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Introduction:- 
Fractional calculus deals with the investigations of derivatives and integrals of any arbitrary real or complex order    

( non-integer order ). The fractional order differentiation and integration represents a rapidly growing field both in 

theory and applications of real world problems. The class of fractional differential equations of various types plays 

important roles in physics, control systems, dynamical systems and engineering, porous media [ 1,3,7 ] [5].In the 

recent years, there has been a significant development in fractional calculus and fractional differential equations 
[1,5,8] Different aspects of solutions of differential equations can be resolved by using differential and integral 

inequalities. Perhaps Gronwall type inequalities and their generalizations is the most useable tool in the literature. 

The integral inequalities involving functions of one and more than one independent variables which provide explicit 

bounds on unknown functions play a fundamental role in the development of the theory of differential equations 

[16]. As an application of Generalized Gronwall -type inequalities, we prove the uniqueness and boundedness of 

solutions of the R-L fractional differential equation of order 0 < 𝛼 < 1 .  
     

In this paper we consider the following initial value problem 

(1.1)                                                  D𝑥
𝛼𝑢 𝑥 =  𝑓 𝑥, 𝑢 𝑥   , 0 ≤ 𝑥 ≤ 𝑋. 

 1.2             𝑤𝑖𝑡𝑕 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛            D𝑥
𝛼−1   𝑢 𝑥  𝑥=0 =  𝛿 

 

Where 0 < 𝛼 < 1 , 𝑓𝜖 𝐶 𝑅 × 𝑅 , 𝑅 ,   D𝑥
𝛼  denotes the Riemann-Liouville fractional derivative defined by 

  D𝑥
𝛼𝑣 𝑥 =  

1

Γ(1 − 𝛼)
 
𝑑

𝑑𝑥
   𝑥 − 𝑡 −𝛼𝑣 𝑡 𝑑𝑡 

𝑥

0

 

 

 
In this paper, we apply some new generalized Gronwall-type inequalities suitable for the qualitative and quantitative 

analysis of the solutions to fractional differential equations. In section 2 we introduce some preliminary definitions 

and results. In section 3 we investigate a certain fractional differential equation , in which the boundedness and 
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uniqueness on initial data for the solution to the fractional differential equation are investigated by the use of the 

generalized Gronwall-type inequalities. 

 

Preliminaries:- 

The definitions of Riemann-Liouville fractional derivative and integral are given in [5]. 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏  5  : 𝐿𝑒𝑡 𝑓𝜖 𝐿1 𝑎, 𝑏 , 𝛼𝜖ℝ+ , 𝑡𝑕𝑒 𝑅𝑖𝑒𝑚𝑎𝑛𝑛 − 𝐿𝑖𝑜𝑢𝑣𝑖𝑙𝑙𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑜𝑓 

𝑜𝑟𝑑𝑒𝑟 𝛼 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 

 (2.1)                                              I𝑥
𝛼𝑣 𝑥 =  

1

Γ(𝛼)
    𝑥 − 𝑠 −𝛼𝑣 𝑠 𝑑𝑠      

𝑥

𝑎
𝑓𝑜𝑟 all 𝑥𝜖  𝑎, 𝑏 . 

 

  

The author in [4] studied IVP (1.1)-(1.2) for existence and uniqueness. The equivalent integral equation 
corresponding to IVP(1.1)-(1.2) is 

(2.2)                                              𝑢 𝑥 =  
𝛿

Γ(𝛼)
𝑥𝛼−1 +

1

Γ(𝛼)
    𝑥 − 𝑡 𝛼−1𝑓 𝑡, 𝑢 𝑡  𝑑𝑡 

𝑥

0
 

 

Now we present some generalized Gronwall-type inequalities studied by [4] which are required to prove the 

boundedness and uniqueness of IVP (1.1)-(1.2). 

𝑳𝒆𝒎𝒎𝒂  𝟐.𝟏  𝟐 : 𝐴𝑠𝑠𝑢𝑚𝑒 𝑡𝑕𝑎𝑡 𝑎 ≥ 0, 𝑝 ≥ 𝑞 ≥ 0 𝑤𝑖𝑡𝑕 𝑝 ≠ 0. 𝑇𝑕𝑒𝑛, 𝑓𝑜𝑟 𝑎𝑛𝑦 𝐾 > 0, 𝑤𝑒 𝑕𝑎𝑣𝑒 

(2.3)                                              𝑎
𝑝

𝑞  ≤  
𝑞

𝑝
𝐾

𝑞−𝑝

𝑝 𝑎 + 
𝑝−𝑞

𝑝
𝐾

𝑞

𝑝  

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟐  𝟐 : 𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡𝑕𝑎𝑡 𝛼 > 0, 𝑝 ≥ 1 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 , 𝐿𝜖𝐶 𝑅+ × 𝑅+, 𝑅+ 𝑤𝑖𝑡𝑕 

0 ≤ 𝐿 𝑡, 𝑢 −  𝐿 𝑡, 𝑣 ≤ 𝑇 𝑢 − 𝑣           𝑓𝑜𝑟 𝑢 ≥ 𝑣 ≥ 0, 
𝑤𝑕𝑒𝑟𝑒 𝑇 𝑖𝑠  𝑡𝑕𝑒 𝐿𝑖𝑝𝑠𝑐𝑕𝑖𝑡𝑧 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑢, 𝑎, 𝑕 𝑎𝑟𝑒 𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑙𝑜𝑐𝑎𝑙𝑙𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑜𝑛  0, 𝑋  

𝑤𝑖𝑡𝑕 𝑕 𝑛𝑜𝑛𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑎𝑛𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑏𝑦 𝑀 , 𝑤𝑕𝑒𝑟𝑒 𝑀 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 . 𝐼𝑓 𝑡𝑕𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 

𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑠 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 ∶ 

(2.4)                            𝑢𝑝 𝑥 =  𝑎 𝑥 +
1

Γ 𝛼 
 𝑕 𝑥   𝑥 − 𝑡 𝛼−1𝐿 𝑡, 𝑢 𝑡  𝑑𝑡 , 0 ≤ 𝑥 < 𝑋.

𝑥

0
 

𝑡𝑕𝑒𝑛 𝑤𝑒 𝑕𝑎𝑣𝑒 𝑡𝑕𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑥𝑝𝑙𝑖𝑐𝑖𝑡 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝑓𝑜𝑟 𝑢: 

(2.5)                            𝑢 𝑥 ≤  𝑎  𝑥 +      
𝑇

𝑃
𝐾

1−𝑝

𝑝  
𝑛

∞
𝑛=1

𝑕𝑛 (𝑥)

Γ(𝑛𝛼 )
 𝑥 − 𝑡 𝑛𝛼−1𝑎  𝑡  

𝑥

0
𝑑𝑡 

1

𝑝

 

(2.6)                              Where 𝑎  𝑥 = 𝑎 𝑥 +  
1

Γ 𝛼 
 𝑕 𝑥  𝑎𝑛𝑑 𝐾 > 0 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

 

Main Result:- 
We prove boundedness and uniqueness of solution of IVP (1.1)-(1.2) in this section. 

 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏 : 𝐹𝑜𝑟 𝐼𝑉𝑃   , 𝑖𝑓  𝑓 𝑥, 𝑢  ≤ 𝐿 𝑥,  𝑢  , 𝑤𝑕𝑒𝑟𝑒 𝐿 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑖𝑛 𝑡𝑕𝑒 𝑇𝑕𝑒𝑜𝑟𝑒𝑚 2.2 , 
𝑡𝑕𝑒𝑛 𝑤𝑒 𝑕𝑎𝑣𝑒 𝑡𝑕𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 ∶ 

 3.1                               𝑢 𝑥 ≤
𝑥𝛼−1

Γ 𝛼 
 𝛿 +    

𝑇

𝑃
𝐾

−2
3  

𝑛∞

𝑛=1

𝑥 𝑛+1 𝛼−1

Γ 𝑛 + 1 𝛼
 𝛿   , 0 ≤ 𝑥 < 𝑋. 

𝑤𝑕𝑒𝑟𝑒 𝐾 > 0 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 , 𝑎𝑛𝑑 𝑇 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑖𝑛 𝑇𝑕𝑒𝑜𝑟𝑒𝑚 2.1 . 
 

Proof: The integral equation corresponding to IVP (1.1)-(1.2) is 

(3.2)                                 𝑢 𝑥 =  
𝛿

Γ(𝛼)
𝑥𝛼−1 +

1

Γ(𝛼)
    𝑥 − 𝑡 𝛼−1𝑓 𝑡, 𝑢 𝑡  𝑑𝑡 

𝑥

0
 

Therefore, 

                                 𝑢 𝑥   ≤   
𝛿

Γ 𝛼 
𝑥𝛼−1 +

1

Γ 𝛼 
    𝑥 − 𝑡 𝛼−1 𝑓 𝑡, 𝑢 𝑡   𝑑𝑡 

𝑥

0

 

                                               ≤
𝑥𝛼−1

Γ 𝛼 
 𝛿 +

1

Γ 𝛼 
    𝑥 − 𝑡 𝛼−1𝐿 𝑡,  𝑢 𝑡   𝑑𝑡   , 0 ≤ 𝑥 < 𝑋.

𝑥

0
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Then application of Theorem (2.2) gives 

𝑢 𝑥 ≤
𝑥𝛼−1

Γ 𝛼 
 𝛿 +    

𝑥

0

   
𝑇

𝑃
𝐾

−2
3  

𝑛∞

𝑛=1

 𝑥 − 𝑡 𝑛𝛼−1

Γ 𝑛𝛼 

𝑡𝛼−1

Γ 𝛼 
 𝛿  𝑑𝑡 

                                                           =
𝑥𝛼−1

Γ 𝛼 
 𝛿 +    

𝑇

3
𝐾

−2
3  

𝑛∞

𝑛=1

𝑥 𝑛+1 𝛼−1𝐵 𝛼, 𝑛𝛼 

Γ 𝑛𝛼 Γ 𝛼 
 𝛿   

(3.3)                                                 =
𝑥𝛼−1

Γ 𝛼 
 𝛿 +     

𝑇

3
𝐾

−2
3  

𝑛∞

𝑛=1

𝑥 𝑛+1 𝛼−1

Γ 𝑛 + 1 𝛼
 𝛿    , 0 ≤ 𝑥 < 𝑋. 

 

which is the required result. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟐 : 𝐼𝑓   𝑓 𝑥, 𝑢 − 𝑓 𝑥, 𝑣  ≤ 𝐿 𝑥,  𝑢 − 𝑣  , 𝑤𝑕𝑒𝑟𝑒 𝐿 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑖𝑛 𝑡𝑕𝑒 

𝑇𝑕𝑒𝑜𝑟𝑒𝑚 2.2  , 𝑎𝑛𝑑 𝐿 𝑡, 0 ≡ 0, 𝑡𝑕𝑒𝑛 𝐼𝑉𝑃 1.1 −  1.2   𝑕𝑎𝑠 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 
Proof: Suppose that IVP (1.1)-(1.2) has two solutions 𝑢1 𝑥  𝑎𝑛𝑑 𝑢2 𝑥 .   
Then we have 

 3.4                                     𝑢1 𝑥  
𝛿

Γ(𝛼)
𝑥𝛼−1 +

1

Γ(𝛼)
    𝑥 − 𝑡 𝛼−1𝑓 𝑡, 𝑢1 𝑡  𝑑𝑡 

𝑥

0

 

 3.5                                     𝑢2 𝑥  
𝛿

Γ(𝛼)
𝑥𝛼−1 +

1

Γ(𝛼)
    𝑥 − 𝑡 𝛼−1𝑓 𝑡, 𝑢2 𝑡  𝑑𝑡 

𝑥

0

 

Now 

𝑢1 𝑥 −  𝑢2 𝑥 =  
1

Γ(𝛼)
    𝑥 − 𝑡 𝛼−1 𝑓 𝑡, 𝑢1 𝑡  − 𝑓 𝑡, 𝑢2 𝑡   𝑑𝑡 

𝑥

0

 

 𝑢1 𝑥 −  𝑢2 𝑥  ≤
1

Γ(𝛼)
    𝑥 − 𝑡 𝛼−1 𝑓 𝑡, 𝑢1 𝑡  − 𝑓 𝑡, 𝑢2 𝑡   𝑑𝑡 

𝑥

0

 

 

(3.6)                                                         ≤
1

Γ(𝛼)
    𝑥 − 𝑡 𝛼−1𝐿 𝑡,  𝑢1 𝑡 − 𝑢2 𝑡   𝑑𝑡 

𝑥

0
 

 

Consider  𝑢1 𝑡 − 𝑢2 𝑡   as independent function and applying Theorem (2.2) to (3.6) , we get 
 𝑢1 𝑥 −  𝑢2 𝑥  ≤ 0 

                                                      which implies 𝑢1 𝑥 =  𝑢2 𝑥 . 
This completes the proof. 

 

Conclusions:- 
In this paper, by using generalized inequalities of Gronwall type we establish the boundedness and uniqueness 

aspects of solution of fractional differential equations. While proving the uniqueness of solution of fractional 

differential equations integral inequalities proves a powerful technique. 
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