* When w;,=3 Hz, the natural frequency of the actuator is less than 4 times the designed frequency of angle of
attack, and the damping coefficient of LATF differs from that of the designed value.
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* When ws,=4 Hz, the natural frequency of the actuator is just 4 times the designed frequency of angle of attack,

and all the eigenvalues of LATF have the identical value.
* When w;, =10 Hz, the natural frequency of the actuator is more than 4 times the designed frequency of angle of

attack.
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Figure 8:- Time response when s =10Hz

Eigenvalue analysis of LATF in the case of w;, = 1 Hz shown in Fig.3 is consistent with the diverging response
observed in Fig.4. The case of w;, =2 Hz is at the stability limit based on the eigenvalue analysis of LATF, and the

simulation result indicates that the plant has asymptotically converging characteristics. The reason of this difference
can be attributed to the dynamic stability of nonlinear terms ignored in LATF. In the remaining cases, the eigenvalue
analysis means that LATF are stable. The simulation results when w,, = 3, 4, and 10 Hz are presented in Figs. 7, 8,

and 9, respectively, and they show that the angle of attack converges from initial value to command value. In
addition, since there is no significant difference between the time response of LATF and that of the plant, the
influence of nonlinear terms in eq. (49 ) is small.

In order to evaluate the effects of nonlinear dynamics in the frequency domain, the transfer function derived from
eq. (97 ) is employed. As a comparison, the desired eigenvalue from the transfer function of eq. ( 55 ), the
eigenvalue of LATF from eq. ( 54 ), and the eigenvalue from the instantaneous linearization of the vehicle status are
prepared. Note that the result of longitudinal motion simulation is utilized as the vehicle status.

Figure 9. Comparison of eigenvalues when w; =1 Hz
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Figure 10. Comparison of eigenvalues when w; =2 Hz
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Figure 13. Comparison of eigenvalues when «; =10 Hz

Discussions:-

Figure 9-Figure 13 show the eigenvalues with different natural frequencies of the actuator. The eigenvalue obtained
in the time scale separation means the designed value, since it is assumed that the actuator response does not have
delay in the time scale separation. In addition, the eigenvalue obtained in LATF is constant in each case, since it
does not depend on the nonlinear vehicle dynamics. On the other hand, the eigenvalue of the plant without control
and that of linearization are not constant, since they are influenced by nonlinear dynamics. The following four
observations can be found from this analysis.

1. Linearization tends to be similar to LATF, which is especially apparent when «;, =2 and 3 Hz.

2. When the natural frequency of the actuator becomes higher than the above value, the eigenvalues of linearization
tend to asymptotically converge the desired eigenvalue.
3. When LATF is at the stability limit, namely ws, = 2 Hz, all the eigenvalues resulting from linearization are

negative values, and the angle of attack response of the plant model shown in Fig. 5 converged asymptotically.
4. As the natural frequency of the actuator increases, the influence of nonlinear dynamics tends to decrease, and the
fluctuation range of linearization eigenvalue gets smaller.

The LATF in the hierarchal dynamic inversion method is constructed based on the assumption that the influence of
the nonlinear term is small. This can be confirmed by the fact that the difference between the eigenvalues of
linearization and LATF are smaller than those of linearization and time scale separation. Since LATF can be built
independently from the plant model as shown in eq. ( 54 ), LATF can be conveniently utilized as an initial design
guideline of the control law. In the practical application where the influence of plant model dependency must be
evaluated, the eigenvalue analysis based on the time series data obtained from the flight trajectory (eq.(97), (98))
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is useful. Although it is difficult to prevent instability completely using this method, it is possible to evaluate the
instability in finite states using such eigenvalue analysis.

Based on these discussions, two notable findings are obtained. First, LATF has the response characteristics that
resembles the plant, especially when the response of the actuator becomes faster than the designed frequency.
Second, the exact input-output linearization cannot be performed using the control law designed by the hierarchal
dynamic inversion methodology in contrast to pure dynamic inversion theory. Therefore, the response of the
designed feedback system is influenced by dynamic characteristic of the plant. Therefore, linearized eigenvalue
analysis should be conducted utilizing the simulated flight trajectory.

Conclusions:-

This paper presented the methodology for the stability analysis of a control law based on hierarchical dynamic
inversion considering the application to a winged rocket. A novel concept named Linearized Approximation
Transfer Function (LATF) is derived by omitting nonlinear term caused by the lower hierarchy (a second-order
delay element of the actuator for aerodynamic control surfaces). LATF is determined only by the actuator
characteristics and pseudo input, and it does not depend on the vehicle dynamics. Therefore, the preliminary
performance of the designed control law can be evaluated conveniently using LATF. On the other hand, since LATF
ignores the influence of nonlinear term exactly, the evaluation including the nonlinear term is indispensable. In this
paper, eigenvalues of an instantaneous linearization based on the time series data are analyzed. As a result, the effect
of nonlinear term in controlled variable is smaller than that of linear term, and the influence of nonlinear dynamics
tends to decrease as the natural frequency of the actuator increases. The above eigenvalue analysis also clarifies the
natural frequency difference between the vehicle and actuator required for the stabilization, which has been
impossible using previous dynamic inversion techniques. In addition, the time response of plant is found to be
almost same as that of LATF.

References:-

1. A Isidori, Nonlinear Control Systems, Springer-Verlag, Berlin, Heidelberg, (1995), pp.145-172

2. Y. Ochi, and K. Kanai, ‘Design of Restructurable Flight Control Systems Using Feedback Linearization,’
Journal of Guidance, Control, and Dynamics, 14-5 (1991), pp.903-911

3. G. Tao, ‘Adaptive Control Design and Analysis,” John Wiley & Sons, (2003), pp.535-541,

4. P.K. A. Menon, M.E. Badgett, R.A. Walker, and E.L. Duke, ‘Nonlinear Flight Test Trajectory Controllers for
Aircraft,” Journal of Guidance, Control, and Dynamics, 10-1 (1987), pp.67-72

5. P. K. A. Menon, M. Yousefpor, ‘Design of Nonlinear Autopilots for High Angle of Attack Missiles,’
Proceeding of the AIAA Guidance, Navigation, and Control Conference, AIAA, Palo Alto, California, (1996),
pp.29-31

6. P. K. A. Menon, V.R. Iragavarapu, E.J. Ohlmeyer, ‘Nonlinear Missile Autopilot Design Using Time-Scale
Separation,” Proceeding of the AIAA Guidance, Navigation, and Control Conference, AIAA, New Orleans, Los
Angles, (1997), pp.1791-1803

7. P. K. A. Menon, E. J. Ohlmeyer, ‘Computer-Aided Synthesis of Nonlinear Autopilots for Missiles,” Optimal
Synthesis, 11-2 (2004), pp.173-198

8. D. Ito, J. Georgie, J. Valasek, D. T. Ward, et al, ‘Reentry Vehicle Flight Controls Design Guidelines: Dynamic
Inversion,” NASA/TP-2002-210771 (2002)

9. S. Sunasawa, and H. Ohta, ‘Nonlinear Flight Control for a Reentry Vehicle Using Inverse Dynamics
Transformation,” Journal of the Japan Society for Aeronautical and Space Sciences, 45-516 (1997), pp.52-61
(in Japanese)

10. J. Kawaguchi, Y. Miyazawa, and T. Ninomiya, ‘Flight Control Law Design with Hierarchy-Structured
Dynamic Inversion Approach,” Proceeding of the AIAA Guidance, Navigation, and Control Conference, AIAA,
2008-6959, Honolulu, Hawaii, (2008)

11. T. Ninomiya, H. Suzuki, and J. Kawaguchi, ‘Evaluation of Guidance and Control System of D-SEND#2,’
IFAC-PapersOnline, 49-17 (2016), pp.106-111

12. T. Shimozawa, T. Narumi, S. Sagara, and K. Yonemoto, ‘Digital Adaptive Control of Winged Rocket Using
Unscented Kalman Filter,” Artificial Life and Robotics, 16-3 (2011), pp.348-351

13. D. S. Naidu, and A. J. Calise, ‘Singular Perturbations and Time Scales in Guidance and Control of Aerospace
Systems: A Survey,” Journal of Guidance, Control, and Dynamics 24-6 (2001), pp.1057-1078

217



ISSN: 2320-5407 Int. J. Adv. Res. 5(10), 200-218

14

15.

16.

17.

18.

19.

20.

21.

22.

23.

C. J. Schumacher, et al. ‘Stability Analysis of Dynamic Inversion Controllers Using Time-Scale Separation,’
Proceeding of the Guidance, Navigation, and Control Conference and Exhibit, 98-4322 (1998), pp.1217-1223
P. V. Kokotovic, et al. Singular Perturbation Methods in Control Analysis and Design, Society for Industrial
and Applied Mathematics, (1999), pp.17-40

A. Abe, and Y. Shimada, ‘Flight Control System Using Backstepping Method for Space Transportation
System,” Transactions of the Japan Society for Aeronautical and Space Science, Aerospace technology Japan,
10-ists28 (2012), Pd_85-Pd_91

A. Abe, K. Iwamoto, and Y. Shimada, ‘Design of Flight Control System Based on Adaptive Backstepping
Method for a Space Transportation System,” Transactions of the Japan Society for Aeronautical and Space
Sciences, Aerospace technology Japan, 58-2 (2015), pp.55-65

M. Kistic, L. Kanellakopouios, and P. V. Kokotovic, ‘Nonlinear and Adaptive Control Design,” Wiley-
Interscience (1995), pp.64-66

M. Wakita, K. Yonemoto, et al. ,‘Preliminary Design of Winged Experimental Rocket by University
Consortium,” Transactions of the Japan Society for Aeronautical and Space Science, Space Technology Japan,
7-ists26(2009), Tg 21-Tg_26

G. S. Gossamsetti, et al, ‘Recent Developments of Experimental Winged Rocket: Autonomous Guidance and
Control Demonstration Using Parafoil, Procedia Engineering, 99 (2015), pp.156-162

K. Itakura, et al., ‘Development and Ground Combustion Test of a Subscale Reusable Winged Rocket,’
Transactions of the Society for Aeronautical and Space Sciences, Aerospace Technology Japan, 12-ists29
(2014), To_3_1/To_3 5

T. Ohki, et al., ‘Recent Developments of Experimental Winged Rocket: Autonomous Guidance and Control
Demonstration by Flight Test,” Proceeding of the Asia-Pacific International Symposium on Aerospace
Technology, Cairns, Australia, (2015), pp.408-414

K. Yonemoto, T. Fujikawa, et al, ‘Recent Flight Test of Experimental Winged Rocket and Its Future Plan for
Suborbital Technology Demonstration,” Proceeding of the International Astronautical Congress, Guadalajara,
Mexico, (2016), pp. IAC-16-D2.6.1

218



