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Introduction:-

Kidney is the major organ to clean blood by removing excess fluid, minerals and wastes. Moreover, it produces a
hormone that keeps the bones strong. When the kidney fails harmful wastes build up in the body, due to which blood
pressure may rise and the body may retain excess fluid which has to be removed. Hemodialysis is the most common
method used to treat advanced and permanent kidney failure. In hemodialysis blood is allowed to flow through a
special filter that removes wastes and extra fluids. The clean blood is then returned back to the body.

Mathematical modeling for dialysis has not long history, first bi-compartmental model of a typical profiled
heomodialysis session for setting suitable sodium profiles was proposed in 2000 (Stephen et al., 2000) . In the same
year another model known as one- and two-compartment model for hemodialysis with aim to analyze the course of
treatment and to predict the effect of dialysis procedures was also published (Ziolkoet al., 2000). But the results on
modeling of uric acid concentrations have not been published till 2007. Present study is based on the Mathematical
model for solute kinetics in hemodialysis patients proposed by Cronin-Fine in 2007 including the modeling of uric
acid concentration.

Material And Methods:-

The motivation for this research was to modify the model equations presented by previous researchers in the field of
mathematical modeling for hemodialysis and present different solution approaches for Mathematical model of
hemodialysis.

The mathematical model for hemodialysis used in this study is a three compartment model, Organ Mass OM,
Muscle Mass and Adipose Tissue Compartment MMAT, and Extracellular Compartment E (Cronin Fine et al.,
2007). Block diagram of the model was presented in Fig-1.
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Set of three 1% order differential equations of the model were Equations 1-3. Equation no 4 and 5 were for dialytic
interval whereas equation no 6 and 7 were for inter-dialytic interval. Solution of the model was presented by three
different approaches Laplace transform, Eigenvalue and integrating factor of linear differential equations.

d
VOM C;ZM:G'KOM(COM'CE) (1)
VMMAT—dCI\;I:IAT = Kuwmar Ce - Cumar) 2)
VE %: Kom (COM' CE) - Kmmat (CE - CMMAT) —Kq4Ce (3)

e

Ko KnmaT
OM —_— E —— NMIMVIAT
| ——— —
Vo

COMPARTMENT MODEL
Refining the Governing Equations:-
To make the solution more manageable, Organ Mass (OM) was assumed to be at a steady-state, d(Com)/dt=0.
So  Kom(Com-Cg) =G,

which was used in Equation (3), yielding equation (4) and eliminating equation (1). The resultant equations were
for dialytic interval with manageable solutions (Eg. 4 and Eq.5).

VMMATdCIZIt\MT = Kmmat(Ce-Cymar) (4)
d
VE—dCxE = G'KMMAT(CE'CMMAT)_KdCE (5)

The dialysis clearance term (K4Cg) in equation (5) was eliminated to modified the equations for interdialytic
interval, yeilding equation (6). It was still impossible to find an explicit solution for the pair of equations (4 and 5)
because these equations could be combined as one equation with two variables, which was by definination
unsolvable. Therefore an additional equation (7a) was developed, which described the solute mass-balance for the
interdialytic interval. This additional Equation resulted in a pair of equations (6 and 7a) for the inter-dialytic interval

with manageable solutions as given below.

VE% :G'KMMAT(CE'CMMAT) (6)

G = VE(CE - CEO) + VMMAT(CMMAT - CMMATO) (72)

This equation was found to be inadequate and need modification. Equation (7a) was corrected to a new version of
equation (7b) and given below:

G = Kd (CE - CEO) + KMMAT(CMMAT - CMMATO)' (7 b)

This study’s focus was to determine whether modeling could provide an explanation for the level of toxin
concentration in extracellular compartment during dialysis and in between dialysis treatment. So in this section the
different solution procedures for dialytic and inter-dialtic intervals were presented in detail to comprehend the
mathematical model of hemodialysis which is as under:

Explicit Solution (Dialytic interval)
Consider equations (4) and (5)

ACymar _ Kymar . — Kymar c
dac a G VA}I(MAT ) VI'A(/IMAT o K
E MMAT MMAT d
ZE T Cr+ Comar — —=C
dx 7, A y,  Cmmar = 3G
D+ —Kd+5MMAT)CE — SMMAT ¢ ar = Vi 8
E E
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K K
(D + —MMAT) Cymar — —MMA: Cg =0(9)

VMMAT « VMmaA Ktk
L +
Multiplying (8) by —**4Zand (9) by (D + —2——XMAT)
VMmAT VE
D+ Ka + Kmmary [Kmmar Co — Kmmar” G KmMmaTr
( ) ( )Ce MMAT = 50—
VE VMMAT VMMATVE VE VMMAT
Kq + KmMmAT KmmAT Kaq + KMmar\Kmmar
(D +%a )(p + ) Corpaar — (D +%2 )SMMAT ¢ =
VE VMMAT 5 VE VMMAT
Kq + KmMmAT KmmAT KmmAT G KmMmAT
(D + )(D + TEHAT) Cpiar — S AT Gy = e AT
VMMAT VMMATVE VE VMMAT

By solving the above equation we got

Ve + 1) K + KV, K G K
Dz + (E MMAT) MMAT d ¥ MMAT D + MMAT Kd CMMAT - MMAT
VEVMMAT VMMATVE VE VMMAT
The characteristic equation
Ve +1) K + KuV, K,
Dz + (E MMAT) MMAT d MMAT}D + MMAT Kd =0
VEVMMAT VMMATVE

By using quadratic formula we got

1

D=—-———
2 VEVMMAT

CMMAT

(VE +VmMaT)KMMAT + KaVMmar — \/ {(VE +VMMAT)KMMAT + KaV umaT}? —4KaKmumaTV MMATVE

1
T
=re VEVMMAT

(VE +VMMAT)KMMAT + KaVmmar — \/ {(VE +VMMAT)KMMaT + KaVMmaTY? —4KaKmumaTV MMATVE

1
+ ne “2VEVMMAT
For particular solution

CMMATP = ! EKMMAT e0 Cmmar
D? 4+ {(VE + Vmmar)Kumar + KdVMMAT}D n Kymar K Ve Vumar
VeVumar Vvmar Ve CK
Cumarp = AL MMAT .0 Cumar

DZVEVMMAT + ((VE +VMMAT)KMMAT + KdVMMAT) D + Kdl{MMAT VE VMMAT
G

CMMATP = K_
d

(VE +VMMAT)KMMAT + KaVMmar — \/ {(VE +VMMAT) KMMaT + KaVumar}? —4KaKymarVMmarVE

1
— T2VEVMMAT
Cyumar = 11€

1
T2VgV
e EVMMAT

+Z A).

Ka

(VE +VMMAT)KMMAT + KaVumar — \/ {(VE +VMMAT)KMMAT + KaVMmar}? —4KaKMmaTV MmaTVE

Now multiply (8) by (D + %)and (9) by % and adding we got

Vg +V K +KqV K G K

[DZ + {( E +VMMAT)KMMAT + Kg MMAT}D + Kmmar Kd] L == MMAT
o VEVMMAT VMMATVE

Characteristic equation was

Ve + 1 K + KgV, K,
D2 4+ {( E mmaT) Knmar d MMAT}D 4 MMAT
VeVumar

VE VMMAT

K;, =0
VimarVe

D= CE

2 VEVMMAT

1
k.o ZVEVMMAT (Vg +VMMAT)KMMAT + KaVMmAT - \/ {(VE +VMMAT)KMMAT + KaVMmaT)? —4K dKMMATVMMATVEJ

(VE +VMMAT)KMMAT + KaVMmmar — J {(VE +VMMAT)KMMAT + KaVMmaT}? —4KaKMmaTV MMATVE

1
+ kze_z VEVMMAT
For particular solution
C =
Ep 2 (Vg + Vumar)Kumar + KaVumar Kumar Ve Vumar
D% + D + K,
VeVrmar Vrvmar Ve

1 EKMMAT eo Cg
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C. = VeVumar G Kymar 0 CE
e =
P D2VeVymar + ((VE + VumaT)Kymar + KdVMMAT)D + KaKumar Ve Vumar
G
Cpp = —
Ep Kd

The general solution was:

(VE +VMMAT)KMMAT + KaVMmar — J {(VE +VMMAT KMMAT + KaV umaT}? —4KaKmMmaTV MMATVE

1
CE — kle 2VEVMMAT

(VE +VMMaT)KMMAT + KaVMmar — \/ {(VE +VMMAT)KMmaT + KaVumar}? —4KaKmumaTV MMATVE G

1

kze_z VEVMMAT
Kq

(B)
Thus the solutions of the systems were given by (A) and (B) for some choice of constants ry, 1y, ki, ko.
D+ Ka + Kmmar _ Kmmar

VE Ve

_ Kmmar (D + KMMAT) )

VMMAT VMMAT )
After substituting (A) and (B) in (9), results obtained were

N 11 [KaVmmar
ky = S T wl ko + Vimar — % VIVe + Vupar) Kumar + KaVumar}® — 4KdKMMATVMMATVE]
e L Kumar MMAT
And
2 7y [KaVumar
2= o ko + Vimar + X VIVe + Vamar)Kumar + KaVumar}? — 4KdKMMATVMMATVE]
el Kumar MMAT

Putting the value of k; and k, in (B) we got final solution for dialytic interval which was exactly the same as in
(Cronin Fine et al., 2007)

Cp =11@e®t + ryp,e?2t + Ki (10)
d
Where
w; = ———[(Ve + Vanar)Knsar + KoV,
1 > VEVMMAT[ E MMAT) Kpmar aVumar
- \/{(VE +VMMAT)KMMAT + KdVMMAT}Z _4KdKMMATVMMATVEJ
1
Wy = ————[(Vy + Vauar)K T K,V
2 > VEVMMAT[ E MMAT) Kmmar aVumar
+ (Ve + Vumar)Kumar + KaVumar}? — 4Ky KnmgarVaamar Vel
1 1 1K,V 1
01 =5 = 2 [ Vipar = (Ve + Viewar) Knear + KaVaar}? — SKaKpear Voaasr Ve |
E MMAT MMAT
11 [KaVumar >
(pZ - E - E m + VMMAT + KMMAT \/{(VE + VMMAT)KMMAT + KdVMMAT} - 4KdKMMATVMMATVE .

Equation (10) is the explicit solution for dialytic interval where ry and r, were constants of integration. Obtained
solution indicates how concentration of toxins in extracellular compartment Cg variedover time. The constant of
integrations were obtained by assuming Cg at t=0 was equal to Cyuat due to steady state kinetics.

Explicit Solution (Inter-dialytic interval)

Eq(6) become
dCg _ G Kmmar Kmmar
i Ve Cg + Vs Cymar (11)

Eq (7b) became

G_Kd(CE_CEO)+KMMATCMMATO

Cyvmar = KnimaT (12)
dCg Kumar  Ka 26 Ky KMMATCMMATO
+ Cg —)|=——+—C, —|—————
dx Vg Vg Ve Vg 7° Vg

Kyvmar , Kd
Here integrating factor was e( VE +VE)t, then by multiplying above equation by integrating factor as follows:

d e(KMV—IZAT+I‘§_g)tCE _ e(KMV—A;MW_g)t [E +K—dCE _ (KMMATCMMATD)]
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Integrating further solution obtained were given below
KMMAT Kd)t
E= (13)

Vg +VE
Equation (13) represented the explicit solution in case of the inter-dialytic interval, where ¢ was constant. The
constant was obtained by assuming Cg at t = 0 and was denoted by Cgo,

__ 2G+Kg CEO—KMMATCMMATO 1+ ce (

Solution by Laplace Transform (Dialytic Interval)

Consider
ACymar _ Kumar Kymar c
= E — MMAT
e . « B dt Vymar Vumar
E _ G _ Kumar MMAT _ Ka
o Vs Ve Cp + Crmar Ve Cg

Taking Laplace Transform on both sides of the above equation

dcC K K
L[ MMAT] i MMAT Cp — MMAT Commar |
B dt « MMAT Vvmar
SL[Cymar] = Cumar(0) = VZZ;; L[Cg] - ﬁ L[Cymar]
K K
L[Cymar] (S + %) = ﬁ L[Cg] + Cymar(0)(14)
dc K K K,
[ E] - N;MATC + IV:/A:,ATCMMAT_ _dCE]

SL[Cg] — CE(O) = o~ AL L[cg] + "MM” LCumar] =3¢ LICE]
LiCel (s + fary Jd) - Kwar L[CMMATH S+ C5(0) a5

Multiplying (14) by ( + KMV—";“ + V—E) and (15) by KM—M:: then adding resultant was

KMMAT Kq KMMAT G1 Kumar
Lic - T W)= ( T T _> Cimar (0 VS Vi 0
[Crumarl{(s wy)(s wy)} S Vg Vg wmar (0) VMMAT Vg S Vvmar 5(0)
Where
1
W = _W[WE + VMMAT)KMMAT + KdVMMAT
- \/{(VE + Vumar)Kumar + KaVumar}? _4KdKMMATVMMATVEJ
1
w2 = _W[WE + Vumar)Kunmar + KaVumar

+ (Ve + Vumar)Kumar + KaVumar}? — 4Ky KnmgarVaamar Vel

Llc 1= (S Kymar Kd) c (0) 1 KMMATE} 1
MMAT Vg Vi MMAT (s — w)(s — wy) Vimar Ve S (s — w1)(s — w,)
Kymar
+ Cz(0)

Vvmar E (s — w)(s — wy)

L[Cymar]

_ G

= K

+ [((01)2VEVMMATCMMAT(O) + (KumarVimar(Ce(0) + Cunmar(0)) + KqVimar)o; + GKMMAT] 1
Vmmar Ve (01 - ©3) (s- o)

+ [(mZ)ZVEVMMATCMMAT(O) + (KMMATVMMAT(CE(O) + CMMAT(O)) + KdVMMAT)ﬁ)z + GKMMAT] 1
VmmarVE®2 (07 - ©1) (s- o)

L[C =
[Crmar] "o ™) +
_ (@) *VeVumar Cunar (0) + (Kyngar Varnar (C2(0) + Crmar (0)) + KaVagmar w1 + GKypyar
! VumarVgw; (w; - w;)
(02)*VeVumar Cumar (0) + (Knnar Vamar (C2(0) + Chupar (0)) + KdVMMAT)wZ + GKymar

VumarVewz (w3 - wq)

Where

rn =
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Using inverse Laplace Transform

G
Cp = re®' + re®2t + =
d

Now multiplying (14) by M and (15) by (s + %) and adding resultant was
MMAT

C s — - AT) ¢ K G1
L[Cg{( w)(s — wy)} = < MM ) aiar(0) (s IIZAAZAT)
(5 VM ) Cg(0) .

L[Ckl= (KMMAT) CMMAT(O)S%+ (s + KMMAT)il 1

w1)(s — w32) Vmmar/ VES (s — w1)(s — wz)
1 KMMAT
(- w0l — ) (s = ) ()
After simplifying the obtamed results were
L[Cg]

[(wl)ZVEVMMATCE(O) + (KMMATVE(CE(O) + CMMAT(O)) + GVMMAT)wl + GKMMAT] 1
B Kq Vumar Vpwq (w1 - ;) (s- wq)
+ [(wz)ZVEVMMATCE(O) + (VeKumar (C(0) + Cyarar(0)) + GVigprar)w, + GKMMAT] 1

ViumarVewz (w2 - @1) (s - wy)

1 1 G 1
-wq) +k; (s-w2) +K_dg

L[Cg] = Ky (s

Where

(©1)?VEVrmarCe(0) + (KumarVe (Ce(0) + Cumar(0)) + GVymar)®1 + GKymiar
VmmatVe®: (01 - ©3)

_ (@2)?VeVmmarCe(0) + (KmmarVe(Ce(0) + Cuymar(0)) + GVymmar)®s + GKymar

, =
Vmmar Ve®2 (07 - ©4)

ky =

Inverse Laplace Transform yield was

Cp = kie®1t + kye®2t + Kid (D)
Thus the solution of the system must be of the forms given by (C) and (D) for some choice of constants ry, ry, Ky, ko.

The determinant of operational coefficients of the system was

K; + K K
p 4+ a MMAT _ Kymar
Vg Vg
K K
_ Bmmar ( D+ MMAT)
Vvmar Vvmar

Putting (C) and (D) in (15) after simplification obtained results were

n 11 [KaVumar
VIVe + Vamar)Kumar + KaVumar)? _4‘KdKMMATVMMATVE]

= —+ 1, —
! 2 2VE KMMAT At KMMAT

And
n T KaVyumar 2
k, = > T ow ko + Viumasr + VIVe + Vumar)Kumar + KaVumar}? — 4KaKumarVamar Ve
) Ve L Kumar  Kumar
Puting value of k; and k, in (D) solution obtained was
Cp =11@e?t + ryp,e?2t + Ki (16)
d
Where
1
Wy = _m[(VE + Vumar) Kumar + KaVumar
- ‘/{(VE + Vmmar)Kumar + KaVumar}® — 4Ky KnimgarVaamar Vel
1
Wy = _m[(VE + Vumar)Kymar + KaVumar
+ V{Ve + Vumar)Kumar + KaVimar)? — 4KaKymarVaamar Vel
01=5—55 |7+ Vumar — _\/{(VE + Vmmam)Kumar + KaVumar}> — 4KdKMMATVMMATVE]
2 2Vgl Kymar AT

i1 [KdVMMAT

$2=5 "0, + Vmmar)Kumar + KaVumar}? — 4KdKMMATVMMATVE]-

Kmmar
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Solution by Laplace Transform (inter-dialytic interval)

Consider
dc ¢ K K
— = ve N‘I,A;AT Ce + = Cumar 7
G-VE|\CE—CE, )J*VMMATCMMAT,
Cumar = ( 31\)4MAT 2(18)
dCg 1 1 G Kumar Ce Cvmar
—+K C( + )=—(1+ )+K (—0 +7°>
dx ’1"““” E1 Ve Vamar! Vel Vumar/ T \Vwar Ve
L [ + K, C ( )]
MMAT “E VE VMMAT
Kumar Cg Cmmat 1 1
=L[—<1+ )+K ( o+ °>]LC + K ( +
e\ Vaaar) " MMAT Vygar LCel\ s+ Kunwar 5+ 500
_ [£ (1 + KMMAT) +K ( Cgo + CMMAT0>]l
Vg VMMATC MNéAT VMmmat Vg S
L[Cl = [Vi(l + %) + Kmmat (V Eo M\“fATO)E 11 - Simplifying the above
E MMAT MMAT E (s+ KMMAT(E-'—VMMAT))

equation resultant obtained were as under

o= [ {1 )

VMMAT

[

Ceo . Cumaro)]|

+K ( ° + °)]I(
MMAT \Vamar Ve |l

Kymar Ve + Vimar

VeVumar ) /1 1

VMMAT

Ce = [VE(

VE VMMAT

7
—(1
[VE Vumar VMmAT Ve

G (VMMAT+KMMAT)+KMMAT(VECEO +VMMATCMMAT0)

CE =
Kmmar(VE+VMmAT)
G(VMMAT+KMMAT)+KMMAT (VE CEy+VMMATC MMATO)

Kmmar(VE+VMMAT)

K C C (AL
+ MMAT) + KMMAT < Eo + MMATO>] ( ) e (VE+VMMAT)KMMATt
KMMAT (VE + VMMAT

1 1
e_(E+VMMAT)KMMATt (]_9)

Solution of Equations by Eigenvalues (Dialytic interval)

Equation (4 and 5) was written as:

dCymar _ Kymar _ Kumar c
dc, G K K dt Vumar g Vimar MMAT
acg _ G _ MMATC + Kmmar T__dCE
dx VE VE VE VE
For steady state % =0 &% - 0.
KMMAT KMMAT
Cg — Cumar =0
G I}/MMAT KVMMAT
MMAT MMAT d
V_E - Vs Cg + Vg Cymar — 7 Cg =0
Matrix form
Kymar Kumar
[_( 7 ) Ty ] C G
E E [ E ] = |-
| Kymar _KMMAT Cyvmar OE
VMmmar Vvmar
detlA—AI| =0

|
\ (” K (7 + Vs )/

KMMAT Cg, CmmaT, VeVumar
+ Kymar + -
VMMAT Vg Kumar Ve + Vumar

]
|
|
I
I
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[_ (KMMAT ﬁ) Kyimar
V, V, % 1 O
det{ E E Eol=2 } =0
Kymar Kymar [0 1]
) ) ) Vumar Vummar
Solving above equation obtained values of 1 were
1
A= _W[(VE + Vumam)Kumar + KaVumar
EVMMAT
— V{Ve + Vamar)Kumar + KaVimar )2 — 4K KymarVumar Ve
1
Ay = BEYATAR [(VE + Vumar)Kumar + KaVumar
EVmmar

+ VI(Ve + Vimar)Kmmar + KaVimar}® — 4KaKumarVumar Vel
Eigenvectors corresponding to A, were

KMMAT Kd KMMAT
[_( v, Tv) T ] c C
| KMMAT _ KMMAT | CMMAT ! CMMAT
VMMAT VMMAT

By substituting the value for A, In the above equation and the result obtained were Cypar in term of Cy :
Conpam = {1 _ L [KdVumar .,
MMAT 2 ZVE KMMAT MMAT

VIVe + Vumar)Kumar + KaVimar)? _4KdKMMATVMMATVE]} Cg
el = o= loe
Cyumar 01Cg @] E
P =
1 1 [KqVummar

1
=55 | 1 Vumar — —\/{(VE + VMMAT)KMMAT + KdVMMAT}Z - 4KdKMMATVMMATVE]
2 2VE KMMAT KMMAT

Eigen vector corresponding to A, was found as
KMMAT Kd KMMAT
~Cy )
VE CE

KMMAT

VE VE ] _ CE ]
KMMAT _ KMMAT | CMMAT 2 CMMAT
VMMAT VMMAT

Substituting the value of A, in the above equation and after simplification obtained results for Cg in terms of Cypar
were

1 1 1KiVumar
Cp = {——— Zdlumar |y,
E= 2T 2 | Kopgar + Vumar
% V{Ve + Vupar) Kumar + KaVumar}® — 4KdKMMATVMMATVE]} Cymar
MMAT
Cg ] _ (PZCMMAT] _ ‘Pz]c
Crmar Cvmar 1 | -MMAT

P, =
> owil ko + Vimar — ——VIVe + Vumar)Kumar + KaVimar}? — 4KdKMMATVMMATVE]
Vel Kymar Kymar

The general solution was

Cg
CMMAT . i . i
Here r; , 1, were constants A, A, were eigenvalues and v;v, were eigenvectors, substituting the values in the
above equation.

] = nethv, + retly,. (20)

1

twg

e

+ r
Cyumar ] z

]= Tl e
Results and Discussion:-
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Solutions for dialytic and inter-dialytic interval were evaluated by three different methods and final results were
represented by equations 10, 16, 19 and 20 all results were exactly the same as were presented by Cronin Fine in
2007. Comparisons of different solution approaches for mathematical model of hemodialysis were presented in
Table-1.

Methods Dialytic Inter-dialytic
Laplace Transforms Cp = ryp,e®t + 10,092t o= 2G + Ky Cg, — KumaTCmmato
+ & £ Ve
Kd + ce_(KMV—]:AT*—g_g)t,
Eigen Value Ce = 110,82t + 1y e@2t o= 2G + Ky Cg, — KumatCmmato
+ & £ Ve
Kd + ce_(KMV—D;SIAT*—g_g)t
Integrating Factor Cp = ryp,e®t + rzt;&ze“’zt C, = 2G + Ky Cg, — KumaTCmmato
K VE_(M+&)t
+ce\ VE VE/,

Table 1:- Comparison of different Solutions Approaches

Conclusion:-

The comparative study of three different solution approaches for modified model of hemodialysis were presented
with an aim that in all three cases unique solutions were obtained and were exactly the same results as were
published in previous study, that the extracellular solute (toxin concentration) increases more rapidly in case of
inter-dialytic interval. This study can be extended further for stability analysis of the model.
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