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Introduction:-

Fractional calculus deals with the investigations of derivatives and integrals of any arbitrary real or complex order
( non-integer order ). The fractional order differentiation and integration represents a rapidly growing field both in
theory and applications of real world problems. The class of fractional differential equations of various types plays
important roles in physics, control systems, dynamical systems and engineering, porous media [ 1,3,7 ] [5].In the
recent years, there has been a significant development in fractional calculus and fractional differential equations
[1,5,8] Different aspects of solutions of differential equations can be resolved by using differential and integral
inequalities. Perhaps Gronwall type inequalities and their generalizations is the most useable tool in the literature.
The integral inequalities involving functions of one and more than one independent variables which provide explicit
bounds on unknown functions play a fundamental role in the development of the theory of differential equations
[16]. As an application of Generalized Gronwall -type inequalities, we prove the uniqueness and boundedness of
solutions of the R-L fractional differential equation of order 0 < a < 1.

In this paper we consider the following initial value problem
(1.1) Diu(x) = f(xu(x)),0 <x<X.
(1.2) with initial condition D¢t u(x)|,—g = 6

Where0 < a < 1,fe C(R X R,R), D? denotes the Riemann-Liouville fractional derivative defined by
1

d (* u
DXU(X) = m a fo (x —t) *v(t)dt

In this paper, we apply some new generalized Gronwall-type inequalities suitable for the qualitative and quantitative
analysis of the solutions to fractional differential equations. In section 2 we introduce some preliminary definitions
and results. In section 3 we investigate a certain fractional differential equation , in which the boundedness and
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uniqueness on initial data for the solution to the fractional differential equation are investigated by the use of the
generalized Gronwall-type inequalities.

Preliminaries:-

The definitions of Riemann-Liouville fractional derivative and integral are given in [5].
Definition(2.1)[5]: Let fe L,[a, b], aeR*, the Riemann — Liouville fractional integral of
order a is defined as

(2.1) 12v(x) = m f (x —s)%v(s)ds  for all xe [a, b].

The author in [4] studied IVP (1.1)-(1.2) for existence and uniqueness. The equivalent integral equation
corresponding to IVP(1.1)-(1.2) is

(2.2) u@ = ;ox T s [ = 0 (G u)de

Now we present some generalized Gronwall-type inequalities studied by [4] which are required to prove the

boundedness and uniqueness of IVP (1.1)-(1.2).
Lemma (2.1)[2]: Assume that a >0,p=q=0 Wlthp # 0.Then, for any K > 0, we have
a-r
(2.3) aq < KP a+ =2 I(p
Theorem(2.2)[2]: Suppose that a > 0O,p=1 are constants,LeC(R, X R,,R,)with
0<L(tu-— L{t,v)<T(u-v) foru=zv=0,
where T is the Lipschitz constant u, a, h are nonnegative functions locally integrable on [0, X)
with h nondecreasing and bounded by M ,where M is a positive constant .If the following
inequality is satisfied :

(2.4) uP(x) = alx) +— r( S h(x) fox(x — ) L(t,u))dt, 0 < x < X.
then we have the following explicit estimate for u:
1
1;1’ Ty p
2.5) u(@) < {a(x) + I [Zw (1 ) 20 (x - t)w—la(t)] dt}p
(2.6) Where d@(x) = a(x) + T) h(x) and K > 0 is a constant.
Main Result:-

We prove boundedness and uniqueness of solution of IVP (1.1)-(1.2) in this section.

Theorem(3.1): For IVP(),if |f (x,uw)| < L(x, lul), where L is defined as in the Theorem(2.2),
(3.1) ulx) < =161+

then we have the following estimate :
hd T —2\" x(n+1)a—1
KT) Z——1ol| ,0sx<x
(@) Z(p Tt Da *

xa= -1
where K > 0 is a constant ,and T is defined as in Theorem(2.1).

Proof: The integral equation corresponding to IVP (1.1)-(1.2) is

(3.2) u(x) = % +— ( s Iy G = 0 (L u()de
Therefore,
[u(o)] < 1_(1)35 1_( ) f (x—t)* 1|f(t u(t))|dt
r( )|6|+1_( ) f (x—O)*IL(t, [u@®)Ddt ,0<x <X.
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Then application of Theorem (2.2) gives

X~ 1 x
ulx) <——161+ f
0

> (i) Sy

“I'(e) e
x* 1 T -2 " xtDa-1p (g na)
ol + | Y (5K%) 151
I'(a) P 3 I'(na)I'(a)
xa—l i T =2 n x(n+1)a—1
. = _KT> , < X.
(3:3) L 2(3 Tl 0sx<

which is the required result.

Theorem(3.2):If |f(x,u) — f(x,v)| < L(x, |lu — v|),where L is defined as in the
Theorem(2.2) ,and L(t,0) = 0,then IVP(1.1) — (1.2 ) has a unique solution.
Proof: Suppose that IVP (1.1)-(1.2) has two solutions u, (x) and u, (x).

Then we have

1) 1 x
(3.49) (@) mox s [ G 0 (@)
0
1) 1 x
(3.5) 00 posx s | = (b @)de
0
Now

u(x) — up(x) =

F( 5 J (= ) (6w () = £ (&, wa(0))]de
[u; (%) — u,(0)| < m Jo (= O f(tu (®) — £t u (8)|dt

(3.6) — f (x = )*L(t, luy (8) — u, (0)Ddt

r(01)

Consider |u, (t) — u, (t)| as independent function and applying Theorem (2.2) to (3.6) , we get

lu; () — u, ()| <0
which implies vy (x) = u, (x).

This completes the proof.

Conclusions:-

In this paper, by using generalized inequalities of Gronwall type we establish the boundedness and uniqueness
aspects of solution of fractional differential equations. While proving the uniqueness of solution of fractional
differential equations integral inequalities proves a powerful technique.
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