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Introduction:-

In 1963 N. Levine [7] introduced semi-continuous functions using semi-open sets. Balachandran et. al. [2]
introduced the concepts of generalized continuous functions and gc-irresolute functions on topological spaces.
Recently R.S. Wali et. al. [11] introduced arw-continuous continuous functions and also several authors 1.
Arockiarani [1], R. Devi et. al. [4], J. Dontchev and Maki [5], A. S. Mashhour et. al. [8] and N. Palaniappan and K.
C. Rao [9] worked in the field of general topology and have shown interest in studying the concept of
generalizations of continuous functions.

In this paper, we introduce new class of continuous functions called srw-continuous, srw-irresolute, perfectly srw-
continuous and strongly srw-continuous functions in topological spaces and also we discuss their properties and
characteristics.

Preliminaries:-

Throughout this paper (X, 1), (Y,0) and (Z,y) or simply X, Y and Z will always denote topological spaces on which
no separation axioms are assumed unless explicitly stated. int(A), cl(A), srw-cl(A), and srw-int(A) denote the
interior of A, closure of A, srw-closure of A and srw-interior of A respectively. X\A denotes the complement of A in
X. We recall the following definitions and results.

Definition2.1 A subset A of a topological space X is called

i) Regular open [11], if A = int(cl(A))and regular closed if cl(int(A)) = A.

ii) Pre-open [11], if A < int(cl(A)) and pre-closed if cl(int(A)) < A.

iii) Semi open [11], if A € cl(int(A)) and semi-closed if int(cl(A) € A.

iv) a-open [11], ifAC int(cl(int(A)))anda-closed if cl(int(cl(A)) € A.

v) Semi pre open [11], if A € cl(int(cl(A))) and semi pre closed if int(cl(int(A))) € A.
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vi) m-open [11], if A is a finite union of regular open sets.

The semi-pre-closure (resp. semi-closure, resp. pre-closure, resp. a-closure) of a subset A of X is the intersection of
all semi-pre-closed (resp. semi-closed, resp. pre-closed, resp. a-closed) sets containing A and is denoted by spcl(A)
(resp. scl(A),resp.pcl(A), resp.acl(A)).

Definition 2.2 A subset A of a topological space X is called

i) Generalized closed (briefly g-closed) [11], if c1(A) S U wheneverA < U and U is open in X.

ii) Generalized semi-closed (briefly gs-closed) [11], if scl(A) € U whenever A € U and U is open in X.

iii) Generalized a-closed (briefly ga-closed) [11], if acl(A) < U whenever A € U and U is a-open in X.

iv) a-generalized closed (briefly ag-closed) [11], if acl(A) < U whenever A < U and U is open in X.

v) Generalized semi pre-closed (briefly gsp-closed) [11], if spcl(A) € U whenever A € U and U is open in X.
vi) Regular generalized closed (briefly rg-closed) [11], if cI(A) < U whenever A € U and U is regular open in X.
vii) Weakly closed (briefly w-closed) [11], if cl(A) €U whenever ACU and U is semi-open in X.

viii) Regular weakly closed (briefly rw-closed) [11], if cl(A) €U whenever ACU and U is regular semi-open in X.
ix) o-regular weakly closed (briefly arw-closed) [12], if acl(A) < U whenever A € U and U is rw-open set in X.
The complements of above all closed sets are their respective open sets in the same topological space X.

Definition 2.3 A subset A of a space X is said to be semi regular weakly closed (briefly srw-closed) set [10], if
scl(A) € U whenever A € U and U is rw-open set in X.

Definition 2.4 A subset A of X is called semi regular weakly open (briefly srw-open) set [11], if X\A is srw-closed
set in X.

Definition 2.5 For a subset A of a space X, srw — cl(A) =N {F:A C FandF is srw — closed set in X} is called
srw-closure of A[11].

Definition 2.5 A function f : (X,t) — (Y, 0)is called

i) Completely continuous [3], if f~2(V) is regular closed set of (X, t) for every closed set V of (Y, o).
ii) g-continuous [3], if f~1(V) is g-closed set of (X, T) for every closed set V of (Y, o).

iii) semi-continuous [3], if f~(V) is semi-closed set of (X, T) for every closed set V of (Y, o).

iv) a-continuous [3], if f=1(V) is a-closed set of (X, t) for every closed set V of (Y, o).

V) ag-continuous [3], if f~1(V) is ag-closed set of (X, ) for every closed set V of (Y, o).

vi) gs-continuous [3], if f~1(V) is gs-closed set of (X, t) for every closed set V of (Y, ).

vii) gsp-continuous [3], if f~1(V) is gsp-closed set of (X, T) for every closed set V of (Y, o).

viii) arw-continuous [12],if f=1(V) is arw-closed set of (X, T) for every closed set V of (Y, o).

ix) w-continuous [3], if f~1(V) is w-closed set of (X, T) for every closed set V of (Y, o).

Definition 2.6 A function f : (X, t) — (Y,0)is called

i) Irresolute [6], if f~1(V) is semi-open set of (X, t) for every semi-open set V of (Y, ).

i) w-irresolute [6], if f~1(V) is w-closed set of (X, T) for every w-closed set V of (Y, o).

iii) gc-irresolute [6], if £=1(V) is g-open set of (X, T) for every g-open set V of (Y, o).

iv) arw-irresolute [12],if f~1(V) is arw-closed set of (X, t) for every arw-closed set V of (Y, o).
v) a-irresolute [6],if f~1(V) is a-open set of (X, T) for every a-open set V of (Y, o).

vi) gsp-irresolute [6],if f~1(V) is gsp-closed set of (X, t) for every gsp-closed set V of (Y, o).
vii) g*-irresolute [6], if f~1(V) is g*-open set of (X, T) for every g*-open set V of (Y, o).

viii) rg-irresolute [6], if f~1(V) is rg-open set of (X, t) for every rg-open set V of (Y, o).

ix) gpr-irresolute [6], if f=1(V) is gpr-open set of (X, t) for every gpr-open set V of (Y, o).

X) Perfectly-continuous [6], if f~1(V) is clopen in (X, T) for every open subset V of (Y, o).
xi) Strongly-continuous [6], if f=1(V) is clopen in (X, t) for every subset V of (Y, c).

Lemma 2.7 Let (X, T) be any topological space, in which
i) Every semi-closed set is srw-closed set in X[10].

ii) Every arw-closed set is srw-closed set in X[10].

iii) Every srw-closed set is gs-closed set in X[10].

iv) Every srw-closed set is gsp-closed set in X[10].
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Lemma 2.8 If A and B are subsets of a space X. Then [11]
i) srw-cl(X) = X and srw-cl(®) = @.

ii) A csrw-cl(A).

iii) If A c B then srw-cl(A) c srw-cl(B).

Remark 2.9 i) srw-closure of a set A is not always srw-closed set [11].
i) If A c X is srw-closed, then srw — cl(A) = A [11].

Lemma 2.10 Let x € X, then x is srw-cl(A) if and only if V N A # @ for every srw-open set V containing x [11].

Lemma 2.10 A function f: (X,T) = (Y, 0)is called a rw-irresolute function [3], if the inverse image of every rw-
closed set in (X, T) for every rw-closed set V in (Y, o).

Lemma 2.11 A subset A of a topological space X is srw-open [11], if and only if F < sint(A) whenever F is rw-
closed and F € A.

Semi-regular Weakly Continuous (briefly srw-continuous) Functions:-
In this section, we introduce the concept of srw-continuous functions in topological spaces and study their relations
with various generalized continuous functions. We also discuss some properties of srw-continuous functions.

Definition 3.1 A function f: (X, 1) = (Y, o) is said to be semi-regular weakly continuous (briefly srw-continuous)
function, if f=1(V) is srw-closed set of (X, ) for every closed set V of (Y, o).

Theorem 3.2 If a function f : (X, T) — (Y, 6) is continuous, then it is srw-continuous, but not conversely.

Proof: Let F be closed subset of Y. Since f is continuous, f=1(F) is a closed in X. By Corollary 3.8.2 of [10], every
closed set is srw-closed set but not conversely. i.e. f~*(F) srw-closed. Therefore f is srw-continuous.

Example 3.3 Let X= {a, b, c, d} with topologyt = {@, {a},{b, c},{a,b,c},X} and Y= {p, g} with topology o =
{6,{p},{q},Y}. Let functionf: (X,t) > (Y,0) be defined byf(a) =p,f(b)=q,f(c)=q and f(d) =p.
Now f~1(@) = @,f71(Y) = X, {~1({p}) = {a,b} and ~1({q}) = {b,c} are srw-closed sets in X. Hence, f is srw-
continuous function. However, since {b, c} is not closed set in X i.e. f is not continuous on X.

Theorem 3.4 If a function f : (X, t) = (Y, 0) is arw-continuous, then it is srw-continuous, but not conversely.
Proof: Let F be closed subset of Y. Since f is arw-continuous, f~*(F) is a arw-closed in X. From theorem 3.2 of
[10], every arw-closed set is srw-closed set but not conversely. i.e. f~1(F) srw-closed. Therefore f is srw-
continuous.

Example 3.5 Let X= {a, b, ¢, d} with topologyt = {®,{a}, {b, c},{a,b,c},X} and Y= {1, 2} with topology ¢ =
{®,{1},{2},Y}. Let function f : (X,t) = (Y, 0) be defined by f(a) = 1, f(b) = f(c) = 2 and f(d) = 1. Nowf~1(@) =
@,f71(Y) = X,f71({1}) = {a,d}and f~1({2}) = {b, c} are srw-closed sets in X. Hence, f is srw-continuous function.
However, since {b, ¢} is not arw-closed set in X i.e. f is hot arw-continuous on X.

Theorem 3.6 If a function f : (X, 1) = (Y, o) is semi-continuous, then it is srw-continuous, but not conversely.
Proof: Let F be closed subset of Y. Since f is semi-continuous, f=*(F) is a semi-closed in X. From theorem 3.6 of
[10], every semi-closed set is srw-closed set but not conversely. i.e. f~*(F) srw-closed. Therefore f is srw-
continuous.

Example 3.7 Let X= {a, b, c, d} with topology t = {®,{a}, {b,c},{a, b, c},X} and Y= {1, 2} with topology o =
{@,{1},Y}. Let function f: (X,t) = (Y,0) be defined by f(a) = 2, f(b) = 1,f(c) = 2 and f(d) = 2. Now f~1(@) =
@, f71(Y) = X and f~1({2}) = {a,c,d} are srw-closed sets in X. Hence, f is srw-continuous function. However,
since {a, c, d} is not semi-closed set in X i.e. f is not semi-continuous on X.

Corollary 3.8 i) If a function f : (X,T) = (Y, 0) is a-continuous, then it is srw-continuous.

ii) If a function f : (X, 1) — (Y, 0) is 6-continuous, then it is srw-continuous.

iii) If a function f : (X,T) — (Y, 0) is m-continuous, then it is srw-continuous.

iv) If a function f : (X,t) = (Y, o) is completely continuous, then it is srw-continuous.

Proof:i) Let F be closed subset of Y. Since f is a-continuous, f~*(F) is a a-closed in X. From Corollary3.8.1 of
[10],f1(F)srw-closed. Therefore f is srw-continuous.
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ii) Let F be closed subset of Y. Since f is §-continuous, f~*(F) is a §-closed in X. From theorem 3.8.3 [10], f~*(F)
srw-closed. Therefore f is srw-continuous.

iii) Let F be closed subset of Y. Since f is m-continuous, f~1(F) is a m-closed in X. From Corollary 3.8.4 of [10],
f~1(F) srw-closed. Therefore f is srw-continuous.

iv) Let F be closed subset of Y. Since f is completely continuous, f~*(F) is a completely closed in X. From
Corollary3.8.5 of [10], f~*(F) srw-closed. Therefore f is srw-continuous.

Remark 3.9 The converse of Corollary need not be true as shown in the following example.

Let X={a, b, c, d} with topology T = {@, {a}, {b, c}, {a, b, c}, X} and Y= {p, q} with topology o = {@, {p}, {q}, Y}. Let
function f: (X,1) - (Y,0) be defined by f(a) = p, f(b) = q,f(c) = q and f(d) = p. Now f~1(@) = @,f~2(Y) =
X, f1({p}) = {a,b} and f~1({q}) = {b, c} are srw-closed sets in X. Hence, f is srw-continuous function. However,
since

i) {b, c} is not a-closed set in X i.e. f is not a-continuous on X.

ii) {b, c} is not §-closed set in X i.e. f is not §-continuous on X.

iii) {b, c} is not m-closed set in X i.e. f is not m-continuous on X.

iv) {b, c} is not regular closed set in X i.e. f is not completely continuous on X.

Theorem 3.10 If a function f : (X, T) — (Y, 0) is srw-continuous, then it is gs-continuous, but not conversely.

Proof: Let F be any closed subset of Y. Since f is srw-continuous, f~1(F) is a srw-closed in X. From theorem 3.4 of
[10], every srw-closed set is gs-closed set but not conversely. i.e. f~1(F)gs-closed. Therefore f is gs-continuous.
Example 3.11 Let X= {a, b, c, d} with topology t = {@, {a}, {b, c},{a, b, c}, X} and Y= {1, 2, 3} with topology o =
{@,{1},Y}. Let function f: (X,t) - (Y,0) be defined by f(a) = 1, f(b) = 1, f(c) = 2 andf(d) = 3. Nowf~1(@) =
@, f71(Y) = X and f~1({2, 3}) = {c,d} are gs-closed sets in X. Hence, f is gs-continuous function. However, since
{c, d} is not srw-closed set in X i.e. f is not srw-continuous on X.

Corollary 3.12 If a function f : (X,t) = (Y, o) is srw-continuous then it is gs-continuous.
Proof: Let F be any closed subset of Y. Since f is srw-continuous, f~1(F) is a srw-closed in X. From theorem 3.10
of [10], f~(F) gsp-closed. Therefore f is gsp-continuous.

Remark 3.13 The converse of Theorem 3.12 need not be true as shown from example 3.11 i.e. f~1({2,3}) = {c, d}
is gsp-closed set in X. Hence, f is gsp-continuous function. However, since {c, d} is not srw-closed set in X i.e. fis
not srw-continuous on X.

Examples can be constructed to see that the concepts of g-continuity, w-continuity and aw-continuity are

independent with the concept of srw-continuity. Thus the above discussion leads to the following implication
diagram.

Letf: (X, ) — (Y, 0) be a function. then

?l g-continuous |
S =
I : ~ gs-continuous

S e = XA __~| w-continuous ‘

Continuous

\\ AN
5 N s/
a-continuous _\I arw-continuous H srw-continuous ‘

\ /
\ —Af

/ N W .\L ,

Semi-continuous ag-continuous gsp-continuous

A —— B means A implies B butnot conversely
A <|—>B means A and B are independent to each other
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Theorem 3.14 Let f : (X,t) = (Y, 0) be a function, then the following are equivalent.

i) f is srw-continuous.

ii) The inverse image of each open set in Y is srw-open in X.

iii) The inverse image of each closed set in Y is srw-closed in X.

Proof: Suppose i) holds. Let G be an open set in Y. Then Y\G is closedin Y. By (i) f~1(Y\G)is srw-closed set in X.
But f~1(Y\G) = X \ f~1(G)which is srw-closed set in X. Therefore f=1(G) is srw-open set in X. This proves (i)
=(ii).

The implications (ii)=(iii) and (iii) = (i) obviously.

Theorem 3.15 If a function f: (X, t) — (Y, 0) is arw-irresolute, then it is srw-continuous but not conversely.

Proof: Suppose, a function f: (X,t) = (Y,0) is arw-irresolute and let G is any open set in Y. Then G is arw-open
set in Y [12]. Since f is arw-irresolute f=1(G) is arw-open set in X and hence srw-open in X [11]. Thus f is srw-
continuous.

Example 3.16 Let X= {a, b, c, d} with topology t = {@,{a}, {b, c},{a, b, c}, X} and Y= {x, y} with topology c =
{0,{x}, {y},Y}. Let function f: (X,T) - (Y,0) be defined by f(a) = f(d) = x, f(b) = f(c) =y. Now (@) = 0
f71(Y) =X, f71({x}) = {a,d} and f~1({y}) = {b, c} are gs-closed sets in X. Hence, f is gs-continuous function.
However, since {c, d} is not srw-closed set in X i.e. f is hot srw-continuous on X.

Corollary 3.17 If a function f: (X, t) = (Y, 0) is irresolute, then it is srw-continuous.

Proof: Follows from definition 2.6. (i), 3.6[10] and 3.15.

Theorem 3.18 If a function f: (X,t) = (Y,0) is srw-continuous and g : (Y,0) = (Z,y) is continuous, then their
composition g o f : (X, 1) = (Z,y) is srw-continuous.

Proof: Let F be any closed set in Z, since g is continuous then g=1(F) is closed set in Y. Again f is srw-continuous
then =1 (g 1) (F)=(g o f)"1(F) is a srw-continuous in X. Hence (g o f) is srw-continuous.

Theorem 3.19 Let (X, 1), (Y,0) and (Z,y) are topological spaces such that f : (X,t) - (Y,0)and g : (Y,0) = (Z,Y)
are srw-continuous functions and Y be a topological space where “every srw-closed subset is closed”. Then the
functiongo f: (X,t) = (Z,v) is srw-continuous.

Proof: Let F be closed set in Z. Since g is srw-continuous function, g=*(F) is srw-closed set in Y. By hypothesis,
every srw-closed set in Y is closed i.e. g~*(F) is closed set in Y. Since f is srw-continuous, f~*(g™1)(F) is srw-
closed set in X. But f~*(g™1)(F)=(g o f)~1(F) and hence (g ° ) is srw-continuous.

Semi-regular Weakly Irresolute (briefly srw-Irresolute) Functions:-

In this section, we introduce Semi-Regular Weakly irresolute functions and their properties are discussed.

Definition 4.1 A function f: (X,7) — (Y, o) is called srw-irresolute, if f=1(V) is srw-closed set in X for every srw-
closed subset V of Y.

Theorem 4.2 A function f: (X, 1) = (Y, 0) is srw-irresolute, if and only if for every srw-open G of Y, f~1(G) is srw-
open in X.

Proof: Necessary part- If function f: (X, ) — (Y, o) is srw-irresolute, then for every srw-closed set F of Y, f~1(F) is
srw-closed in X. If G is any srw-open subset of Y then G€ is srw-closed. Thus f~1(G®) is srw-closed, but f=1(G°) is
srw-closed set then f~1(G¢) = (f~1(G) )°. So that f~(G) is srw-open in X.

Sufficient part- If for all srw-open subset G of Y, f=1(G) is srw-open in X and if F is any srw-closed subset of Y,
then F¢ is srw-open. Also f~1(F¢) = (f~1(G))¢ is srw-open. Thus f~1(F) is srw-closed set in X.

Theorem 4.3 A function f: (X, ) - (Y,0) is srw-irresolute and then it is srw-continuous, but not conversely.

Proof: Let V be any closed set in Y. But V is srw-closed set in Y [10]. As F is srw-irresolute, f~1(V) is srw-closed
set in X. Therefore, f is srw-continuous function.

Example 44 Let X=Y= {a, b, ¢ d} with topology t={0,{a},{b,c}{ab,c},X}
ando = {@,{a}, {b},{a, b},{a,b,c},Y}. Let function f: (X,t) - (Y,0) be defined by f(a) = b, f(b) = ¢,f(c) = d and
f(d) = a. Since, f is srw-continuous but not srw-irresolute functions. However, since {c, d} is srw-open set in Y,
f=1({a,d}) = {c,d} which is not srw-open set in X i.e. f is not srw-irresolute function.

Theorem 4.5 If functions f: (X, 1) — (Y,0) and g: (Y,0) = (Z,v) are both srw-irresolute, then go f: (X, T) - (Z,y) is
srw-irresolute function.

Proof: If A c Z is srw-open set, then g=1(A) is srw-open and f~1(g~1(A) ) is srw-open set. Since g and f are srw-
irresolute, thus (go £)71(A) = f~1(g~1(A) ) is srw-open and g o f is srw-irresolute.
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Theorem 4.6 Let(X,1), (Y,0)and(Z, y)are any topological spaces. Let f: (X,t) = (Y,0) and g: (Y,0) — (Z,y) are
any srw-irresolute and srw-continuous functions respectively, then their composition go f: (X, 1) - (Z,y) is srw-
continuous function.
Proof: Let V be an open set in Z. Consider(go f)~1(V) = (f"1 o g=1)(V) = f~1(U), where U is g~*(V) is srw-open
set in Y, as g is srw-continuous. Since f is srw-irresolute and f~1(U) is srw-open set in X. Thus (go f) is srw-
continuous function.

Theorem 4.7 Let function f: (X,t) - (Y, 0) is a rw-irresolute and semi-closed. Then f maps a srw-closed set in X
into a srw-closed set in Y.

Proof: Let A be srw-closed set in X and f(A) € U, where U is rw-open set in Y. ThenA c f~1(U). Since F is rw-
irresolute, f=1(U) is rw-open in X. Since A is srw-closed, scl(A) € f~1(U) implies f(scl(A)) € U. Since f is semi-

closed f(scl(A)) is semi-closed which implies scl(f(A)) < scl (f(scl(A))) = f(scl(A)) € U. By the definition of
srw-closed set, f(A) is srw-closed set in Y.

Definition 4.8 A space (X, T) is said to be t4.,,-space, if every srw-closed set is closed set in X

Theorem 4.9 Let function f: (X, ) — (Y, 0) is a srw-continuous and T4, = T, then f is srw-irresolute function.
Proof: Let F is srw-closed set in Y. Then from definition [t4.-Space], F is closed in Y. Since f is srw-continuous,
using definition of srw-irresolute f~1(F) is srw-closed in X. Therefore f is srw-irresolute.

Theorem 4.10 Let function f: (X, ) — (Y, 0)is a srw-irresolute and T4, = T, then f is srw-continuous function.
Proof: Let F be closed set in Y. Then F is srw-closed set in Y. Since f is srw-irresolute, using definition of srw-
irresolute functionf~1(F) is srw-closed in X. Since T = T, f~1(F) is closed in X. Therefore f is continuous.

Perfectly Semi-regular Weakly Continuous and Strongly Semi-regular Weakly Continuous (briefly perfectly
srw-continuous and strongly srw-continuous resp.) Functions:-

Balachandran et. al. introduced the concept of generalized continuous functions of a topological space but strong
forms of continuous functions and perfect continuous functions were introduced and discussed by T. Noiri. In this
section we introduce and discuss new forms of perfectly srw- continuous and perfectly continuous functions.

Definition 5.1 A function f: (X, ) = (Y, 0) is said to be perfectly srw-continuous if the inverse image of every srw-
open set in (Y, o) is both open and closed i.e. clopen in(X, t).

Definition 5.2 Let a function f: (X,t) — (Y, o) is said to be strongly srw-continuous if the inverse image of every
srw-open set in (Y, o) is open in(X, 1).

Theorem 5.3 If a function f: (X, t) — (Y, 0) is strongly srw-continuous function iff the inverse image of every srw-
closed set in (Y, o) is closed in (X, 1).

Proof: Suppose that f is strongly srw-continuous. Let F be any srw-closed set in (Y, o). Then F° is srw-open set
in (Y, o). Since f is strongly srw-continuous, f~*(F¢) is open in (X,t). But f~1(F¢) = X — f~1(F), hence f~1(F) is
closed set in (X, ).

Conversely, assume that the inverse image of every srw-closed set in (Y,0) is closed in (X,t). Let G be any srw-
open in (Y,0) and then G is srw-closed set in (Y,o0). By the assumption f=1(G¢) = X — f=*(G), which implies
that f=1(G) is open set in (X, ). Therefore, f is strongly srw-continuous function.

Theorem 5.4 If a function f: (X, ) = (Y, o) is perfectly srw-continuous function iff the inverse image of every srw-
closed set in (Y, o) is both open and closed in (X, 1).

Proof: Suppose that f is perfectly srw-continuous. Let F be any srw-closed set in (Y,0). Then F€ is srw-open
in (Y, 0), since f is perfectly srw-continuous, £~ (F¢) is both open closed sets in(X, ).

Conversely, assume that the inverse image of every srw-closed set in (Y, o) is both open and closed set in (X, ). Let
G be any srw-open set in (Y, o). Then G¢ is srw-closed in (Y, o). By the assumption, f=1(G¢) is both open and closed
in(X,t).

Theorem 5.5 If a function f: (X, ) — (Y,0) is strongly continuous function, then it is perfectly srw-continuous
function, but not conversely.
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Proof: Let A be a srw-open set in (Y, o), then f=1(A) is both open and closed. Since f is strongly continuous, then f
is perfectly srw-continuous.

Example 5.6 Let X= {a, b, ¢, d}, Y= {p, q, r} with topologiest = {®, {a},{b,c},X} and o = {@,{p,q}, Y}. Let a
function f: (X,1) — (Y,0) defined by f(a) = r,f(b) = p and f(c) = q. Then f is perfectly srw-continuous but not
strongly-continuous, since for {p} is any subset of (Y, o) then f~1({p}) = {b} which is not clopen in (X, 1) i.e. fis
not strongly-continuous.

Theorem 5.7 If a function f: (X,t) — (Y, 0) is strongly srw-continuous function, then it is continuous function, but
not conversely.

Proof: Assume that f is strongly srw-continuous function. Let G be any open set in (Y, o). Since every open set is
srw-open set, hence G is srw-open set in (Y, ). Since f is strongly srw-continuous then f=1(G) is open in(X, T).
Therefore f is continuous.

Example 58 Let X=Y= {a b, ¢ d} with topology t={@,{a},{b,c},{ab,c},X}
and o = {0, {a}, {b}, {a, b}, {a, b, c}, Y}. Let a function f : (X,t) - (Y, o) defined by f(a) = b, f(b) = a, f(c) = d and
f(d) = c.Then f is continuous function but not strongly srw-continuous. However, since {c} is srw-open set in Y but
f=1({c}) ={d} is not open set in X i.e. f is not strongly srw-continuous.

Theorem 5.9 Every strongly srw-continuous function is srw-continuous function, but not conversely.

Proof: Let A be open in Y, every open is srw—open, A is srw—open in Y, since f is strongly srw—continuous, f~1(A)
is open in X and therefore f=1(A) is srw—open in X. Hence f is srw—continuous.

Example 510 Let X= {a, b, ¢, d}, Y= {p, q, r, s} with topology t={®,{a},{b,c},{a b,c},X}
and o = {@,{p},{q}, {p, a}, {p, q, r}, Y}. Let a function f: (X,T) - (Y,c) defined by f(a) = q, f(b) = p, f(c) = s and
f(d) = r.Then f is srw-continuous but not strongly srw-continuous. However, since {p, q} is srw-open set in Y but
f=1({p, q}) ={a, b} is not open set in X i.e. f is not strongly srw-continuous.

Theorem 5.11 If function f: (X,t) - (Y,0) is strongly continuous function, then it is strongly srw-continuous
function, but not conversely.

Proof: Let f is strongly srw-continuous function i.e. inverse image of every open set in (Y, o) is open in(X,t). Since
every open set in (Y, o) is srw-open in (Y, o). Therefore, if G be any srw-open set in (Y, o), then f~1(G) is open set
in (X, 1).

Example 512 Let X=Y¥= {a, b, ¢ d} with topology t={@,{a},{b,c},{ab,c}X}
and o = {@,{a}, {b}, {a, b}, {a, b, c}, Y}. Let a function f: (X,t) — (Y,0) defined by f(a) = c, f(b) = a, f(c) = a and
f(d) = b. Then f is strongly srw- continuous but not stronglycontinuous, since {a} is srw-open set in Y but
f~1({a}) ={b,c} is open in X but not closed set in X i.e. f is not strongly continuous.

Theorem 5.13 If function f: (X, ) — (Y, 0) is perfectly srw-continuous function, then it is strongly srw-continuous
function, but not conversely.

Proof: Assume that f is perfectly srw-continuous function. Let G be any srw-open set in (Y, o). Since f is perfectly
srw-continuous then f=1(G) is clopen in(X, T). Therefore, f is strongly srw-continuous function.

Example 514 Let X=Y= {a, b, ¢ d} with topology t={@,{a},{b,c}{ab,c}X}
and o = {@,{a}, {b},{a, b},{a, b, c}, Y}. Let a function f : (X,t) = (Y, ) defined by f(a) = b, f(b) = ¢, f(c) = d and
f(d) = a. Then f is strongly srw-continuous but not perfectly srw-continuous, since for any set {b} in Y but
f=1({b}) ={a} which is not clopen set in X i.e. f is not perfectly srw-continuous.

Definition 5.15 A function f: (X, ) — (Y, 0) is called strongly srw-irresolute if the inverse image of every srw-open
set V of (Y, o) is open in (X, 1).

Definition 5.16 A function f: (X,7) - (Y, 0) is called strongly semi-continuous if the inverse image of every semi-
open set V of (Y, o) is open in (X, 7).

Definition 5.17 A function f: (X,7) - (Y, 0) is called strongly gs-continuous if the inverse image of every gs-open
set V of (Y,0) is open in(X, 7).

Definition 5.18 A function f: (X, t) — (Y, o) is called perfectly gs-continuous if the inverse image of every gs-open
set V of (Y, 0) is clopen in(X, 7).
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Theorem 5.19 If a function f:(X,t) - (Y,0) is perfectly srw-continuous function, then it is perfectly srw-
continuous function.

Proof: As f is perfectly gs-continuous, f~(U) is both open and closed in X for each gs-open set in Y. Since every
srw-open set in Y is gs-open in Y, then f is perfectly srw-continuous function.

Theorem 5.20 If a function f: (X, t) — (Y, 0) is perfectly srw-continuous, then f is perfectly continuous.
Proof: Let F be any open set of (Y, o), since every open set is srw-open set. We get F is srw-open in (Y, o). By
hypothesis, we have f~1(F) is clopen in(X,t). Hence f is perfectly continuous.

Theorem 5.21 If a function f: (X, t) — (Y, o) is strongly srw-continuous, then it is strongly semi-continuous, but not
conversely.

Proof: Let f: (X,t) - (Y,0) be strongly srw-continuous function. Since every open set in X is srw-open set in
X[11]. Therefore if A is semi-open set in Y then A is srw-open set in Y. Hence f~1(A) is open set in X.

Example 522 Let X=Y= {a b, ¢ d} with topology t={@ {a},{b},{a b}, {ab,c},X}
and o = {@,{a}, {b,c},{a,b,c},Y}. Let a function f: (X,7) > (Y,0) defined byf(a) =c f(b) =d, f(c) =
aand f(d) = b. Then f is strongly semi-continuous but not strongly srw-continuous, since for srw-open set {a} in Y
then f~1({a}) ={c} which is not open set in X i.e. f is not strongly srw-continuous.

Theorem 5.23 If a function f: (X, t) — (Y, 0) is strongly gs-continuous, then it is strongly srw-continuous, but not
conversely.

Proof: Let U be any srw-open set in(Y,c). By hypothesis, f~1(U) is open and closed in(X, t). Hence f is strongly
srw-continuous.

Example 524 Let X=Y= {a, b, ¢, d} with topology t={®,{a},{b},{a b} {b,c},{ab,c} X}
and o = {@,{a}, {b, c},{a, b, c}, Y}. Let a function f: (X,t) - (Y,0) defined by f(a) = f(b) = f(c) = aand f(d) =
c. Then f is strongly srw-continuous but not strongly gs-continuous, since for gs-open set {a} in Y but
f~1({a}) ={a,b} which is not open set in X i.e. f is not strongly gs-continuous.

Theorem 5.25 If a function f: (X,t) — (Y, 0) perfectly srw-continuous, then it is strongly srw-continuous, but not
conversely.

Proof: Let F be any srw-open set in (Y, o). By hypothesis, f~1(F) is open and closed in(X, t), implies that f~1(F) is
closed and open in(X, ). Hence f is strongly srw-continuous.

Example 526 Let X=Y= {a b, ¢ d} with topology t=1{@,{a},{b,c},{ab,c}X}
and o = {@,{a}, {b},{a, b},{a, b, c}, Y}. Let a function f: (X,t) - (Y,0) defined by f(a) = b, f(b) = c, f(c) = dand
f(d) = a. Then fis strongly srw-continuous but not perfectly srw-continuous, since for the srw-open set {b} in Y but
f=1({b}) ={a} which is not clopen set in X i.e. f is not perfectly srw-continuous.

From the above discussions properties are summarized in the following diagram.

Perfectly gs-continuous —» Perfectly srw-continuous —® Strongly srw-continuous

|

Perfectly continuous

srw-continuous
Strongly continuous
Strongly semi-continuous
Continuous

Strongly gs-continuous

Theorem 5.27 If function f: (X,t) — (Y, o) is strongly continuous function and g: (Y,o) — (Z,y) is srw-continuous
function then the composition g o f: (X, ) — (Z,y) is continuous function.

Proof: Let G be any open set in (Z,y). Since g is srw-continuous, g=*(G) is srw-open set in (Y,o). Since f is
strongly srw-continuous, so f~1(g1(G)) = (g° f)~1(G) is open in(X, T). Therefore g o fis continuous function.

Theorem 5.28 If f: (X, ) — (Y,0) be a function, let (X, ) be any topological space and (Y, o) be a 4. -space. Then
following are equivalent;
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i) f is strongly srw-continuous.

i) fis continuous.

Proof: (i) — (ii), Let U be any open set in (Y, o). Since every open set is srw-open, U is srw-open in (Y, o). Then
f=1(U) is open in(X, ). Hence f is continuous.

(ii) - (i), Let U be any srw-open set in(Y, o). Since (Y,o0) be a tggyw-space, U is open in (Y,o0) and since f is
continuous, then f~1(U) is open in(X, t). Hence f is strongly srw-continuous.

Theorem 5.29 Let f: (X,7) » (Y,0) be a map, both (X,7) and (Y,0) are t4.-Space. Then the following are
equivalent;

i) f is srw-irresolute.

ii) fis strongly srw-continuous.

iii) f is continuous.

iv) fis srw-continuous.

Proof: Straight forward.

Theorem 5.30 Let f: (X, 1) — (Y, 0) is strongly srw-continuous and A is open subset of (X, t), then the restriction
f/A: A — (Y, o) is strongly srw-continuous.
Proof: Let V be any srw-closed set in (Y, o). Since f is strongly srw-continuous, then f~1(V) is open in(X, t). Since

-1
Ais open in(X, ), then (i) (V) = Anf~1(V) is open in A. Hence f/A is strongly srw-continuous.

Theorem 5.31 Let (X, ) be discrete topological space and (Y, o) be any topological space. Let f: (X,t) - (Y,0) be
a function, then following are equivalent;

i) fis strongly srw-continuous.

ii) fis perfectly srw-continuous.

Proof: (i) — (ii), Let U be any srw-open set in (Y,o). By hypothesis, f~1(U) is open in(X,t). Since (X,t) is
discrete space, then f~1(U) is also closed in(X, t). Therefore f~1(U) is both open and closed in(X,t). Hence f is
perfectly srw-continuous.

(ii) - (i), Let U be any srw-open set in(Y, o), then f~1(U) is both open and closed in (X, t). Hence f is strongly
srw-continuous.

Theorem 5.32 If functions f:(X,t) — (Y,0) and g:(Y,0) — (Z,y) are perfectly srw-continuous, then the
composition g o f: (X, t) = (Z,y) is also perfectly srw-continuous function.

Proof: Let U is a srw-open set in (Z,y). Since g is a perfectly srw-continuous, we get g~*(U) is open and closed
in (Y, o). As any open set is srw-open in (X,t) and f is also strongly srw-continuous, f~*(g~*(U)) = (goH~'(U)
is both open and closed in(X, T). Hence g o fis perfectly srw-continuous.

Theorem 5.33 If f: (X, ) - (Y,0) and g: (Y,0) — (Z,Y) are functions, then the composition g o f: (X, ) = (Z,y) is
i) srw-irresolute, if g is strongly srw-continuous and f is srw-continuous.

ii) Strongly srw-continuous, if g is perfectly srw-continuous and f is continuous.

iii) Perfectly continuous, if g is strongly srw-continuous and f is perfectly srw-continuous.

Proof: i) Let U be a srw-open set in (Z,v), then g~*(U) is open set in (Y, o). Since f is continuous, f~*(g=*(U)) =
(g o H)~1(U) is open in(X, T). Hence g o f is srw-irresolute.

ii) Let U be a srw-open set in (Z,v), then g=*(U) is both open and closed in (Y, o). Therefore, f~*(g~1(U)) =
(g o ©)~1(U) is both open and closed in(X, ). Hence g o f is strongly srw-continuous.

iii) Let U be a srw-open set in (Z,v), then g='(U) is both open and closed in (Y, o). By hypothesis, f~*(g=(U)) =
(g o H)~(U) is open in(X, T). Hence g°f is perfectly srw-continuous.

Theorem 5.34 If f:(X,t) - (Y,0) and g:(Y,0) - (Z,y) are strongly srw-continuous functions, then their
composition g o f: (X, ) = (Z,y) is also strongly srw-continuous.

Proof: Let U be a srw-open set in (Z,y). Since g is strongly srw-continuous, we have g=*(U) is open in(Y,0). It is
srw-open in(Y, o). As f is also stronglysrw-continuous, f=*(g=*(U)) = (go f)~1(U) is open in (X, 7). Hence go f is
strongly srw-continuous.
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