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Introduction

Carlson [1-5] has defined Dirichlet average of functions which represents certain type of integral average
with respect to Dirichlet measure. He showed that various important special functions can be derived as Dirichlet
averages for the ordinary simple functions likex*,e* etc. He has also pointed out [3] that the hidden symmetry of all
special functions which provided their various transformations can be obtained by averaging x",e* etc. Thus he
established a unique process towards the unification of special functions by averaging a limited number of ordinary
functions. Almost all known special functions and their well known properties have been derived by this process.

Also, Gupta and Agarwal [10,11] found that averaging process is not altogether new but directly connected
with the old theory of fractional derivative. Deora and Banerji [6] have found the double Dirichlet average of e* by
using fractional derivatives and they have also found the Triple Dirichlet Average of x' by using fractional calculus
[8]. Sharma and Jain [ ]

Recently, Sharma and Jain [ ] obtained double Dirichlet average of Trigonometry function cosx using
fractional derivative. We can say that every analytic function can be measured as Dirichlet average, using fractional
derivative. and they have also found the Triple Dirichlet Average of e* by using fractional calculus.

Saxena, Pogany, Ram and Daiya [ ] investigated the Dirichlet Averages of Generalized Multi-index Mittag-Leffler
in terms of Riemann-Liouville integrals and hypergeometric functions of several variables Functions.

Kilbas and Kattuveetti [ ] established a correlation among Dirichlet averages of the generalized Mittag-Leffler
function nwith Riemann-Liouville fractional integrals and of the hyper- geometric functions of many variables.

In this paper, the Dirichlet average of Trigonometrical functions has been obtained by using fractional calculus.

1. Definitions:
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We give blew some of the definitions which are necessary in the preparation of this paper.

1.1 Standard Simplex in R®,n > 1:
The standard simplex in R*, n > 1 by [1, p.62].

E=E, = {S(ulluz, ...un) :u;20,..u, 20, uy +uy +--+u, <1}

1.2 Dirichlet measure:
Letb € C¥,k > 2 and let E = E,_, be the standard simplex in RX~1. The complex measure p, is defined by E[1].
1 -

dpy, (u) = ﬁu*{l‘l T A =y = = b My duy g (2.2.1)
Will be called a Dirichlet measure.
Here
I'(by) ...T(by)
I'(by +--+b)’
Open right half plane and C.k is the k™ Cartesian power of C.,

B(b) = B(b1,...bk) = Cs = {Z €z:z#0,|phz| < TI/2},

1.3 Dirichlet Average[1, p.75]:
Let Q be the convex set in Cs, let z = (zy, ..., z) € Q% k > 2 and let u.z be a convex combination of zj, ..., z. Let
f be a measureable function on Q and let p, be a Dirichlet measure on the standard simplex E in Rk~1.Define

F(b,z) = ff(u. z)d py, (u) (2.3)
E

We shall call F the Dirichlet measure of f with variables
z = (24, ..., 73 ) and parameters b = (by, ... b).
Here
k
wz = Z u;zi andug = 1 —ug — - — Uy
i=1
If k = 1, define F(b,z) = f(2).

14 Fractional Derivative [9, p.181]:
The concept of fractional derivative with respect to an arbitrary function has been used by Erdelyi [9]. The most
common definition for the fractional derivative of order a found in the literature on the “Riemann-Liouville
integral” is

Z

1
o — _ \—a-1
DEF) = rs f F(E)(z — )~ (2.4)

0

Where Re(a) < 0 and F(x) is the form of xPf(x), where f(x) is analytic at x = 0.

2.5 Average of coshx (from [16]):
let u° be a Dirichlet measure on the standard simplex E in Rk=1; k> 2. For every z € Ck

S(b,z) = fcos(u.z) dy, (u) (2.5)

E
Ifk=1,S = (b,z) = cos(u.z).
2.6 Triple averages of functions of one variable (from [1, 2]): let z be species with complex elements z;; . Let

u=(uy,..u), v=(vq,..vy) and w = (wy, ...w,) be an ordered I-tuple, m-tuple and n-tuple of real non-negative
weights ¥ u; = 1, Y v; = 1, and ¥ wy, = 1 respectively.

We define
I m
WZ.V.W = ZZZuizijkvjwk (2.6)
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If z;;, is regarded as a point of the complex plane, all these convex combinations are points in the convex hull of
(11, - 74 ), denote by H(z).

Let p = (yy, ... 1) be an ordered 1 -tuple of complex numbers with positive real part (Re (1) > 0) and similarly for
(0 = 0y, ... ) and B=(Py, ... B,). Then we define dm,, (u), dm, (v) and dmg(w) as (2.2.1).

Let f be the holomorphic on a domain D in the complex plane. If Re(p) > 0, Re(a), Re(B) > 0andH(z) c D, we
define

F(wza,B) = ﬂ .f f(u, z,v,w) dm, (u) dm, (v) dmg(w) 2.7)
Corresponding to the particular function coshx, ztand e?, we define,
S 7,0, B) = f f f cos(u,z,v, w) dm, (u) dmq (v) dmg(w) (2.8)
S(w,z,a,B) = ﬂj sin(u, z, v,w) dm, (u) dm, (v) dmg(w) (2.9
Ri(wz a,B) = jf (u,z,v,w)'dm, (u) dm, (v) dmg(w) (2.10)
S(w,z,a,B) = ff (e)**¥¥ dm, (u) dm, (v) dmg(w) (2.11)
2. Main Results and Proof:

Theorem: Following equivalence relation for Triple Dirichlet Average is established for (1=m =n = 2) of
cosh(u,z,v,w)

, , T(p+
S sz a0, B, B) =%( ) D COSX(X—Y)” ! (3.1)
Proof:
Let us consider the triple average for (1 = m = n = 2 of cos(u.z.v.w)
11

S(wu;za,a,B,p) = ffcos(u.z.v.w)dmw' (Wdm, - (vV)dmg g (W)

0
Z J-f[u Z.V. w]zndmML (Wdm, ,(v)dmg g (w) (3.2)

Re(w) = 0,Re(p) = 0,Re(a) > 0, R ( ) Re(B) >0, Re(B') > 0and
2 2 2

2
U.zZ.V.W ZZZ U; Ziji VWi, = ZZ [u;vj(zij1W1 + Zij2W2)]
1k=

i=1 j=1 i=1j=1
2

WZ.V.W = Z U; (V12411 W1 + V1Zi12Wo + VaZing Wy + VaZin W))]
i=1
UzZ.v.w = [U1V12111W1 + U1V1Z112 Wy + U1VyZip1 W + U1VyZ1pp Wy + UyViZy11 Wq
FUpV1Zp12 W + UpVoZop W1 + UpVoZop, Wy

let in first species z117 = a, 2112 = b, Z121 = ¢, Z12; = d and second species
Zy11 = €212 = [, 221 = 9, Z222 = h

U = u, uy=1-u
and { v; =, v,=1-—v

wy =w, w,=1-—-w
such that

wzvw=[uwla—-b—-—c+d—e+f+g—h)+uvb—d—f+h)
tvw(e—f—g+h)+wulc—d—g+h)+uld—h)+v(f—h)+w(g—h)+h]
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rp+uw) - ~
dm#’#'(u) = Wu” 11 —w+tdu
rla+a ,
dmg ,(v) = ;Ta,)v“‘l(l —v)*ldv
rg+p)

(W) = ——Z 2Bl — y)B-1
dmg 5'(w) v wP=H (1 —w)f —dw

Putting these values in (3.2), we have,

I+ p)Ip+p) @B +p)
Tuly  Tplp’  TPLP
9] 11 1
i2n
x;mofofof[uvw(a—b—c+d—e+f+g—h)+uv(b—d_f+h)
tow(e—f-g+h) +twulc—d—g+h)+uld—h) +v(f —h)+wlg—h) + A"

X ut1(1 — w)F tdu v 11 — v)® Ldv wh~1(1 — w)f ~ldw (3.3)
In order to obtained the fractional derivative equivalent to the above integral.

S u;za,a,B,8) =

Case-1:
Ifa=x,e=y,b=c=d=f =g =h=0thenwe have
, o T+ )I(o+p)T(B+ )
S(#’#lzlalalﬁ!ﬁ)_ 1—1#1—1#' I—vp[vp' Fﬁl—vﬁ’
111

e i2n
X Z —(;n)' f f f[uvw(x — y) + va]Zn u”_l(l — u)u -1 v“‘1(1 — v)a -1 Wﬁ_l(l _ W)ﬁ - dudvdw
v=0 000

Using the definition of beta function and due to suitable adjustment, Deora and Banergy [ ] we arrive at

e raa g g e @OnBln T+
S(ﬂ,ﬂ;z; a,a,ﬁ,ﬁ) - ((Z +a')n(ﬁ+ﬁ’)n T'u 1—'#’

d i2n !
X nz:(:) (;n)! 0J[ux + (1 —wylur1(1 — w)* ldu

, A (@) (B)n
Swu;z;a,a,B,p) = , -
ol PE) = ¥ ), B+ B
By using the definition of fractional derivative we get,
: o On(B)n  Tp+u)
Swu;z;a,a,B,p) = (@) ()

(@a+a)(B+pI)n Tu
This is complete proof of (3.1).
Similarly we can show equivalence of triple Dirichlet average of sinh x (I = m =n = 2) with the fractional
derivative i.e

Swu;zaa,B,B) =

S(uu'sx,y) (3.4)

(x — y)l_”_”'D;f;,cosx (x —y)r1 (3.5

(@nB)n  T'u+u)

(a+a)y(B+BY)y Tu - y)l‘”‘”'D;i‘y’sinx Gy (36)

Case 2:
Ifweputa=b=c=d=ux;e=f=g=h=y inequation (3.3) then Triple Dirichlet average of cosh x is same
as single Dirichlet average of cos x Sharma and Jain [14], i.e.
, o T+ )T (o +p)T(B+ )
S(M,M,Z,a,a,ﬁ,ﬁ)— F,Llr,u' rp[vp' 11‘811[;’
© 111
iZn , , ,
X Z ) f f[u(x —y)+y]ur (1 —wH du vt (1 - v)* ldv wh (1 — w)f Tldw
v=0 000
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r(p+u)
rulry

0 1
i2n
Sz aa,B,p) = X Z (;n), f[u(x —y) +yPrut (1 - w)t du
n=0 '()

Putting u(x — y) = t, we obtain

S(ﬂ,ﬂ,;Z; ala,lﬁ!ﬂ,) - (I’Lflj-l—vﬂ) Z(Z )|J- [}’+t]2n —)

u—-1

(1 t )""1 dt
xX—y (x—-y)
x=y

f [y + t]2 1 (e — y — O dt

, : r(u+u) .
. == "7 —u—p'
Swp;z;a,a,pB,B) T Tu (x—=y) E

On changing the order of integration and summation, we have

4 (2n)!

xX=y

(x =yl Tk f cos(y +t) " 1(x—y—t)*ldt  (3.7)
0

I(u+u)
ruly
Using definition of fractional derivative (2.4), we get
, , I'(e+u)
Swu;za,a,B,p) = Tu
Hence we obtained Triple Dirichlet average of cosh x is same as single Dirichlet average of cos x.

Similarly we can show equivalence of triple Dirichlet average of sinhx (I = m =n = 2) with the fractional
derivative i.e.

Swu;zad,B,B) =

(x — y)lh=H p;* cosx(x y)H1

Swu;zaa,B,p) =r(l}7:m( y)l-u=np# L sinx (x — y)* (3.8)
3. Particular Cases:
(i) If & =v—pandy=0in(3.1)
o @aBa (T2 1y
Sz a,d,f,B) = (a+a)n(ﬁ+ﬁ)n( (0D} cosx (1))

(@)n(B)n 1[I
(@+a)n(B+ B 2 ru

’ ’ v r -v
Swu;za,a,B,p) = () 7Dy e (ot tr (x)1 Dy e (T 1]

Swusza,a,B,p) = z fgng?i 52 [1F1(u,v ix) + 1Fy (u, v; ix)] (4.1)
(ii) Ifu=-n,u =1+y+nandy=0in(3.1) we have,
o (@) (B)n
S(-n1+y+nzaa,B,B)= @+a), B+ B,

(@n (B)n
(a+ )y (B+BDn 2

1 (a)n(B)n L¥1 (IX) + L¥1 (—iX)
2(a+a)y(B+PBDa[Ln(0)  LY(0)
Where L! is the Laguerre polynomial of degree n.

S 1
S(-n,1+y+nzad,Bp)= S LF1 (0 T4y + 0 Fy (o0, T4+ y; =] (4:3)

S(—n,1+y+mzad,BB)= (4.4)
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