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In this paper, we consider the estimation problem of the parameters of 

the Constant Shape Bi-Weibull Distribution based on a Failure Time 

data. We use the method of Maximum Likelihood and Bayesian 

estimation to estimate parameters. The Bayesian estimates are 

obtained using Lindleys approximation technique with Jeffreys Prior 

information and Extension of Jeffreys Prior information under three 

loss functions. The comparisons between different estimators are 

made based on simulation study and a real time data.  
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Introduction:-  
Much of the popularity of the Weibull distribution is due to the wide variety of shapes it can assume by varying its 
parameters. We have considered a situation where all the units under investigation either failed before or at the end 

of the study. In a situation of this sort, one has at his/her disposal exact values of the observed units. In other words 

it is uncensored observations. We previously developed some properties of Constant Shape Bi-Weibull Distribution 

and Bayesian Estimation of Parameters under the Constant Shape Bi-Weibull Distribution Using Extension of 

Jeffreys’ Prior Information under Three Loss Functions [9-15]. Now, the aim of this paper is twofold. The 

Maximum Likelihood Estimators of the parameters are obtained. It is observed that the MLEs cannot be obtained in 

closed form; we therefore propose to use the Newton-Raphson numerical approximation method to compute the 

MLEs via the Taylor series, and the proposed method works quite well. The second aim of this paper is to consider 

the Bayesian inference for parameters. In this paper, the Bayes estimates are obtained under the linear exponential 

(LINEX) loss, General Entropy and Squared error loss functions using Lindley's approximation technique with 

Jeffreys Prior information and Extension of Jeffreys Prior information. Advanced research has been done to 
compare MLE and that of the Bayesian approach in estimating the Weibull parameters [4,16, 20, 21, 2, 3].  

 

The rest of the paper is arranged as follows: Section 2 contains the derivative of the parameters are determined under 

Maximum Likelihood Estimation, In section 3 we obtained the Bayesian estimator with Jeffreys Prior information 

and Extension of Jeffreys Prior information under three Loss functions. Section 4 deals with simulation study and 

it’s real time data in Section 5. Finally conclusions are provided in Section 6. 

 

Maximum likelihood estimation:- 
Suppose T = (t1, t2 … tn ) is an uncensored observation from a sample of n units or individuals under examination. 

Also assume that the uncensored observations (data) follow the Constant Shape Bi-Weibull model. The Constant 
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Shape Bi-Weibull failure time distribution of σ (scale parameter) and β (shape parameter) has a probability density 

function (pdf) and a cumulative distribution function (cdf) as follows: 

𝑓(𝑡) =
𝛽

𝜍
𝑡𝛽−1𝑒

− 
𝑡𝛽

𝜍
  

.                                                                            (1) 

The Cumulative distribution function (CDF) is 

𝐹 𝑡 = 1 − 𝑒
− 
𝑡𝛽

𝜍
    .    

                                                                             (2) 

The likelihood function is 

𝐿 𝑡𝑖 ,𝜍,𝛽 =  
𝛽

𝜍

𝑛

𝑖=1

𝑡𝑖
𝛽−1𝑒

− 
𝑡𝑖
𝛽

𝜍
 
.                                                          (3) 

The log-likelihood function is 

𝑙𝑛𝐿 = 𝑛𝑙𝑛𝛽 +  𝛽 − 1   𝑙𝑛𝑡𝑖

𝑚

𝑖=1

 − 𝑛𝑙𝑛𝜍 −
1

𝜍
 𝑡𝑖

𝛽

𝑛

𝑖=1

.                          (4) 

By differentiating the equation (4) with respect to σ and β and equating to zero, we get 

𝜕𝑙𝑛𝐿

𝜕𝜍
= −

𝑛

𝜍
+
 𝑡𝑖

𝛽𝑛
𝑖=1

𝜍2
= 0 .                                                            (5) 

𝑎𝑛𝑑                                                                            
𝜕𝑙𝑛𝐿

𝜕𝛽
=
𝑛

𝛽
+   𝑙𝑛𝑡𝑖

𝑛

𝑖=1

 −
1

𝜍
 𝑡𝑖

𝛽

𝑛

𝑖=1

𝑙𝑛𝑡𝑖  = 0 .                                       (6) 

From equation (5), we get 

𝜍 =
1

𝑛
   𝑡𝑖

𝛽

𝑛

𝑖=1

   .                                                                                (7) 

First we shall find 𝜷  and so that 𝝈  can be determined. Note that the estimators of σ and β are not in closed form. So 

that we propose to find 𝜷  by using Newton-Raphson method as given below. Let 𝑓 𝜷  be the same as equation (6) 

and taking the first differential of 𝑓 𝜷 , we have 

𝑓′ 𝛽 = − 
𝑛

𝛽2
 −

1

𝜍
 𝑡𝑖

𝛽

𝑛

𝑖=1

 𝑙𝑛𝑡𝑖   
2    .                                          (8) 

By substituting equation (7) into equation (6), we call 𝑓 𝜷  as 

𝑓(𝛽) =
𝑛

𝛽
+   𝑙𝑛𝑡𝑖

𝑛

𝑖=1

 −
 𝑡𝑖

𝛽𝑛
𝑖=1 𝑙𝑛𝑡𝑖  

1
𝑛    𝑡𝑖

𝛽𝑛
𝑖=1

   .                                      (9) 

Substituting equation (7) into equation (8), we obtain 

𝑓′ 𝛽 = − 
𝑛

𝛽2
+
 𝑡𝑖

𝛽𝑛
𝑖=1  𝑙𝑛𝑡𝑖   

2

1
𝑛    𝑡𝑖

𝛽𝑛
𝑖=1

    .                                          (10) 

Therefore, 𝜷  is obtained from the equation below by carefully choosing an initial value β as 𝜷𝒊 and iterating the 

process till it converges: 

Thus                                                                      𝛽𝑖+1 = 𝛽𝑖 −

𝑛

𝛽
+  𝑙𝑛 𝑡𝑖

𝑛
𝑖=1  −

 𝑡𝑖
𝛽𝑛

𝑖=1 𝑙𝑛 𝑡𝑖  
1
𝑛

   𝑡𝑖
𝛽𝑛

𝑖=1

− 
𝑛

𝛽2+
 𝑡𝑖

𝛽𝑛
𝑖=1  𝑙𝑛 𝑡𝑖   

2

1
𝑛

   𝑡𝑖
𝛽𝑛

𝑖=1

 

          .                                      (11)  

 

Bayesian Estimation:-  
For analysing Failure time data Bayesian estimation approach has received a lot of attention. It makes use of once 

prior knowledge about the parameters and also takes into consideration the data available. If once prior knowledge 

about the parameter is available, it is suitable to make use of an informative prior but in a situation where one does 

not have any prior knowledge about the parameter and cannot obtain vital information from experts in this regard, 

then a non-informative prior will be a suitable alternative to use, Guure et al. [6]. In this study a non-informative 

prior approach to the parameters is employed. Given a sample T= (t1, t2 … tn), the likelihood (L) function follows 

equation (3). 
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The Bayes estimators of the parameters are considered with different loss functions which are given below:  

Linex loss: L θ − θ ∝ exp  a θ − θ  − a θ − θ − 1                                          (12)  

General entropy loss: L θ − θ ∝  
θ 

𝜃
 

𝑘

− 𝑘 𝑙𝑛  
θ 

𝜃
 − 1                                        (13)  

 and                                             Squared Error loss: L θ − θ ∝  θ − θ 
2

.                                                                   (14) 

 

 

Jeffreys Prior information:- 

Consider a likelihood function L(θ), with its Fisher Information 𝐼 𝜃 =  −E  
∂2lnL

∂β2  . The Fisher Information 

measures the sensitivity of an estimator. Jeffreys (1961) suggested that 𝜋 𝜃 ∝  𝐼(𝜃) 
1

2  be considered as a prior for 

the likelihood function L(θ). The Jeffreys prior is justified on the grounds of its invariance under parameterization 
according to Sinha [18]. Under the two-parameter Weibull distribution the non-informative (vague) prior according 

to Sinha and Sloan [17] is given as 

𝑣 𝜍,𝛽 ∝  
1

𝜍𝛽
 . 

Let the likelihood equation which is 𝐿 𝑡𝑖 | 𝜍,𝛽  be the same as (4). The joint posterior of the parameters σ and β is 

given by 

π σ, β t ∝ L t| σ, β v σ, β .                                                   (15) 

The marginal distribution function is the double integral of equation (15). Therefore, the posterior probability 

density function of σ and β given the data (t1, t2, …, tn) is obtained by dividing the joint posterior density function over 

the marginal distribution function as 

π∗ σ, β t =
L t| σ, β v σ, β 

 L t| σ, β v σ, β 𝑑𝜍𝑑𝛽
      .                               (16) 

Extension of Jeffreys Prior information:- 

We propose a Extension of Jeffreys Prior information such that,  

𝑢 𝜃 ∝  
1

𝜃
 

2𝑐

.                                                                          (17) 

This is a Extension of Jeffreys Prior information, when a = 1, we have the standard Jeffreys Prior information and 

undefined when a = 0. Since our knowledge on the parameters is limited as a result of which a Jeffreys Prior 

information approach is employed on both parameters, it is important that one ensures the prior does not 

significantly influence the final result. If our limited or lack of knowledge influences the results, one may end-up 

giving wrong interpretation which could affect whatever it is we seek to address. It is as a result of this that the 
Extension of Jeffreys Prior information is considered. 

We have, 

𝑢 𝜍,𝛽 ∝  
1

𝜍𝛽
 

2𝑐

.                                                                  (18) 

The likelihood function from equation (3) is 

𝐿 𝑡𝑖 | 𝜍,𝛽 =  
𝛽

𝜍

𝑛

𝑖=1

𝑡𝑖
𝛽−1𝑒

− 
𝑡𝑖
𝛽

𝜍
 
     . 

According to Bayes theorem, the joint posterior distribution of the parameters σ and β is 

π∗(σ, β|t) ∝ L t| σ, β u σ, β  

where                                                        𝐿 𝑡𝑖 | 𝜍,𝛽 =
𝑘

 𝜍𝛽  2𝑐
 

𝛽

𝜍

𝑛
𝑖=1 𝑡𝑖

𝛽−1𝑒
− 

𝑡𝑖
𝛽

𝜍
 
                                                         (19) 

and the marginal distribution is  
𝑘

 𝜍𝛽  2𝑐
 

𝛽

𝜍

𝑛
𝑖=1 𝑡𝑖

𝛽−1𝑒
− 

𝑡𝑖
𝛽

𝜍
 
𝑑𝜍𝑑𝛽, 

where k is the normalizing constant that makes π∗ a proper pdf. The posterior density function is obtained by using 

equation (16). 
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Linear Exponential (LINEX) Loss Function:-  

This loss function according to [19] rises approximately exponentially on one side of zero and approximately 

linearly on the other side. The sign and magnitude of the shape parameter ‘a’ represents the direction and degree of 

symmetry, respectively. There is overestimation if 𝑎 > 0 and underestimation if 𝑎 < 0 but when  𝐚 ≅ 0 , the 

LINEX Loss Function is approximately the Squared Error Loss Function. The posterior expectation of the LINEX 
Loss Function, according to [5], is 

𝐸𝜃𝐿 𝜃 − 𝜃 ∝ 𝑒𝑥𝑝 𝑎𝜃  𝐸𝜃(exp −𝑎𝜃 ) − 𝑎 𝜃 − 𝐸𝜃(𝜃) − 1 .                (20) 

 The Bayes Estimator of θ, represented by 𝜽 𝑩𝑳 under LINEX Loss Function, is the value of 𝛉  which minimizes 
equation (20) and is given as 

𝜃 𝐵𝐿 = −
1

𝑎
𝑙𝑛 𝐸𝜃 𝑒𝑥𝑝 −𝑎𝜃  .                                                                       (21) 

provided 𝐸𝜃(𝑒𝑥𝑝 −𝑎𝜃  exists and is finite. The Bayes Estimator 𝒖 𝑩𝑳 of a function  

𝑢 = 𝑢(𝑒𝑥𝑝 −𝑎𝜍 , 𝑒𝑥𝑝 −𝑎𝛽 )  

is given as 

 𝑢 𝐵𝐿 = 𝐸(𝑒𝑥𝑝 −𝑎𝜍 , 𝑒𝑥𝑝 −𝑎𝛽 |𝑡) =
 𝑢[𝑒𝑥𝑝 −𝑎𝜍 , 𝑒𝑥𝑝 −𝑎𝛽 ]𝜋∗ 𝜍,𝛽 𝑑𝜍𝑑𝛽

 𝜋∗ 𝜍,𝛽 𝑑𝜍𝑑𝛽
 .     (22) 

 

From (22), it can be observed that ratio of integrals which cannot be solved analytically and for that we employ 

Lindley’s approximation procedure to estimate the parameters. 

According to Abdel-Wahid [1], Lindley proposed a ratio of integral of the form  

𝐸 𝑢 𝜃  𝑥 =
 𝑤 𝜃  𝐿 𝜃  𝑑𝜃

 𝑣(𝜃) 𝐿 𝜃  𝑑𝜃
  ,                                                                         (23) 

 

where L(θ) is the log-likelihood and w(θ) and v(θ) are arbitrary functions of θ. In applying this procedure, it is 

assumed that v(θ) is the prior distribution for θ and w(θ) =u(θ).v(θ) with u(θ) being some function of interest. The 

posterior expectation of the Lindley approximation can be obtained from Sinha [18] and Guure and Ibrahim [7]. 

Taking the two parameters into consideration the following equation can be obtained 

𝜃 = 𝑢 +
1

2
 𝑢11𝛿11 + 𝑢22𝛿22 + 𝑢1𝜌1𝛿11 + 𝑢2𝜌2𝛿22 +

1

2
 𝐿30𝑢1𝛿

2
11

+ 𝐿03𝑢2𝛿
2

22
  ,       (24) 

where L is the log-likelihood equation in (4). To estimate the parameters, the following are considered and 

substituted into equation (24). 

𝑢(𝜍) = 𝑒𝑥𝑝 −𝑎𝜍 , 𝑢1 =
𝜕𝑢

𝜕𝜍
= −𝑎 𝑒𝑥𝑝 −𝑎𝜍 ,  

𝑢11 =
𝜕2𝑢

𝜕2𝜍
= −𝑎2  𝑒𝑥𝑝 −𝑎𝜍 , 𝑢2 = 𝑢22 = 0, 

𝑢(𝛽) = 𝑒𝑥𝑝 −𝑎𝛽 , 𝑢2 =
𝜕𝑢

𝜕𝛽
= −𝑎 𝑒𝑥𝑝 −𝑎𝛽 ,  

𝑢22 =
𝜕2𝑢

𝜕2𝛽
= −𝑎2  𝑒𝑥𝑝 −𝑎𝛽 , 𝑢1 = 𝑢11 = 0, 

𝛿11 =  −𝐿20 
−1, 𝛿22 =  −𝐿02 

−1, 

𝐿02 = − 
𝑛

𝛽2
 −

1

𝜍
 𝑡𝑖

𝛽𝑛
𝑖=1  𝑙𝑛𝑡𝑖   

2, 

𝐿03 = 2  
𝑛

𝛽3
 −

1

𝜍
 𝑡𝑖

𝛽𝑛
𝑖=1  𝑙𝑛𝑡𝑖    

3,  

𝐿20 =
𝑛

𝜍2 − 2
 𝑡𝑖

𝛽𝑛
𝑖=1

𝜍3  and 𝐿30 = −2
𝑛

𝜍3 + 6
 𝑡𝑖

𝛽𝑛
𝑖=1

𝜍4 . 

For Extension of Jeffreys Prior information 

𝜌 𝜍,𝛽 = −𝑙𝑛 𝜍2𝑐 − 𝑙𝑛(𝛽2𝑐), 

𝜌1 =
𝜕𝜌

𝜕𝜍
= −

1

𝜍2𝑐  and 𝜌2 =
𝜕𝜌

𝜕𝛽
= −

1

𝛽2𝑐  . 

For Jeffreys Prior information  

𝜌 𝜍,𝛽 = −𝑙𝑛 𝜍 − 𝑙𝑛 𝛽 , 

𝜌1 =
𝜕𝜌

𝜕𝜍
= −

1

𝜍
 and  𝜌2 =

𝜕𝜌

𝜕𝛽
= −

1

𝛽
.  

 

General Entropy Loss Function:- 
This is another useful asymmetric loss function that is used to determine whether there is overestimation or 

underestimation. It is a generalization of the entropy loss. 
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The Bayes estimator of θ, denoted by 𝜽 𝑩𝑮 is the value of 𝜽  which minimizes (13) and given as   

𝜃 𝐵𝐺 =  𝐸𝜃(𝜃−𝑘) −
1

𝑘  , provided  𝐸𝜃 𝜃
−𝑘  exists and is finite.  

The Bayes Estimator for this Loss Function is   𝑢 𝐵𝐺 = 𝐸 𝑢 𝜍−𝑘 ,𝛽−𝑘  |𝑡 =
 𝑢[𝜍−𝑘 ,𝛽−𝑘 ]𝜋∗ 𝜍 ,𝛽 𝑑𝜍𝑑𝛽

 𝜋∗ 𝜍 ,𝛽 𝑑𝜍𝑑𝛽
     . 

 
Applying the same Lindley approach here as in (24) with u1, u11 and u2, u22 are the first and second derivatives for σ 

and β, respectively, and are given as 

𝑢 =  𝜍−𝑘   , 𝑢1 =
𝜕𝑢

𝜕𝜍
= −𝑘 𝜍−𝑘−1 , 

𝑢11 =
𝜕2𝑢

𝜕2𝜍
= −(−𝑘2 − 𝑘)𝜍−𝑘−2, 

𝑢2 = 𝑢22 = 0, 

𝑢 =  𝛽−𝑘   , 𝑢2 =
𝜕𝑢

𝜕𝛽
= −𝑘 𝛽−𝑘−1 , 

𝑢22 =
𝜕2𝑢

𝜕2𝛽
= −(−𝑘2 − 𝑘)𝛽−𝑘−2 and  𝑢1 = 𝑢11 = 0. 

 

Symmetric Loss Function:- 

The squared error loss denotes the punishment in using θ  to estimate θ and is given by L θ − θ ∝  θ − θ 
2
. This 

loss function is symmetric in nature that is it gives equal weightage to both over and under estimation. In real life, 

we encounter many situations where over estimation may be more serious than under estimation or vice versa. 

 

The Bayes Estimator 𝒖 𝑩𝑺 of a function 𝑢 = 𝑢 𝜍,𝛽  of the unknown parameters under Square Error Loss Function 

(SELF) is the posterior mean, where 

 𝑢 𝐵𝑆 = 𝐸 𝑢 𝜍,𝛽 |𝑡 =
 𝑢[𝜍,𝛽]𝜋∗ 𝜍,𝛽 𝑑𝜍𝑑𝛽

 𝜋∗ 𝜍,𝛽 𝑑𝜍𝑑𝛽
 .  

Applying the same Lindley approach here as in (24) where u1, u11 and u2, u22 are the first and second derivatives for 

σ and β, respectively, and are given as 

𝑢 = 𝜍 , 𝑢1 =
𝜕𝑢

𝜕𝜍
= 1 , 𝑢11 = 𝑢2 = 𝑢22 = 0, 

 𝑢 = 𝛽 , 𝑢2 =
𝜕𝑢

𝜕𝛽
= 1,𝑢22 =  𝑢1 = 𝑢11 = 0. 

 

Simulation Study:- 
In this section, we perform a numerical study to compare the proposed estimators of parameters. Comparison among 

the different estimators is made with their Mean Squared Errors and Absolute Bias values. The Bayesian estimates 

of the parameters are derived with respect to three loss functions, which are LINEX, General Entropy and Squared 

error loss functions. A sample of size n = 25, 50 and 100 were considered to represent relatively small, medium and 

large data set. The parameters were determined with Bayes using Jeffreys Prior information and Extension of 

Jeffreys Prior information. The values of the parameters chosen were σ = 0.5 and 1.5, and β =0.8 and 1.2. The values 

for the Loss parameters (a, k) are a=k=±0.6 and ±1.6. The loss parameters are chosen by taken into consideration 

the facts that they must either be below or above zero in order to determine whether the estimates obtained are under 
or above the actual parameters values. Also, the loss parameters of both LINEX and General entropy are chosen 

such that they do not respectively equal to zero (0) and negative one (-1), if they do, both loss functions turn to be 

approximately the Squared Error loss, Guure et al [8]. We have considered the values of Jeffreys’ Extension are 

 𝒄 = 0.4 and 1.4 without loss of generality. The choice of the Extension of Jeffreys Prior information is subjective 

since it is used to consider the proportion in which one will prefer the prior to influence the posterior density 

function. These were iterated 1000 times. See Calabria and Pulcini [5] for further details on how to choose the loss 

parameter values. Simulation results with respect to the mean squared errors and absolute errors are determined and 

presented for the purpose of comparison. 

The Mean Squared Error and Absolute Bias given as  

𝑀𝑆𝐸 =
  𝜃 𝑟 − 𝜃 

21000
𝑟=1

𝑅 − 1
,𝑎𝑛𝑑 𝐴𝑏𝑠 =

  𝜃 𝑟 − 𝜃 1000
𝑟=1

𝑅 − 1
 .                                                               (25) 

 
In Table 4.1 we present the Mean Square Error estimated values for the scale parameter σ for both the MLE and 

Bayesian Estimation using extension of Jeffreys prior information based on the three loss functions. 
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Table 4.1:- MSE Estimated Parameter (σ) using Extension of Jeffrey’s prior information.  

 

n 

 

σ 

 

c 

 

β 

 

𝜍 𝑀𝐿  

 

𝜍 𝐵𝑆  

𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  

a = k = 0.6 a= k = -0.6 a =k =1.6 a = k = -1.6 

25 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 
1.5 

1.5 

0.4 

0.4 

1.4 

1.4 

0.4 

0.4 
1.4 

1.4 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 
0.8 

1.2 

0.1921 

0.1861 

0.2693 

0.1170 

0.4394 

1.2181 
2.5425 

2.3345 

2.3e-07 

2.6e-07 

3.8e-07 

1.1e-06 

0.0014 

3.9e-06 
1.8e-06 

2.2e-06 

6.0e-08 

6.8e-08 

6.2e-08 

1.7e-07 

0.0001 

5.1e-07 
2.0e-07 

2.3e-07 

3.2e-08 

4.2e-08 

2.7e-06 

9.3e-06 

8.3e-05 

1.1e-08 
2.7e-08 

3.3e-08 

1.1e-07 

1.2e-07 

2.9e-07 

9.1e-07 

0.0023 

2.4e-06 
1.7e-06 

2.0e-06 

9.3e-08 

1.0e-07 

2.9e-07 

9.3e-07 

0.0003 

6.4e-07 
3.5e-07 

4.1e-07 

2.3e-07 

2.6e-07 

1.1e-07 

2.9e-07 

5.6e-05 

4.2e-07 
1.4e-07 

1.7e-07 

1.8e-06 

1.7e-06 

0.00011 

0.00040 

0.00017 

1.5e-07 
2.2e-12 

1.0e-10 

1.0e-06 

1.2e-06 

7.3e-06 

2.3e-05 

0.18789 

7.5e-05 
3.3e-06 

5.3e-06 

4.3e-07 

4.9e-07 

2.8e-07 

7.6e-07 

0.0071 

2.8e-05 
1.1e-05 

1.3e-05 

50 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.4 

0.4 

1.4 

1.4 

0.4 

0.4 

1.4 

1.4 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

1.3796 

0.5619 

1.6835 

0.3621 

3.1728 

7.7845 

5.2676 

3.6848 

1.8e-08 

1.5e-07 

5.5e-08 

3.8e-07 

5.4e-06 

2.8e-07 

2.1e-06 

6.7e-06 

4.9e-09 

3.9e-08 

9.2e-09 

5.5e-08 

5.8e-07 

4.2e-08 

2.1e-07 

6.2e-07 

4.3e-10 

5.1e-08 

3.8e-07 

3.9e-06 

8.7e-08 

2.2e-11 

4.8e-08 

2.0e-07 

8.2e-09 

7.8e-08 

4.3e-08 

3.2e-07 

5.2e-06 

1.1e-07 

6.7e-06 

8.1e-06 

6.8e-09 

6.7e-08 

4.3e-08 

3.4e-07 

1.0e-06 

4.1e-08 

1.1e-06 

1.3e-06 

2.0e-08 

1.4e-07 

1.7e-08 

7.5e-08 

4.1e-07 

3.8e-08 

3.3e-07 

3.9e-07 

4.0e-07 

1.9e-07 

1.5e-05 

0.00018 

1.4e-09 

4.0e-08 

1.1e-07 

1.5e-07 

6.8e-08 

8.6e-07 

1.0e-06 

9.2e-06 

1.8e-05 

2.6e-05 

0.00016 

0.00022 

3.6e-08 

2.7e-07 

4.2e-08 

2.1e-07 

3.4e-05 

2.2e-06 

3.2e-05 

3.8e-05 

100 0.5 

0.5 

0.5 
0.5 

1.5 

1.5 

1.5 

1.5 

0.4 

0.4 

1.4 
1.4 

0.4 

0.4 

1.4 

1.4 

0.8 

1.2 

0.8 
1.2 

0.8 

1.2 

0.8 

1.2 

3.2633 

2.0517 

3.2164 
1.2291 

18.333 

20.388 

19.072 

20.703 

1.5e-08 

5.6e-08 

3.8e-08 
8.8e-08 

3.5e-07 

2.4e-07 

7.8e-07 

6.3e-07 

3.9e-09 

1.4e-08 

6.2e-09 
1.1e-08 

4.3e-08 

3.1e-08 

7.6e-08 

6.2e-08 

2.1e-09 

2.3e-08 

2.8e-07 
1.1e-06 

1.6e-09 

6.9e-10 

1.9e-08 

1.4e-08 

7.1e-09 

2.8e-08 

3.0e-08 
8.2e-08 

2.3e-07 

1.5e-07 

8.8e-07 

6.9e-07 

6.0e-09 

2.5e-08 

3.0e-08 
8.7e-08 

5.9e-08 

4.0e-08 

1.5e-07 

1.2e-07 

1.5e-08 

5.1e-08 

1.1e-08 
1.1e-08 

3.4e-08 

2.6e-08 

5.0e-08 

4.1e-08 

1.1e-07 

1.3e-08 

1.1e-05 
5.8e-05 

7.8e-09 

9.5e-09 

8.7e-09 

5.3e-09 

6.9e-08 

3.3e-07 

7.6e-07 
2.5e-06 

3.1e-06 

4.7e-06 

1.5e-05 

1.0e-05 

2.8e-08 

9.7e-08 

2.8e-08 
3.8e-08 

2.4e-06 

1.7e-06 

4.6e-06 

3.7e-06 

ML: Maximum Likelihood, BS: Squared Error Loss function, BL: LINEX Loss function, BG: General Entropy Loss function. 

 

In Table 4.2 we present the Mean Square Error estimated values for the scale parameter σ for the MLE and Bayesian 

Estimation using Jeffreys prior information with the three loss functions. 

 

Table 4.2:- MSE Estimated Parameter (σ) using Jeffrey’s prior information.  

 

n 

 

σ 

 

β 

 

𝜍 𝐵𝑆  

𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  

a = k = 0.6 a= k = -0.6 a =k =1.6 a = k = -1.6 

25 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

1.7e-07 

2.0e-07 

8.2e-08 

7.5e-07 

0.00152 

4.7e-06 

6.8e-07 

8.1e-07 

4.7e-08 

5.4e-08 

2.3e-08 

1.9e-07 

0.00011 

5.7e-07 

1.0e-07 

1.1e-07 

4.7e-09 

7.8e-09 

6.3e-11 

1.9e-07 

8.8e-05 

2.5e-08 

4.6e-11 

3.6e-13 

7.9e-08 

9.2e-08 

3.5e-08 

3.6e-07 

0.00251 

3.3e-06 

2.6e-07 

3.3e-07 

6.6e-08 

7.6e-08 

2.8e-08 

3.1e-07 

0.00251 

8.0e-07 

9.8e-08 

1.1e-07 

1.9e-07 

2.1e-07 

9.6e-08 

7.1e-07 

5.8e-05 

4.5e-07 

9.2e-08 

1.0e-07 

3.8e-06 

3.8e-06 

3.2e-06 

1.9e-06 

0.00018 

8.5e-08 

9.4e-08 

1.0e-07 

6.6e-07 

7.8e-07 

2.5e-07 

3.9e-06 

0.20272 

3.1e-05 

6.1e-05 

6.4e-05 

3.5e-07 

4.0e-07 

1.7e-07 

1.3e-06 

0.00749 

3.2e-05 

5.4e-06 

6.4e-06 

50 0.5 
0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.8 
1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

1.3e-08 
1.2e-07 

9.0e-09 

7.1e-07 

6.2e-06 

3.5e-07 

9.5e-07 

3.3e-06 

3.7e-09 
3.2e-08 

2.6e-09 

1.7e-07 

6.3e-07 

4.8e-08 

1.1e-07 

3.7e-07 

2.4e-10 
2.1e-08 

4.6e-10 

4.6e-07 

1.1e-07 

1.8e-10 

4.0e-09 

4.5e-08 

5.5e-09 
5.9e-08 

3.6e-09 

3.7e-07 

6.3e-06 

1.7e-07 

2.4e-06 

3.0e-06 

4.4e-09 
5.0e-08 

2.9e-09 

3.3e-07 

1.1e-06 

5.3e-08 

5.0e-07 

6.2e-07 

1.6e-08 
1.2e-07 

1.1e-08 

6.0e-07 

4.4e-07 

4.2e-08 

2.2e-07 

2.7e-07 

6.9e-07 
7.4e-07 

5.8e-07 

5.8e-07 

1.4e-08 

2.8e-08 

3.7e-09 

7.4e-10 

3.6e-08 
5.9e-07 

2.1e-08 

4.7e-06 

4.7e-05 

1.6e-05 

2.2e-07 

2.8e-06 

2.9e-08 
2.3e-07 

2.0e-08 

1.1e-06 

3.7e-05 

2.6e-06 

1.7e-05 

2.1e-05 

100 0.5 

0.5 

0.5 

0.5 

0.8 

1.2 

0.8 

1.2 

1.1e-08 

4.5e-08 

1.1e-08 

4.0e-07 

3.0e-09 

1.1e-08 

3.2e-09 

9.4e-08 

3.3e-10 

1.1e-08 

3.9e-10 

3.7e-07 

5.1e-09 

2.2e-08 

5.4e-09 

2.2e-07 

4.2e-09 

1.9e-08 

4.5e-09 

1.9e-07 

1.2e-08 

4.3e-08 

1.3e-08 

3.2e-07 

2.3e-07 

1.2e-07 

2.4e-07 

2.0e-06 

4.3e-08 

2.3e-07 

4.5e-08 

2.9e-06 

2.2e-08 

8.2e-08 

2.3e-08 

6.2e-07 
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1.5 

1.5 

1.5 

1.5 

0.8 

1.2 

0.8 

1.2 

4.1e-07 

2.9e-07 

3.6e-07 

2.8e-07 

4.8e-08 

3.5e-08 

4.2e-08 

3.4e-08 

3.1e-09 

1.6e-09 

2.4e-09 

1.4e-09 

3.1e-07 

2.0e-07 

2.6e-07 

1.9e-07 

7.1e-08 

5.0e-08 

6.2e-08 

4.7e-08 

3.7e-08 

2.8e-08 

3.3e-08 

2.7e-08 

3.7e-09 

5.3e-09 

4.4e-09 

5.5e-09 

8.5e-07 

1.9e-06 

1.2e-06 

2.1e-06 

2.7e-06 

2.0e-06 

2.4e-06 

1.9e-06 

 

From Table 4.1 and 4.2 it is observed that Bayes estimation with General Entropy and LINEX loss function provides 

the smallest MSE values in most cases especially compared when the loss parameter values are (0.6, 1.6). Also 

sample size increases MLE has increased and Bayes estimation under all loss functions have decreases in MSE 
values. 

 

In Table 4.3 we present the Mean Square Error estimated values for the shape parameter β for both the MLE and 

Bayesian Estimation using extension of Jeffreys prior information with the three loss functions. 

 

Table 4.3:- MSE Estimated Parameter (β) using Extension of Jeffrey’s prior information  

 

n 

 

σ 

 

c 

 

β 

 

𝛽 𝑀𝐿  

 

𝛽 𝐵𝑆  

𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  

a=k=0.6 a=k=-0.6 a=k=1.6 a=k=-1.6 

25 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.4 

0.4 

1.4 

1.4 

0.4 

0.4 

1.4 

1.4 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.0010 

0.0020 

0.0009 

0.0048 

0.0006 

0.0005 

0.0001 

0.0003 

1.3e-07 

3.9e-07 

3.0e-07 

1.7e-07 

2.2e-08 

2.2e-08 

3.5e-08 

2.8e-09 

7.7e-09 

8.4e-09 

2.5e-08 

4.2e-10 

2.8e-12 

3.8e-10 

1.9e-09 

3.5e-09 

4.7e-07 

3.5e-07 

6.9e-07 

2.8e-07 

3.2e-07 

8.0e-08 

1.2e-07 

1.6e-08 

2.3e-07 

1.3e-06 

4.3e-07 

8.9e-07 

8.8e-08 

2.0e-07 

6.2e-08 

1.4e-08 

9.7e-08 

2.0e-07 

1.8e-07 

1.1e-07 

3.3e-08 

2.2e-08 

2.5e-08 

3.0e-10 

7.0e-11 

2.4e-09 

9.6e-09 

1.4e-08 

1.3e-08 

1.0e-08 

2.0e-12 

1.1e-08 

9.4e-06 

3.1e-06 

1.2e-05 

2.7e-06 

8.0e-06 

8.6e-07 

2.5e-06 

2.4e-07 

1.6e-05 

0.0002 

2.6e-05 

0.0002 

1.0e-05 

6.3e-05 

4.5e-06 

1.4e-05 

8.1e-08 

4.2e-07 

3.0e-07 

5.2e-08 

3.6e-09 

3.0e-09 

2.0e-08 

1.0e-07 

50 0.5 

0.5 
0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.4 

0.4 
1.4 

1.4 

0.4 

0.4 

1.4 

1.4 

0.8 

1.2 
0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.0006 

0.0022 
0.0011 

0.0013 

0.0007 

0.0005 

0.0002 

0.0010 

8.6e-09 

1.0e-07 
4.8e-08 

4.9e-08 

4.1e-09 

3.4e-09 

2.0e-08 

1.1e-09 

2.6e-10 

2.1e-09 
3.7e-09 

3.7e-10 

8.9e-12 

1.2e-10 

1.2e-09 

2.4e-09 

4.8e-08 

9.5e-08 
1.2e-07 

6.5e-08 

6.9e-08 

1.5e-08 

6.8e-08 

1.4e-08 

1.9e-08 

3.6e-07 
7.2e-08 

2.1e-07 

1.7e-08 

3.6e-08 

4.9e-08 

1.5e-08 

7.7e-09 

5.3e-08 
3.0e-08 

2.9e-08 

6.7e-09 

3.9e-09 

2.0e-08 

5.3e-10 

2.8e-10 

7.5e-10 
1.0e-09 

2.0e-09 

3.2e-09 

2.2e-09 

3.0e-11 

8.6e-09 

1.0e-06 

8.3e-07 
2.2e-06 

6.1e-07 

1.7e-06 

1.6e-07 

1.9e-06 

2.0e-07 

1.6e-06 

6.9e-05 
4.5e-06 

4.8e-05 

2.2e-06 

1.2e-05 

3.5e-06 

1.2e-05 

1.9e-09 

1.0e-07 
4.4e-08 

2.7e-08 

1.3e-09 

1.6e-09 

1.8e-08 

6.9e-08 

100 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 
1.5 

0.4 

0.4 

1.4 

1.4 

0.4 

0.4 

1.4 
1.4 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.8 
1.2 

0.0016 

0.0025 

0.0014 

0.0015 

0.0003 

0.0008 

0.0005 
0.0008 

9.0e-09 

2.9e-08 

2.8e-08 

1.2e-08 

3.2e-10 

1.7e-09 

8.6e-09 
2.5e-10 

5.0e-10 

6.7e-10 

2.4e-09 

7.6e-11 

1.3e-11 

3.2e-11 

5.3e-10 
5.1e-10 

3.2e-08 

2.5e-08 

5.9e-08 

1.7e-08 

8.9e-09 

6.5e-09 

2.8e-08 
2.9e-09 

1.5e-08 

9.8e-08 

3.8e-08 

5.6e-08 

1.9e-09 

1.6e-08 

1.4e-08 
3.1e-09 

6.5e-09 

1.4e-08 

1.6e-08 

7.5e-09 

7.2e-10 

1.8e-09 

6.0e-09 
1.0e-10 

2.7e-12 

1.2e-10 

1.0e-09 

6.0e-10 

6.2e-10 

8.3e-10 

2.2e-11 
1.7e-09 

6.4e-07 

2.1e-07 

1.0e-06 

1.6e-07 

2.3e-07 

7.0e-08 

5.5e-07 
4.2e-08 

1.1e-06 

1.8e-05 

2.2e-06 

1.2e-05 

2.7e-07 

5.1e-06 

1.0e-06 
2.6e-06 

5.3e-09 

3.3e-08 

2.9e-08 

6.0e-09 

5.5e-10 

2.7e-10 

5.7e-09 
1.4e-08 

ML: Maximum Likelihood, BS: Squared Error Loss function, BL: LINEX Loss function, BG: General Entropy Loss function. 

 

In Table 4.4 we present the Mean Square Error estimated values for the shape parameter β for both the MLE and 

Bayesian Estimation using Jeffreys prior information with the three loss functions. 

 

Table 4.4:- MSE Estimated Parameter (β) using Jeffreys prior information  

 

n 

 

σ 

 

β 

 

𝛽 𝐵𝑆  

𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  

a=k=0.6 a=k=-0.6 a=k=1.6 a=k=-1.6 

25 0.5 

0.5 

0.5 

0.5 

1.5 

0.8 

1.2 

0.8 

1.2 

0.8 

1.5e-07 

3.5e-07 

8.7e-08 

4.7e-07 

3.2e-08 

9.3e-09 

6.7e-09 

4.0e-09 

9.9e-09 

7.7e-11 

5.0e-07 

3.3e-07 

3.7e-07 

4.3e-07 

3.5e-07 

2.5e-07 

1.2e-06 

1.6e-07 

1.6e-06 

1.0e-07 

1.0e-07 

1.8e-07 

6.9e-08 

2.4e-07 

4.1e-08 

3.5e-10 

3.2e-09 

2.7e-10 

3.1e-09 

1.0e-08 

9.8e-06 

2.9e-06 

7.7e-06 

3.7e-06 

8.5e-06 

1.8e-05 

0.00024 

1.3e-05 

0.00031 

1.1e-05 

1.0e-07 

3.5e-07 

3.8e-08 

5.0e-07 

4.5e-10 
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1.5 

1.5 

1.5 

1.2 

0.8 

1.2 

1.6e-08 

2.0e-09 

4.1e-09 

6.7e-10 

7.9e-11 

6.4e-10 

7.4e-08 

5.5e-08 

3.2e-08 

1.7e-07 

1.2e-08 

7.0e-08 

1.9e-08 

4.5e-09 

6.8e-09 

1.1e-08 

3.8e-09 

6.3e-09 

8.2e-07 

1.4e-06 

3.7e-07 

5.9e-05 

1.7e-06 

2.6e-05 

9.0e-09 

3.3e-09 

1.2e-08 

50 0.5 

0.5 

0.5 

0.5 

1.5 
1.5 

1.5 

1.5 

0.8 

1.2 

0.8 

1.2 

0.8 
1.2 

0.8 

1.2 

1.0e-08 

9.3e-08 

1.1e-08 

1.1e-07 

6.0e-09 
2.3e-09 

1.7e-09 

5.1e-09 

3.8e-10 

1.6e-09 

3.4e-10 

3.0e-09 

3.6e-12 
2.0e-10 

5.6e-12 

3.5e-10 

5.1e-08 

9.0e-08 

6.2e-08 

9.6e-08 

7.5e-08 
1.4e-08 

3.0e-08 

2.7e-08 

2.1e-08 

3.3e-07 

2.4e-08 

3.8e-07 

2.1e-08 
3.2e-08 

1.0e-08 

6.5e-08 

8.7e-09 

4.9e-08 

1.0e-08 

5.7e-08 

8.2e-09 
3.2e-09 

4.0e-09 

6.7e-09 

1.6e-10 

9.9e-10 

3.7e-10 

2.9e-10 

2.6e-09 
2.4e-09 

2.3e-09 

4.6e-09 

1.1e-06 

8.0e-07 

1.3e-06 

8.2e-07 

1.8e-06 
1.5e-07 

1.1e-06 

3.1e-07 

1.7e-06 

6.6e-05 

2.1e-06 

6.9e-05 

2.4e-06 
1.1e-05 

1.4e-06 

2.2e-05 

3.2e-09 

9.0e-08 

2.5e-09 

1.4e-07 

3.3e-10 
3.3e-09 

1.2e-09 

5.5e-09 

100 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

1.0e-08 

2.6e-08 

9.0e-09 

3.0e-08 

5.2e-10 

1.2e-09 

8.6e-10 

1.0e-09 

6.1e-10 

5.5e-10 

4.9e-10 

7.3e-10 

3.1e-12 

5.7e-11 

2.7e-13 

7.5e-11 

3.4e-08 

2.4e-08 

3.3e-08 

2.5e-08 

9.7e-09 

6.0e-09 

1.2e-08 

5.7e-09 

1.7e-08 

9.1e-08 

1.5e-08 

9.8e-08 

2.4e-09 

1.4e-08 

3.4e-09 

1.3e-08 

7.2e-09 

1.3e-08 

6.6e-09 

1.4e-08 

9.1e-10 

1.5e-09 

1.3e-09 

1.3e-09 

1.9e-11 

1.7e-10 

6.1e-13 

9.7e-11 

5.1e-10 

9.1e-10 

5.5e-10 

9.6e-10 

6.7e-07 

2.1e-07 

6.6e-07 

2.1e-07 

2.4e-07 

6.6e-08 

3.1e-07 

6.3e-08 

1.2e-06 

1.7e-05 

1.1e-06 

1.8e-05 

3.1e-07 

4.8e-06 

4.1e-07 

4.5e-06 

6.6e-09 

2.8e-08 

5.1e-09 

3.6e-08 

2.6e-10 

7.8e-10 

1.6e-10 

1.2e-09 

 

From Tables 4.3 and 4.4, Bayesian estimation under LINEX loss gives smaller Mean Squared Error as compared to 
the others. It is observed again from Table 3.4 that as the sample size increases, the Mean Squared Error values of 

the MLE has increased and Bayes estimation under all loss functions have decreases. 

 

In Table 4.5 we present the Absolute Bias estimated values for the scale parameter σ for both the Maximum 

Likelihood Estimation and Bayesian Estimation using extension of Jeffrey’s prior information with the three loss 

functions. 

 

Table 4.5:- Absolute Bias Estimated Parameter (σ) using Extension of Jeffrey’s prior information 

 

n 

 

σ 

 

c 

 

β 

 

𝜍 𝑀𝐿  

 

𝜍 𝐵𝑆  

𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  

a = k = 0.6 a= k = -0.6 a =k =1.6 a = k = -1.6 

25 0.5 

0.5 

0.5 
0.5 

1.5 

1.5 

1.5 

1.5 

0.4 

0.4 

1.4 
1.4 

0.4 

0.4 

1.4 

1.4 

0.8 

1.2 

0.8 
1.2 

0.8 

1.2 

0.8 

1.2 

0.0138 

0.0136 

0.0164 
0.0108 

0.0209 

0.0349 

0.0504 

0.0001 

1.5e-05 

1.6e-05 

1.9e-05 
3.3e-05 

0.00120 

6.3e-05 

4.3e-05 

4.7e-05 

7.7e-06 

8.2e-06 

7.9e-06 
1.3e-05 

0.00033 

2.2e-05 

1.4e-05 

1.5e-05 

5.7e-06 

6.5e-06 

5.2e-05 
9.6e-05 

0.00028 

3.3e-06 

5.2e-06 

5.7e-06 

1.0e-05 

1.1e-05 

1.7e-05 
3.0e-05 

0.00154 

4.9e-05 

4.1e-05 

4.5e-05 

9.6e-06 

1.0e-05 

1.7e-05 
3.0e-05 

0.00057 

2.5e-05 

1.8e-05 

2.0e-05 

1.5e-05 

1.6e-05 

1.0e-05 
1.7e-05 

0.00023 

2.0e-05 

1.2e-05 

1.3e-05 

4.2e-05 

4.2e-05 

0.00033 
0.00063 

0.00041 

1.2e-05 

4.7e-08 

3.2e-07 

3.2e-05 

3.5e-05 

8.5e-05 
0.00015 

0.01371 

0.00027 

5.7e-05 

7.3e-05 

2.0e-05 

2.2e-05 

1.6e-05 
2.7e-05 

0.00267 

0.00016 

0.00010 

0.00011 

50 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.4 

0.4 

1.4 

1.4 

0.4 

0.4 

1.4 

1.4 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.0371 

0.0237 

0.0410 

0.0190 

0.0563 

0.0882 

0.0621 

0.0607 

4.2e-06 

1.2e-05 

7.4e-06 

1.9e-05 

7.4e-05 

1.6e-05 

7.5e-05 

8.2e-05 

2.2e-06 

6.2e-06 

3.0e-06 

7.4e-06 

2.4e-05 

6.5e-06 

1.4e-05 

2.5e-05 

6.6e-07 

7.1e-06 

1.9e-05 

6.2e-05 

9.3e-06 

1.5e-07 

7.0e-06 

1.4e-05 

2.8e-06 

8.8e-06 

6.5e-06 

1.8e-05 

7.2e-05 

1.0e-05 

8.2e-05 

9.0e-05 

2.6e-06 

8.2e-06 

6.5e-06 

1.8e-05 

3.2e-05 

6.4e-06 

3.3e-05 

3.7e-05 

4.4e-06 

1.2e-05 

4.1e-06 

8.7e-06 

2.0e-05 

6.2e-06 

1.8e-05 

1.9e-05 

2.0e-05 

1.38e-05 

0.00012 

0.00042 

1.18e-06 

6.32e-06 

1.05e-05 

1.24e-05 

8.2e-06 

2.9e-05 

3.2e-05 

9.6e-05 

0.00013 

0.00016 

0.00040 

0.00047 

6.0e-06 

1.6e-05 

6.5e-06 

1.4e-05 

0.00018 

4.7e-05 

0.00017 

0.00019 

100 0.5 
0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.4 
0.4 

1.4 

1.4 

0.4 

0.4 

1.4 

1.4 

0.8 
1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.0571 
0.0453 

0.0567 

0.0350 

0.1354 

0.1428 

0.1381 

0.1439 

3.8e-06 
7.5e-06 

6.2e-06 

9.4e-06 

1.8e-05 

1.5e-05 

2.8e-05 

2.5e-05 

1.9e-06 
3.7e-06 

2.4e-06 

3.3e-06 

6.5e-06 

5.6e-06 

8.7e-06 

7.9e-06 

1.4e-06 
4.8e-06 

1.6e-05 

3.4e-05 

1.2e-06 

8.3e-07 

4.4e-06 

3.8e-06 

2.6e-06 
5.3e-06 

5.4e-06 

9.0e-06 

1.5e-05 

1.2e-05 

2.9e-05 

2.6e-05 

2.4e-06 
5.0e-06 

5.5e-06 

9.3e-06 

7.6e-06 

6.3e-06 

1.2e-05 

1.1e-05 

3.8e-06 
7.1e-06 

3.3e-06 

3.3e-06 

5.9e-06 

5.1e-06 

7.1e-06 

6.4e-06 

1.0e-05 
3.62e-06 

0.0001 

0.00024 

2.80e-06 

3.08e-06 

2.95e-06 

2.31e-06 

8.3e-06 
1.8e-05 

2.7e-05 

5.0e-05 

5.6e-05 

6.8e-05 

0.00012 

0.00010 

5.3e-06 
9.8e-06 

5.3e-06 

6.1e-06 

4.9e-05 

4.2e-05 

6.8e-05 

6.1e-05 
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ML: Maximum Likelihood, BS: Squared Error Loss function, BL: LINEX Loss function, BG: General Entropy Loss function. 

 

In Table 4.6 we present the Absolute Bias estimated values for the scale parameter σ for the MLE and Bayesian 

Estimation using Jeffreys prior information with the three loss functions. 

Table 4.6:- Absolute Bias Estimated Parameter (σ) using Jeffreys prior information 

 

n 

 

σ 

 

β 

 

𝜍 𝐵𝑆  

𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  𝜍 𝐵𝐿  𝜍 𝐵𝐺  

a = k = 0.6 a= k = -0.6 a =k =1.6 a = k = -1.6 

25 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

1.3e-05 

1.4e-05 

9.0e-06 

2.7e-05 

0.00123 

6.8e-05 

2.6e-05 

2.8e-05 

6.9e-06 

7.3e-06 

4.7e-06 

1.3e-05 

0.00034 

2.3e-05 

1.0e-05 

1.0e-05 

2.1e-06 

2.7e-06 

2.5e-07 

1.4e-05 

0.00029 

5.0e-06 

2.1e-07 

1.9e-08 

8.9e-06 

9.6e-06 

5.9e-06 

1.9e-05 

0.00158 

5.7e-05 

1.6e-05 

1.8e-05 

8.1e-06 

8.7e-06 

5.3e-06 

1.7e-05 

0.00059 

2.8e-05 

9.9e-06 

1.0e-05 

1.3e-05 

1.4e-05 

9.8e-06 

2.6e-05 

0.00024 

2.1e-05 

9.6e-06 

1.0e-05 

6.1e-05 

6.2e-05 

5.7e-05 

4.4e-05 

0.00043 

9.2e-06 

9.7e-06 

1.0e-05 

2.5e-05 

2.8e-05 

1.5e-05 

6.2e-05 

0.01424 

0.00017 

0.00024 

0.00025 

1.8e-05 

2.0e-05 

1.3e-05 

3.6e-05 

0.00273 

0.00018 

7.3e-05 

8.0e-05 

50 0.5 
0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.8 
1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

3.6e-06 
1.2e-07 

3.0e-06 

2.6e-05 

7.8e-05 

1.8e-05 

3.0e-05 

5.8e-05 

1.9e-06 
5.3e-06 

1.6e-06 

1.3e-05 

2.5e-05 

6.9e-06 

1.0e-05 

1.9e-05 

4.9e-07 
2.1e-08 

6.8e-07 

2.1e-05 

1.0e-05 

4.2e-07 

2.0e-06 

6.7e-06 

2.3e-06 
7.7e-06 

1.9e-06 

1.9e-05 

7.9e-05 

1.3e-05 

4.9e-05 

5.5e-05 

2.1e-06 
7.1e-06 

1.7e-06 

1.8e-05 

3.4e-05 

7.3e-06 

2.2e-05 

2.5e-05 

4.0e-06 
1.1e-05 

3.3e-06 

2.4e-05 

2.1e-05 

6.5e-06 

1.5e-05 

1.6e-05 

2.6e-05 
2.7e-05 

2.4e-05 

2.4e-05 

3.7e-06 

5.3e-06 

1.9e-06 

8.6e-07 

6.0e-06 
2.4e-05 

4.6e-06 

6.8e-05 

0.00021 

0.00012 

1.5e-05 

5.3e-05 

5.3e-06 
1.5e-05 

4.5e-06 

3.4e-05 

0.00019 

5.1e-05 

0.00013 

0.00014 

100 0.5 

0.5 

0.5 

0.5 

1.5 
1.5 

1.5 

1.5 

0.8 

1.2 

0.8 

1.2 

0.8 
1.2 

0.8 

1.2 

3.3e-06 

6.7e-06 

3.4e-06 

2.0e-05 

2.0e-05 
1.7e-05 

1.9e-05 

1.6e-05 

1.7e-06 

3.4e-06 

1.7e-06 

9.7e-06 

6.9e-06 
5.9e-06 

6.5e-06 

5.8e-06 

5.7e-07 

3.4e-06 

6.3e-07 

1.9e-05 

1.7e-06 
1.2e-06 

1.5e-06 

1.2e-06 

2.2e-06 

4.7e-06 

2.3e-06 

1.4e-05 

1.7e-05 
1.4e-05 

1.6e-05 

1.4e-05 

2.0e-06 

4.3e-06 

2.1e-06 

1.4e-05 

8.4e-06 
7.0e-06 

7.9e-06 

6.9e-06 

3.5e-06 

6.6e-06 

3.6e-06 

1.7e-05 

6.1e-06 
5.3e-06 

5.8e-06 

5.2e-06 

1.5e-05 

1.1e-05 

1.5e-05 

4.5e-05 

1.9e-06 
2.3e-06 

2.1e-06 

2.3e-06 

6.5e-06 

1.5e-05 

6.7e-06 

0.00013 

2.9e-05 
4.4e-05 

3.5e-05 

4.5e-05 

4.7e-06 

9.0e-06 

4.8e-06 

6.0e-06 

5.2e-05 
4.5e-05 

4.9e-05 

4.4e-05 

From Table 4.5 and 4.6 it is observed that Bayes estimation with LINEX loss function provides the smallest 

Absolute Bias values in most cases and as the sample size increases Absolute values of the MLE increased and 

Bayes estimation under all loss functions decreases. 

 

In Table 4.7 we present the Absolute Bias estimated values for the shape parameter β for both the Maximum 

Likelihood Estimation and Bayesian Estimation using extension of Jeffrey’s prior information with the three loss 

functions. 

 

Table 4.7:- Absolute Bias Estimated Parameter (β) using extension of Jeffrey’s prior information 

 

n 

 

σ 

 

c 

 

β 

 

𝛽 𝑀𝐿  

 

𝛽 𝐵𝑆  

𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  

a=k=0.6 a=k=-0.6 a=k=1.6 a=k=-1.6 

25 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.4 

0.4 

1.4 

1.4 

0.4 

0.4 

1.4 

1.4 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.0010 

0.0014 

0.0009 

0.0022 

0.0008 

0.0007 

0.0003 

0.0006 

1.1e-05 

1.9e-05 

1.7e-05 

1.3e-05 

4.7e-06 

4.7e-06 

5.9e-06 

4.0e-06 

2.7e-06 

2.9e-06 

5.0e-06 

6.5e-07 

5.3e-08 

6.1e-07 

1.3e-06 

1.8e-06 

2.1e-05 

1.8e-05 

2.6e-05 

1.6e-05 

1.8e-05 

8.9e-06 

1.1e-05 

4.0e-06 

1.5e-05 

3.6e-05 

2.0e-05 

2.9e-05 

9.3e-06 

1.4e-05 

7.8e-06 

3.8e-06 

9.8e-06 

1.4e-05 

1.3e-05 

1.0e-05 

5.8e-06 

4.7e-06 

5.0e-06 

5.4e-07 

2.6e-07 

1.5e-06 

3.1e-06 

3.7e-06 

3.7e-06 

3.1e-06 

4.4e-08 

3.3e-06 

9.7e-05 

5.5e-05 

0.0001 

5.2e-05 

8.9e-05 

2.9e-05 

5.0e-05 

1.5e-05 

0.00013 

0.00050 

0.00016 

0.00046 

0.00010 

0.00025 

6.7e-05 

0.00012 

9.0e-06 

2.0e-05 

1.7e-05 

7.2e-06 

1.9e-06 

1.7e-06 

4.4e-06 

1.0e-05 

50 0.5 

0.5 

0.5 
0.5 

1.5 

0.4 

0.4 

1.4 
1.4 

0.4 

0.8 

1.2 

0.8 
1.2 

0.8 

0.0008 

0.0015 

0.0010 
0.0011 

0.0008 

2.9e-06 

1.0e-05 

7.0e-06 
7.0e-06 

2.0e-06 

5.1e-07 

1.4e-06 

1.9e-06 
6.1e-07 

9.4e-08 

6.9e-06 

9.7e-06 

1.1e-05 
8.0e-06 

8.3e-06 

4.3e-06 

1.9e-05 

8.5e-06 
1.4e-05 

4.2e-06 

2.7e-06 

7.3e-06 

5.5e-06 
5.4e-06 

2.5e-06 

5.3e-07 

8.7e-07 

1.0e-06 
1.4e-06 

1.8e-06 

3.2e-05 

2.8e-05 

4.7e-05 
2.4e-05 

4.1e-05 

4.0e-05 

0.00026 

6.7e-05 
0.00022 

4.7e-05 

1.4e-06 

1.0e-05 

6.6e-06 
5.2e-06 

1.1e-06 
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1.5 

1.5 

1.5 

0.4 

1.4 

1.4 

1.2 

0.8 

1.2 

0.0007 

0.0006 

0.0010 

1.8e-06 

5.3e-06 

1.0e-06 

3.5e-07 

1.1e-06 

1.5e-06 

3.8e-06 

8.2e-06 

3.7e-06 

6.0e-06 

7.0e-06 

3.9e-06 

1.9e-06 

4.5e-06 

7.2e-07 

1.4e-06 

1.7e-07 

2.9e-06 

1.2e-05 

1.7e-07 

1.4e-05 

0.00010 

5.9e-05 

0.00011 

1.2e-06 

4.2e-06 

8.3e-06 

100 0.5 

0.5 

0.5 

0.5 

1.5 
1.5 

1.5 

1.5 

0.4 

0.4 

1.4 

1.4 

0.4 
0.4 

1.4 

1.4 

0.8 

1.2 

0.8 

1.2 

0.8 
1.2 

0.8 

1.2 

0.0012 

0.0015 

0.0012 

0.0012 

0.0006 
0.0009 

0.0007 

0.0009 

3.0e-06 

5.4e-06 

5.3e-06 

3.5e-06 

5.6e-07 
1.3e-06 

2.9e-06 

5.0e-07 

7.1e-07 

8.2e-07 

1.5e-06 

2.7e-07 

1.1e-07 
1.8e-07 

7.2e-07 

7.1e-07 

5.6e-06 

5.0e-06 

7.7e-06 

4.1e-06 

2.9e-06 
2.5e-06 

5.3e-06 

1.7e-06 

3.9e-06 

9.9e-06 

6.2e-06 

7.4e-06 

1.4e-06 
4.0e-06 

3.7e-06 

1.7e-06 

2.5e-06 

3.8e-06 

4.0e-06 

2.7e-06 

8.5e-07 
1.3e-06 

2.4e-06 

3.2e-07 

5.2e-08 

3.6e-07 

1.0e-06 

7.7e-07 

7.8e-07 
9.1e-07 

1.5e-07 

1.3e-06 

2.5e-05 

1.4e-05 

3.2e-05 

1.2e-05 

1.5e-05 
8.3e-06 

2.3e-05 

6.4e-06 

3.3e-05 

0.00013 

4.7e-05 

0.00011 

1.6e-05 
7.1e-05 

3.1e-05 

5.1e-05 

2.3e-06 

5.8e-06 

5.4e-06 

2.4e-06 

7.4e-07 
5.2e-07 

2.4e-06 

3.7e-06 

ML: Maximum Likelihood, BS: Squared Error Loss function, BL: LINEX Loss function, BG: General Entropy Loss function. 

 

In Table 4.6 we present the Absolute Bias estimated values for the shape parameter β for the MLE and Bayesian 

Estimation using Jeffreys prior information with the three loss functions. 

 

Table 4.8:- Absolute Bias Estimated Parameter (β) using Jeffreys prior information 

 

n 

 

σ 

 

β 

 

𝛽 𝐵𝑆  

𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  𝛽 𝐵𝐿  𝛽 𝐵𝐺  

a=k=0.6 a=k=-0.6 a=k=1.6 a=k=-1.6 

25 0.5 

0.5 
0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.8 

1.2 
0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

1.2e-05 

1.8e-05 
9.3e-06 

2.1e-05 

5.6e-06 

4.0e-06 

1.4e-06 

2.0e-06 

3.0e-06 

2.6e-06 
2.0e-06 

3.1e-06 

2.7e-07 

8.2e-07 

2.8e-07 

8.0e-07 

2.2e-05 

1.8e-05 
1.9e-05 

2.0e-05 

1.8e-05 

8.6e-06 

7.4e-06 

5.6e-06 

1.5e-05 

3.5e-05 
1.2e-05 

4.0e-05 

1.0e-05 

1.3e-05 

3.5e-06 

8.4e-06 

1.0e-05 

1.3e-05 
8.3e-06 

1.5e-05 

6.4e-06 

4.3e-06 

2.1e-06 

2.6e-06 

6.0e-07 

1.8e-06 
5.2e-07 

1.7e-06 

3.3e-06 

3.3e-06 

1.9e-06 

2.5e-06 

9.9e-05 

5.4e-05 
8.8e-05 

6.1e-05 

9.2e-05 

2.8e-05 

3.7e-05 

1.9e-05 

0.00013 

0.00049 
0.00011 

0.00055 

0.00010 

0.00024 

4.1e-05 

0.00016 

1.0e-05 

1.8e-05 
6.1e-06 

2.2e-05 

6.7e-07 

3.0e-06 

1.8e-06 

3.4e-06 

50 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 
1.5 

1.5 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 
0.8 

1.2 

3.2e-06 

9.6e-06 

3.3e-06 

1.0e-05 

2.4e-06 

1.5e-06 
1.3e-06 

2.2e-06 

6.2e-07 

1.3e-06 

5.8e-07 

1.7e-06 

6.0e-08 

4.4e-07 
7.5e-08 

5.9e-07 

7.2e-06 

9.5e-06 

7.9e-06 

9.8e-06 

8.6e-06 

3.7e-06 
5.5e-06 

5.2e-06 

4.6e-06 

1.8e-05 

4.9e-06 

1.9e-05 

4.6e-06 

5.6e-06 
3.2e-06 

8.0e-06 

2.9e-06 

7.0e-06 

3.1e-06 

7.6e-06 

2.8e-06 

1.8e-06 
2.0e-06 

2.5e-06 

4.0e-07 

9.9e-07 

6.1e-07 

5.3e-07 

1.6e-06 

1.5e-06 
1.5e-06 

2.1e-06 

3.3e-05 

2.8e-05 

3.7e-05 

2.8e-05 

4.2e-05 

1.2e-05 
3.3e-05 

1.7e-05 

4.2e-05 

0.00025 

4.6e-05 

0.00026 

4.9e-05 

0.00010 
3.7e-05 

0.00014 

1.8e-06 

9.5e-06 

1.5e-06 

1.2e-05 

5.7e-07 

1.8e-06 
1.1e-06 

2.3e-06 

100 0.5 

0.5 

0.5 

0.5 

1.5 

1.5 

1.5 

1.5 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

0.8 

1.2 

3.2e-06 

5.1e-06 

3.0e-06 

5.5e-06 

3.1e-06 

1.1e-06 

9.3e-07 

1.0e-06 

7.8e-07 

7.4e-07 

7.0e-07 

8.5e-07 

5.6e-08 

2.4e-07 

8.8e-07 

2.7e-07 

5.8e-06 

4.9e-06 

5.7e-06 

5.0e-06 

3.1e-06 

2.4e-06 

3.5e-06 

2.3e-06 

4.1e-06 

9.5e-06 

4.0e-06 

9.9e-06 

3.1e-06 

3.8e-06 

1.8e-06 

3.6e-06 

2.6e-06 

3.6e-06 

2.5e-06 

3.8e-06 

9.5e-07 

1.2e-06 

1.1e-06 

1.1e-06 

1.3e-07 

4.2e-07 

2.4e-08 

3.1e-07 

7.1e-07 

9.5e-07 

7.4e-07 

9.8e-07 

2.5e-05 

1.4e-05 

2.5e-05 

1.4e-05 

1.5e-05 

8.1e-06 

1.7e-05 

8.0e-06 

3.5e-05 

0.00013 

3.4e-05 

0.00013 

1.7e-05 

6.9e-05 

2.0e-05 

6.7e-05 

2.5e-06 

5.3e-06 

2.2e-06 

6.0e-06 

5.1e-07 

8.8e-07 

4.0e-07 

1.0e-06 

 

Similarly, it has also been observed from Table 4.7 and 4.8 the estimator that gives the minimum Absolute Bias over 

all the other estimators in majority of the cases is Bayes estimator under LINEX loss function. 

  

Illustration:- 
The real data set is about a clinical Trial in the Treatment of Carcinoma of the Oropharynx (PHARYNX) data 

extracted from [22]. The data file gives the data for a part of a large clinical trial carried out by the Radiation 

Therapy Oncology Group in the United States. This data consists of a total of 195 respondents of which 53 are alive 

and 142 are dead. Here we considered age in years at time of diagnosis is the most factors. Table 5.1 depicts the 

Standard Error values for estimated parameters using PHARYNX Data. 

 

Table 5.1:- Estimated parameter Using PHARYNX Data 



ISSN: 2320-5407                                                                                Int. J. Adv. Res. 4(12), 1767-1778 

1777 

 

Parameters MLE BS BL BG 

𝜍  1.0206 0.5000 0.0997 24.0223 

𝛽  0.9969 0.5971 0.1997 24.1045 

ML: Maximum Likelihood  

BS: Squared Error Loss function  

BL: LINEX Loss function 

BG: General Entropy Loss function. 
 

From Table 5.1, we observe that, Bayesian estimator under LINEX loss function has the smallest values for both the 

scale parameter σ and the shape parameter β. So that the Bayes estimators of parameters under LINEX loss function 

is best estimation method for Constant Shape Bi-Weibull Distribution using PHARYNX Data.  

 

Conclusion:- 
In this paper, we have addressed the problem of Bayesian estimation for the Constant Shape Bi-Weibull distribution, 
under Asymmetric and Symmetric loss functions and that of Maximum Likelihood Estimation. Bayes estimators 

were obtained using Lindley approximation while MLE were obtained using Newton-Raphson method. A 

Simulation study was conducted to examine and compare the performance of the estimates for different sample sizes 

with different values for the extension of Jeffreys’ prior and the loss functions. From the results, we observe that in 

most cases, Bayesian estimator under LINEX loss function has the smallest Mean Squared Error values and 

minimum Bias for both the scale parameter σ and the shape parameter β in most cases especially compared when the 

loss parameter values are (0.6, 1.6), for both values of the extension of Jeffreys’ prior and Jeffreys’ information.  
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