ISSN: 2320-5407 Int. J. Adv. Res. 4(12), 777-785

Journal Homepage: - www.journalijar.com INTERNATIONAL JOURNAL OF

ADVANCED RESEARCH (IJAR)
ISSN 23205470

INTERNATIONAL JOURNAL OF
ADVANCED RESEARCH (IJAR)

Article DOI: 10.21474/1JAR01/2459
e DOI URL: http://dx.doi.org/10.21474/1JAR01/2459

RESEARCH ARTICLE
PROJECTIVELY RELATED EINSTEIN RANDERS SPACE.

Narasimhamurthy S.K and Roopa M.K.
Department of P.G Studies and Research in Mathematics, Kuvempu University, Shankaraghatta — 577451,
Shivamogga, Karnataka, India.

Manuscript Info Abstract

Manuscript History The projectively related Einstein Finsler Spaces is used to establish a
new approach to study of projective geometry in Finsler spaces. In this

Received: 23 October 2016 paper, first we found the formula for Weyl projective curvature of

Final Accepted: 21 November 2016 Randers metric and using this formula, we study the projectively

Published: December 2016 related Einstein Randers metric. Further, we show that two
projectively related complete Einstein Randers spaces with constant

Key words:- negative scalar curvature are homothetic.

FinslerSpace,Projectively related Finsler
metrics, projectively flat. Einstein
metric, Ricci curvature, Flag curvature.

Copy Right, I1JAR, 2016,. All rights reserved.

Introduction:-

One important study in projective geometry is to determine a relationship among geometric structures with common
geodesics (as point sets). Two regular metrics on an n-dimensional manifold are said to be pointwise projectively
related if they have the same geodesics as point sets. Two regular matric spaces are said to be projectively related if
there is a diffeomorphism between them such that the pull back metric is pointwise projectively related to another
one. In the Riemannian geometry, two spaces of constant sectional curvature are always projectively related
according to the Bltrami theorem. In Finsler geometry, there are many Finsler metrics on a strongly convex subset
Q € R™ which are pointwise projectively related to the standard Euclidean metric. These are simply called to be
projectively flat. Projectively flat Finsler metrics are characterized by vanishing Douglas tensor and Weyl projective
curvature tensor. These are some quantities in the projective Finsler geometry which are projective invariant. One
of the most important of them is the Weyl curvature tensor. The Finsler metrics with Weyl curvature W = 0 are
called Weyl metrics. It is well known metrics that a Finsler metric is Weyl metric if and only if it is of scalar flag
curvature. There are many new advances (cf. [9],[8],[14],[16],[19],[20],[21]).

The Ricci curvature plays an important role in the projective geometry of Riemannian Finsler manifolds. The Ricci
tensor was introduced by G. Ricci in 1904. Then, Ricci’s work was used to formulate Einstein theory of gravitation
[3]. Hence, Finsler metric is said to be Einstein if the Ricci scalar Ric is a function of x alone. Equivalently,

In Riemannian space if g and g are pointwise projectively related Riemannian metric on manifold M of dimensional
n = 3, then g is of constant curvature if and only if g is of constant curvature. Moreover, the authors , Z.Shen,
N.Sadeghzadeh, A.Razavi and B.Razaei were studied the projectively related Einstein Finsler metrics ([13],[22]).
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In 2006, the author Y.Shen and L.Zhao were proved that the Randers metrics is projectively flat if and only if « is
projectively flat and g is closed with constant flag curvature.

In[22], Z.Shen found out that two pointwise projectively equivalent Einstein Finsler metric F and F on a n-
dimensional compact manifold M have same sign Einstein constants. In addition, if two pointwise projectively
related Einstein metrics are complete with negative Einstein constants then one of them is a multiple of the other.
And the authors Z.Shen, Yibing and Yaoyoug were got the results, the two Einstein Randers metrics are projectively
related then a and @ are Einstein metrics with non positive scalar curvature and F and F have non positive Ricci
curvature[13]. So, it is natural to study projectively related Einstein Randers metrics, which is just the purpose of
this paper. The main results of the present paper is stated as follows: follows:

Theorem 1: Let F = a + B and F = @ + 8 be two Einstein Randers metrics. If F is projectively related to F of non
zero Ricci scalar. Then,

(i) F is Einstein if and only if it is a constant co-efficients of F, when F is not projectively flat.

(ii) F is Einstein if and only if it is a constant Ricci scalar, when F is projectively flat.

Theorem 2:- Let (M, F = a + B)and (M,F =a+ E) be two complete Einstein Randers metrics of constant non-
positive Ricci curvature. If F and F are projectively related then they are homothetic.

Preliminaries:-

Let M be an n-dimensional C* manifold. Denote by T, M be the tangent space at x = M and TM = U,y T, M be the
tangent bundle of M. Each element of TM has the form (x,y) where x € Mand y € T, M. Let TM, = TM\{0}. The
natural projection w: TM — M is given by, m(x,y) = x. The pull-back tangent bundle = * TM is a vector bundle
over TM, whose fiber ;TM at veTM,, is just T, M, where m(v) = x. Then

'TM = {(x,y,v)| y € T, My, v € T, M}.

A Finsler metric on a manifold M is a function F: TM — [0, ) which has the following properties[12]:
()FisC* on TM,,
(i)F (x, Ay) = AF (x,y), A > 0;

2
(iii)For any tangent vector y € T, M, the vertical Hessian of% given by
1
= |=F2

- -y - - gl] [2 :Iylyl
is positive definite.
The symmetric tensor C defined by,

CU,V,W) = Cy, UV Wk,

i 0 i 0 i 0 1

Where U = U‘E,V =V E'W = Wlﬁ and Cijk = Z[Fz]yiyjyk(y)'

C is called the Cartan tensor. It is well known that € = 0 if and only if F is Riemannian. Every Finsler metric F
including a spray:

;0
L

il
dxt

—2G'(x, y) Pl

G=y
where

Gl(x:Y) zzgll(x:Y){Zﬁ(x»y —a—;l(x'Y)}y]yk = Zgll{[Fz]xkylyk - [Fz]xl}'

Where the matrix (g¥) means the inverse of matrix (gi]-) and the coefficients G/, Gj and hv-curvature G, of the
Berwald connection can be derived from the spray G* as follows [10];

. i i
Gi=2% i = 25 Gi = 3
i ayl’ ik ayk’ ikl [

dy

The Riemannian curvature R, = R}, dx* ® % | p: T,M - T,M is defined by
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(y) 226 _ 0% oy 9% o6iadl
Ry 0)=2 axk  axiayk y 426 aylayk oyl ayk’ (22)
The Riemannian Curvature has the following properties. For any non zero vector y € T, M,
R,() =0,9,(R,w),v) = g, (wR, ), wveT,M,

and

i 1(ar. R}

Rl =12k 2t} 2
=313 o (23)

Given the orbitary plane P = span{y, u} c T, M, the flag curvature of the flag P with the flag pole y is defined by
[2]; : )
_ gy (w.Ry (W)

KP.Y) = e, tn-g,0m5,00
F is said to be scalar curvature K = A(y), if for any non-zero tangent vector y € T, M, the flag curvature K(P,y) =
A(y) is independent of the plane P, in this case equivalent to the following system in a local coordinate system
(', y)inTM,

Rj = AF*{6] = F7'F xy'}. (2.9)
If A is a constant, then F is said to be of constant curvature. The Ricci scalar function of F is given by,
1 .
p =R

Therefore, the Ricci scalar function is positive homogeneous of degree 0 in y. This means that p(x, y) depends on
the direction of the flag pole y but not its length. The Ricci tensor of a Finsler metric is defined by
1
Ric; = {—R’,;} o
Y 2 ylyi

If (M, F) is a Finsler space with constant curvature A ,then (2.4) becomes
Ric = (n—1)A, Ric; = (n— 1)AF2

Ricci flat manifolds are Riemannian manifolds whose Ricci tensor vanishes. In physics they are important because
they represent vacuum solution to Einstein’s equations.

Definition 2.1. A Finsler metric is said to be an Einstein metric if the Ricci scalar function is a function of x alone,
equivalently
Ric = p(x)g;;, or Ricy = p(x)F>.

Definition 2.2. A Finsler space F™ is projective to another Finsler space F™ , if and only if there exists a one
positive homogeneous scalar field P(x,y) on TM satifying

G'(0,y) = G'(x,y) + Pe, y)y".
The scalar field P = P(x, y) is called the projective factor of the projective change.
Let G and G' = G' + Py' be sprays on n-dimensional manifold M. The Riemannian curvature are related by [7]

R, = R, + E&; +T,y',
Where
E =P? =P, y%,
T = 3(P| — PPyi) + E k.
In 1961, A.Rapcsak [6] proved the following:-

Lemma 2.1. Let F* = (M,F) and F" = (M,F) be two Finsler space on a common underlying manifold M of
dimension n . A Finsler metric F is pointwise projective to F if and only if
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aF|k k_F,
ay! y _F|l -
Then,
G' = G' + Py,
where
p=

The study of Weyl curvature of spray as an important projective invariant. The Weyl’s projective invariant is
constructed from the Riemannian curvature. Define

1 9
n+1aym
Where R = nl:Ric = nl:R{n”. W,: .M ->T,M is a linear transformation satisfying W,(y) = 0. We call
W =W,y € TM, the Weyl curvature I is a projective invariant under projective transformation. By this direction
the author Z.Shen has proved that [17].

Wi (») =R} — RS} — (Ri" — RSy, @7

Theorem 2.1. A Finsler metric is of scalar curvature if and only if W = 0.

Two Finsler metrics F and F are said to be homothetic if there is a constant A such that F = AF. As a result of
Busemann-Mayer theorem ; the authors M.Sepasi and B.Bidabada were proved the following [14],

Corollary2.1. Let (M,F) and (M,F) be two complete Einstein Finsler spaces with Ric; = —c*g;; and Ric;; =
—c‘zg‘,-j respectively, F and F are projectively related then they are homothetic.

Weyl projective curvature of randers metric:-

In general it is much more difficult to compute the Weyl projective curvature tensor. In what follows the lemma
shows that the formula for Weyl projective curvature of a Randers metric F = a + 8, Where g is killing form with
constant length.

Lemma 3.2. For a Randers metric F = a + 8, the Weyl projective curvature is given by

Wy = Wy + aby| | ,yP — 2ab, R, yP + a ' b, R y*
_azbi|mbm|k + 3(bi|pyp)(bk|qu) + (bil‘rznbmlpyp)yk
~ 1
(amempyp +m{a2(bm|p) + Z(bm|py7’) })
1 5 a;y/ o] ol ol
_m<amempyp)Ik - Zla mempyp - amemplkyp - amemp>

n21—1 (az(bmh:)z - Z(bm|pyp)2yk + 4bm|p3’p),

Where W, denote the Weyl curvature tensor of a.

Proof. The geodesic coefficients G* and F are given by

G'=G'+Py +0Q, (3.1
Where G denote the spray coefficients of a and
Yy + ayt ) .
= 2aF , Ql = aa” rlyl'
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We assume that g is Kkilling form with constant length and since Weyl curvature tensor W is a projective invariant.
Consider the another spray as

Where
G'=G'+ Qi with Q'= aa"br“y’.
Here, we see that G and G are projectively equivalent. Thus, they have the same Weyl curvature tensor,
wi =W,
Now,we compute the Weyl curvature tensor W, using G'. First we have
RL=R.+T,, R=R+T, (3.2)
Where R = nljﬁl,l", R= nljﬁ{n” and

T = 20], - (ij)yk Y+ 207 (@), = (@D, Q)

Where Qlij denote the covariant derivatives of Q* with respect to « .
Using equation (3.2) in (3.1) we have,

Wy = Wy +Oj , (3.3)
Where W, denote the Weyl curvature tensor of « and
Of= Rl =~ RS} — 750 (R — RSPy (34)

Using maple codes we get values of T} as
Q‘ik = aabip|kyp,
Q' = aby,y",
(01;), 9" = & (bugp1,3/37) + by ™
(@), = a™(b;|,¥7)y’ + aby;,
Qe = a (by 7 )8 — @ (b7 )y y* + a ™ (by ;7% + bypyey’).

Then, we obtain
=0 bipm bynjic + 3(bipy?) (brigy?) + (Bigm bmipy? )" (3.5)
and R ~ 1 2 2
R=R+ amempy” +E{“2(bm|p) + 2(bmlpyp) } (36)

Substitute (3.5) and (3.6) in (3.4), we get

Ol by — 2ab 0 + - bRy
=By by + 31(bl-|py7’)(bk|qzyq) + (bilmbwélpyp)yk
(bR v + {2 (B, )” + 207}
1 - ajyl & p R
_m<amempyZJYk - Zl—amempyp = @by Ry o ¥P — amemp)

_n21—1 (az(bmlp)z - Z(bmlpyp)zyk + 4'bm|pyp)-

This proves the lemma.
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Remark: We know that, every Finsler metric is of scalar curvature if and only if its spray is isotropic and also Weyl
curvature W = 0.
A Spray is isotropic , the equation (3.4) can be written as

R}, = RS, + &y, (3.7)
With &,y* = —R;where R is given in (3.6). Then the equqtion (3.3) can be written as

| Wi = RL — RS}y,
Where R}, R given in (3.5), (3.6) respectively and

(k = n+1 (abmﬁmpypyk - m Ampyp - abmﬁmplkyp - abmﬁmp)'

Differentiate ¢, with respect y*, we get
(kyk = —ab Rmpy +_{ (bmlp) + Z(bmlpy )
Thus, if W = 0 then the equation (3.7) holds, by taking &, = ¢.

Assume that (3.7) holds. By homogeneity of &, we obtain, &, = ¢, And obviously &, = {,, which implies that
W;i = 0 Thus, W} = 0. We obtain the following:

Lemma 3.3. A Randers metric F is of scalar curvature if and only if W = 0.
Proof of Main Theorem:-

Proof of Theorem 1:To prove theorem 1, in the following.

Proposition 4.1. Let F = a + 8 be a Randers metric of dimension n > 2. If F is Einstein Randers metric if and
only if

y Vi =—3(n+_11){R y"+ i b m Ry Y7 + @by, Far?
a;; F
mpk + nl 1 (bm|p) }
where Vi —R. — chOky

Proof.  Assume that F is Einstein .
By definition of Weyl curvature tensor (2.7), we have

i i _ n-2 2, 3F% .
YiWe = yiRi = =Ry, — -7 R F* + = Ricyy,.

Then ,
yiVi = = (R+22RF?) = bRy y? (ayi +-25)
—ab,, Ry yPF? — %(azyk +2(yP) %y + a; F2y,). (4.1)
Since F is Einstein, 2Ry, = R, F2.
Therefore,
y Vi = 3(n L {Rkyk + 24— b m Ry YP + @by, Fa?

R + 7 a” (bm|p) } 4.2)

782



ISSN: 2320-5407 Int. J. Adv. Res. 4(12), 777-785

Conversly, if (4.2) holds.
Again by definition of Weyl curvature tensor, we have

i i -2
YV =y (R(Sli +Z:Rkyi)'
Using (4.1) and (4.2) and since g is closed , it is concluded that
ZR\yk = R\sz,

Which implies that R, = 0 = R = 0. It shows that « is Einstein.
Therefore, F is Einstein.

Proposition 4.2. Let F be Einstein Randers metric projectively related to another Einstein Randers metric

F with projective factor P. If F is Einstein then (,:E_z) k=0, where E = PZ — P y*.

Proof. Let W and W be the Weyl curvature tensor of F and F respectively. Foe Einstein Randers metric F, we

have
y Vi = —3:1—_’__11){1?,(3/" + aijan by Ry y? + ab,, Fa?
Rupi +‘:’TFf(bm|p)2} :
Therefore , ,
Wi =y Wi — 3(:_:11) [aijaF bmﬁmpyp + abszﬁmPk + ZL_Fl(meP)Z

+ab Y’y — Zabmﬁgﬁp}’p% +a b, R y*y; — % b by i

+3(bi|pyp)(bk|qu)yi + (bi|mbm|pyp)ykyi +

n+1

Where W, denote the Weyl curvature of a.
But W/ is invariant under projective transformation , then

3Ricox ) 3(n-1) =

YW =y Wi =y, (R + 0k y, ) - XD Ry,

Therefore

3(n-1)
n+1

Yi (R = Ri.) + =+ (Ricory' — Ricoey") — (Ryx — Ry,) = 0.

From equation (2.3) and (2.4) we have,
Ric = Ric + (n — 1E.

Which implies that
R=R+E

Also, from equations (2.4) and (2.5), it becomes

3Ry = 3R}, + (E; + T))6, — (B — T )6; + (T, — To)y',

where
E=(1/4a%@+P))laly'y)? +a*(y)? + 2a%(y")?y
—209%y (@ + a®B) — 2(a(y'y’ )* + > ()Y + B(y'y))?
; +afy):+ a? (D2 + a2 (yH)Hyk,
an
T, = 4a(la + B)E, — & + 4a(a + B)E,,
where

Zy = 6a® (YD) + 6a’B(y?)y —6a(y) (y/)? — 6aly)?(y/)?

[ab0|k|pyp - Zabmlfcpyp
+a by, REy* — a?bopy by + 3(b0|pyp)(bk|qu) + (b0|mbm|pyp)yk]!

4.3)

(4.9
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2B ()% — 12a*(y)?y — 6aB(y')? — 6a3(y')?,

B =223 (D)%) +2a3(y'y )2 + 2ata; (y)Py) + 2at (y)* + 2aty'y
+2a’a; (y)? + 222 B2y + a?By (y/)? + 203 Bay (y')2y) + 2a° B(y)?
+2a°By'yl + 2a4ﬁaij )%+ aa; O20H* + azaij %y + azaij )%y
+ada; ()* + Bay; D)) + aBa; v)*y + aBa; (y)*y + a?Bay (y)?
+apy'(y))?* +22°By'y! + atBy’,

B, = aF?y'(y/)* + a®F2y' + 2a*y'y/ F* = 2(a® + a*B) (y)?y) + 2a(y'y’)?
=2a*(y)*y = 2By ) = 2aB(y")?*y) — 2a*(y?) = 2a° (y)%
Equation (4.4) implies that

3Ricy; =3 Ricqy +(n—2)E; +(n+ DT, (4.5)
By substituting (4.5) in (2.5). Using Maple codes and values of E and T, we get the following

n=2 2 _ _
— (E\F? —2Ey,) = 0.
Thus, since n > 2, (5) =0.

sz

Lemma 4.4. Let F = a + B be Einstein Randers metric (n > 2) projectively related to another Einstein Randers
metric F = @ + 3 of non zero Ricci scalar then,

(@) F isEinstein if and only if (;) = 0, when F is not projectively flat.
k

(b) F isEinstein if and only if itis of constant Ricci scalar, when F is projectively flat.

Proof. (b) Assume that F is Einstein

If F is projectivelyflat , then F is also projectively flat, since they are projectively related to each other. According
([4],[11]), we obtain F which is of constant flag curvature. And since it is Einstein then F is of constant flag
curvature . Therefore, it conclude that it has constant Ricci scalar.

(a) Let F is not projectively flat. Since F is Einstein then it is Ricci flat (%)_k = 0 and by proposition 4.2, we

see that (1%)1{ = 0. Then, there exists a function n(x) which is defined by n(x) = RF;ZE. F is projectively
related to F by (4.3), we have % = RF%E. But F is Einstein Randers metric of non-zero function o(x)

such that R = o(c)F?. Therefore, it can be concluded that (g) = 0.
Conversly, F is projectively relatedto F, which is defined by '

G' = G' + Py', (4.6)
Where
_ vy tay
- 2a(a+p)’

From proposition 4.2 there is a function of x only, where F = f(x)F then,

_ Myt _ a@B)(y'yl +ay’)

P 2f  2a@+B)(Fiyi+ayt)

Using the formula of G* in (2.1), which yields

G' = i—;ﬁ[(f[ﬁz]xkyzyk —[F2.0) + (fxy* [Fz]ylfxlﬁz)],

_ Ai yiyl+ayty o faf? @ i@ gl 17i bratpY i
=G +(2a(a+ﬁ))y + af (Fa Fz(bl +bl)+( F3 )yy)'
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By equation (4.6) implies that, f must be constant. Thus, it has the constant coefficients .

Proof of Theorem 2: Since F and F are projectively related. From [16], we clear that F and F be two
Einstein Randers metrics, @ # Aa. If F is projectively related to F then they have negative Ricci curvature. i.e.,
they have negative Einstein constants. Also, by corollary 2.1 we conclude that they are homothetic.

Conclusion:-

In projective geometry there are two important projectively invariant tensors, namely Douglas tensor and Weyl
tensor. These tensors provide the more information about the projective properties of Finsler metric. One of the most
important them is the Weyl tensor. It is well known fact that in Finsler geometry: Everey Finsler metric is of scalar
curvature if and only if Weyl curvature tensor is equal to zero.

As we know, in general Einstein metrics is said to Ricci tensor is proportionality of metric tensor, i.e., Ric < g;;
which are a natural extension of those in Riemannian geometry and they have good properties in Riemann geometry for
some class of Finsler metrics. Some research have been progressed to projectively related Finsler spaces and also the

curvatureproperties.
Especially in this study, we find the formula for Weyl projective curvature of Randers metric and using this
formula we studied the projectively related Einstein Randers metric.
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