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Introduction 
 Carlson [1-5] has defined Dirichlet average of functions which represents certain type of integral average 

with respect to Dirichlet measure. He showed that various important special functions can be derived as Dirichlet 

averages for the ordinary simple functions likext ,ex  etc. He has also pointed out [3] that the hidden symmetry of all 

special functions which provided their various transformations can be obtained by averaging   xn ,ex  etc. Thus he 

established a unique process towards the unification of special functions by averaging a limited number of ordinary 

functions. Almost all known special functions and their well known properties have been derived by this process.  

 Also, Gupta and Agarwal [10,11] found that averaging process is not altogether new but directly connected 

with the old theory of fractional derivative. Deora and Banerji [6] have found the double Dirichlet average of e
x
 by 

using fractional derivatives and they have also found the Triple Dirichlet Average of x
t
 by using fractional calculus 

[8]. Sharma and Jain [ ] 

 

 Recently, Sharma and Jain [ ] obtained double Dirichlet average of Trigonometry function cos x using 

fractional derivative. We can say that every analytic function can be measured as Dirichlet average, using fractional 

derivative. and they have also found the Triple Dirichlet Average of e
x
 by using fractional calculus. 

 

Saxena, Pogany,  Ram and Daiya [ ] investigated the Dirichlet Averages of Generalized Multi-index Mittag-Leffler 

in terms of Riemann-Liouville integrals and hypergeometric functions of several variables Functions. 

 

Kilbas and Kattuveetti [ ] established a correlation among Dirichlet averages of the generalized Mittag-Leffler 

function nwith Riemann-Liouville fractional integrals and of the hyper- geometric functions of many variables.  

 

In this paper, the Dirichlet average of Trigonometrical functions has been obtained by using fractional calculus.  

 

1. Definitions: 
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We give blew some of the definitions which are necessary in the preparation of this paper. 

 

1.1 Standard  Simplex in 𝐑𝐧, 𝐧 ≥ 𝟏: 

The standard simplex in Rn , n ≥ 1 by [1, p.62]. 

E = En = {S u1,u2, … un  ∶  u1 ≥ 0, … un ≥ 0,  u1 + u2 + ⋯ + un ≤ 1} 

 

1.2 Dirichlet measure: 

  Let b ∈ Ck , k ≥ 2 and let E = Ek−1 be the standard simplex in Rk−1. The complex measure μb  is defined by E[1]. 

dμb u =
1

B(b)
u1

b1−1
… uk−1

bk−1−1 1 − u1 − ⋯− uk−1 bk
−1du1 … duk−1          (2.2.1) 

Will be called a Dirichlet measure. 

Here 

B b = B b1, … bk =
Γ b1 … Γ bk 

Γ b1 + ⋯ + bk 
, C> =  z ∈ z: z ≠ 0,  ph z < π

2  , 

Open right half plane and C>k is the kth  Cartesian power of C> 

 

1.3 Dirichlet Average[1, p.75]: 

Let Ω be the convex set in C>, let z =  z1, … , zk ∈ Ω
k , k ≥ 2 and let u. z be a convex combination of z1, … , zk . Let 

f be a measureable function on Ω and let  μb  be a Dirichlet measure on the standard simplex E in Rk−1.Define  

F b, z =  f u. z d

0

E

μb u                                                          (2.3) 

We shall call F the Dirichlet measure of f with variables 

z = (z1, … , zk) and parameters b =  b1 , … bk . 

Here  

u. z =  uizi

k

i=1

 and uk = 1 − u1 − ⋯− uk−1. 

         If k = 1, define F b, z = f z . 
 

1.4 Fractional Derivative [9, p.181]: 

The concept of fractional derivative with respect to an arbitrary function has been used by Erdelyi [9]. The most 

common definition for the fractional derivative of order α found in the literature on the “Riemann-Liouville 

integral” is 

Dz
αF z =

1

Γ(−α)
 F t (z − t)−α−1dt                                                            (2.4)

z

0

 

Where Re(α) < 0 and F(x) is the form of xp f(x), where f(x) is analytic at x = 0. 
 

2.5  Average of 𝐜𝐨𝐬𝐡 𝐱  (from [16]): 

let μb  be a Dirichlet measure on the standard simplex E in Rk−1; k≥ 2. For every  z ∈ Ck  

S b, z =  cos u. z dμb

0

E

  u                                                                     (2.5) 

If k = 1, S = (b, z) = cos(u. z). 

 

2.6 Triple averages of functions of one variable (from [1, 2]): let z be species with complex elements zijk . Let 

u =  u1, … ul , v = (v1, … vm )  and w =  w1, … wn  be an ordered l-tuple, m-tuple and n-tuple of real non-negative 

weights  ui = 1,  vj = 1, and  wk = 1 respectively. 

We define 

u. z. v. w =    uizijk vjwk

n

k=1

m

j=1

l

i=1

                                                                        (2.6) 
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If zijk  is regarded as a point of the complex plane, all these convex combinations are points in the convex hull of 

 z11 , … zkx  , denote by H z . 
 

Let μ =  μ1, …  μk  be an ordered l –tuple of complex numbers with positive real part (Re (μ) > 0) and similarly for 

(α = α1, …αm ) and β=(β1, …βn). Then we define dmμ u , dmα v  and dmβ w  as (2.2.1). 

 

Let f be the holomorphic on a domain D in the complex plane. If Re μ > 0, Re α , Re β > 0andH z ⊂ D, we 

define 

F μ, z, α, β =   f u, z, v, w dmμ u  dmα v  dmβ w                                                             (2.7) 

Corresponding to the particular function coshx , ztand ez ,  we define, 

S μ, z, α, β =  cos u, z, v, w dmμ u  dmα v  dmβ w                                                  (2.8) 

S μ, z, α, β =  sin u, z, v, w dmμ u  dmα v  dmβ w                                                             (2.9) 

Rt μ, z, α, β =   u, z, v, w tdmμ u  dmα v  dmβ w                                                               (2.10) 

S μ, z, α, β =   e u.z.v.w dmμ u  dmα v  dmβ w                                                                   (2.11) 

 

2. Main Results and Proof: 
Theorem: Following equivalence relation for Triple Dirichlet Average is established for (l = m = n = 2) of 

cosh u, z, v, w  

S(μ, μ′; z; α, α′, β, β′) =
Γ μ + μ′ 

Γμ 
(x − y)1−μ−μ ′

Dx−y
−μ ′

cosx (x − y)μ−1                                  (3.1) 

Proof: 

Let us consider the triple average for (l = m = n = 2 of cos(u. z. v. w) 

S(μ, μ′; z; α, α′, β, β′) =   cos u. z. v. w dmμ ,μ ′

1

0

1

0

(u)dmα ,α ′(v)dmβ ,β ′(w) 

=  
i2n

 2n !
   u. z. v. w 2ndmμ ,μ ′

1

0

1

0

 u dmα ,α ′ v dmβ ,β ′ w 

∞

n=0

                            (3.2) 

Re μ = 0, Re μ′ = 0, Re α > 0, Re α′ > 0, Re β > 0, Re β′ > 0 and 

u. z. v. w =    uizijk vjwk

2

k=1

2

j=1

2

i=1

=   [uivj(zij1w1 + zij2w2)]

2

j=1

2

i=1

 

u. z. v. w =   ui v1zi11w1 + v1zi12w2 + v2zi21w1 + v2zi22w2  

2

i=1

 

u. z. v. w = [u1v1z111w1 + u1v1z112 w2 + u1v2z121w1 + u1v2z122w2 + u2v1z211 w1 

+u2v1z212w2 + u2v2z221 w1 + u2v2z222 w2] 
 

let in first species  z111 = a, 𝑧112 = 𝑏, 𝑧121 = 𝑐, 𝑧122 = 𝑑  and second species 

 𝑧211 = 𝑒, 𝑧212 = 𝑓, 𝑧221 = 𝑔, 𝑧222 =  

 

and   
𝑢1 = 𝑢,           𝑢2 = 1 − 𝑢
𝑣1 = 𝑣,          𝑣2 = 1 − 𝑣
𝑤1 = 𝑤,          𝑤2 = 1 − 𝑤

  

such that 

 𝑢. 𝑧. 𝑣. 𝑤 = [𝑢𝑣𝑤 𝑎 − 𝑏 − 𝑐 + 𝑑 − 𝑒 + 𝑓 + 𝑔 −  + 𝑢𝑣 𝑏 − 𝑑 − 𝑓 +   

+𝑣𝑤 𝑒 − 𝑓 − 𝑔 +  + 𝑤𝑢 𝑐 − 𝑑 − 𝑔 +  + 𝑢 𝑑 −  + 𝑣 𝑓 −  + 𝑤 𝑔 −  + ] 
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𝑑𝑚𝜇 ,𝜇 ′ 𝑢 =
𝛤(𝜇 + 𝜇′)

𝛤𝜇 𝛤𝜇′
𝑢𝜇−1(1 − 𝑢)𝜇 ′−1𝑑𝑢 

𝑑𝑚𝛼 ,𝛼 ′(𝑣) =
𝛤 𝛼 + 𝛼 ′ 

𝛤𝛼𝛤𝛼′
𝑣𝛼−1(1 − 𝑣)𝛼 ′−1𝑑𝑣 

𝑑𝑚𝛽 ,𝛽 ′(𝑤) =
𝛤 𝛽 + 𝛽′ 

𝛤𝛽𝛤𝛽′
𝑤𝛽−1(1 − 𝑤)𝛽 ′−1𝑑𝑤 

 

Putting these values in (3.2), we have, 

 

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
𝛤 𝜇 + 𝜇′ 

𝛤𝜇 𝛤𝜇′

𝛤 𝜌 + 𝜌′ 

𝛤𝜌𝛤𝜌′

𝛤 𝛽 + 𝛽′ 

𝛤𝛽𝛤𝛽′  

×  
𝑖2𝑛

 2𝑛 !
   [𝑢𝑣𝑤 𝑎 − 𝑏 − 𝑐 + 𝑑 − 𝑒 + 𝑓 + 𝑔 −  + 𝑢𝑣 𝑏 − 𝑑 − 𝑓 +  

1

0

1

0

1

0

∞

𝑣=0

 

 +𝑣𝑤 𝑒 − 𝑓 − 𝑔 +  + 𝑤𝑢 𝑐 − 𝑑 − 𝑔 +  + 𝑢 𝑑 −  + 𝑣 𝑓 −  + 𝑤 𝑔 −  + ]2𝑛
 

× 𝑢𝜇−1(1 − 𝑢)𝜇 ′−1𝑑𝑢 𝑣𝛼−1(1 − 𝑣)𝛼 ′−1𝑑𝑣 𝑤𝛽−1 1 − 𝑤 𝛽
′−1𝑑𝑤                                     (3.3) 

In order to obtained the fractional derivative equivalent to the above integral.  

 

Case-1: 

If 𝑎 = 𝑥, 𝑒 = 𝑦, 𝑏 = 𝑐 = 𝑑 = 𝑓 = 𝑔 =  = 0 then we have  

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
𝛤 𝜇 + 𝜇′ 

𝛤𝜇 𝛤𝜇′

𝛤 𝜌 + 𝜌′ 

𝛤𝜌𝛤𝜌′

𝛤 𝛽 + 𝛽′ 

𝛤𝛽𝛤𝛽′  

×  
𝑖2𝑛

 2𝑛 !
   [𝑢𝑣𝑤 𝑥 − 𝑦 + 𝑣𝑤𝑦]2𝑛

1

0

1

0

1

0

∞

𝑣=0

𝑢𝜇−1(1 − 𝑢)𝜇 ′−1 𝑣𝛼−1(1 − 𝑣)𝛼 ′−1  𝑤𝛽−1 1 − 𝑤 𝛽
′−1𝑑𝑢𝑑𝑣𝑑𝑤   

Using the definition of beta function and due to suitable adjustment, Deora and Banergy [  ] we arrive at   

𝑆 𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′ =
(𝛼)𝑛(𝛽)𝑛

(𝛼 + 𝛼 ′)𝑛(𝛽 + 𝛽′)𝑛

𝛤 𝜇 + 𝜇′ 

𝛤𝜇 𝛤𝜇′
 

×  
𝑖2𝑛

 2𝑛 !
  𝑢𝑥 + (1 − 𝑢)𝑦 2𝑛

1

0

𝑢𝜇−1(1 − 𝑢)𝜇 ′−1𝑑𝑢

∞

𝑛=0

 

𝑆 𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′ =
(𝛼)𝑛(𝛽)𝑛

(𝛼 + 𝛼 ′)𝑛(𝛽 + 𝛽′)𝑛
𝑆 𝜇, 𝜇′; 𝑥, 𝑦                                        (3.4) 

By using the definition of fractional derivative we get, 

𝑆 𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′ =
(𝛼)𝑛(𝛽)𝑛

(𝛼 + 𝛼 ′)𝑛(𝛽 + 𝛽′)𝑛

𝛤 𝜇 + 𝜇′ 

𝛤𝜇 
(𝑥 − 𝑦)1−𝜇−𝜇 ′

𝐷𝑥−𝑦
−𝜇 ′

𝑐𝑜𝑠𝑥 (𝑥 − 𝑦)𝜇−1           (3.5) 

This is complete proof of (3.1). 

Similarly we can show equivalence of triple Dirichlet average of 𝑠𝑖𝑛 𝑥 (𝑙 = 𝑚 = 𝑛 = 2) with the fractional 

derivative i.e 

𝑆 𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′ =
(𝛼)𝑛(𝛽)𝑛

(𝛼 + 𝛼 ′)𝑛(𝛽 + 𝛽′)𝑛

𝛤 𝜇 + 𝜇′ 

𝛤𝜇 
(𝑥 − 𝑦)1−𝜇−𝜇 ′

𝐷𝑥−𝑦
−𝜇 ′

𝑠𝑖𝑛𝑥 (𝑥 − 𝑦)𝜇−1           (3.6) 

 

Case 2: 

If we put 𝑎 = 𝑏 = 𝑐 = 𝑑 = 𝑥; 𝑒 = 𝑓 = 𝑔 =  = 𝑦 in equation (3.3) then Triple Dirichlet average of 𝑐𝑜𝑠 𝑥 is same 

as single Dirichlet average of 𝑐𝑜𝑠 𝑥 Sharma and Jain [14], i.e. 

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
𝛤 𝜇 + 𝜇′ 

𝛤𝜇 𝛤𝜇′

𝛤 𝜌 + 𝜌′ 

𝛤𝜌𝛤𝜌′

𝛤 𝛽 + 𝛽′ 

𝛤𝛽𝛤𝛽′  

×  
𝑖2𝑛

 2𝑛 !
   [𝑢 𝑥 − 𝑦 + 𝑦]2𝑛

1

0

1

0

1

0

∞

𝑣=0

𝑢𝜇−1(1 − 𝑢)𝜇 ′−1𝑑𝑢 𝑣𝛼−1(1 − 𝑣)𝛼 ′−1𝑑𝑣 𝑤𝛽−1 1 − 𝑤 𝛽
′−1𝑑𝑤   
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𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
𝛤 𝜇 + 𝜇′ 

𝛤𝜇 𝛤𝜇′
×  

𝑖2𝑛

 2𝑛 !
  𝑢 𝑥 − 𝑦 + 𝑦 2𝑛

1

0

𝑢𝜇−1(1 − 𝑢)𝜇 ′−1𝑑𝑢

∞

𝑛=0

 

 

Putting 𝑢 𝑥 − 𝑦 = 𝑡, we obtain 

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
𝛤 𝜇 + 𝜇′ 

𝛤𝜇 𝛤
×  

𝑖2𝑛

 2𝑛 !
  𝑦 + 𝑡 2𝑛

𝑥−𝑦

0

 
𝑡

𝑥 − 𝑦
 
𝜇−1

 1 −
𝑡

𝑥 − 𝑦
 
𝜇 ′−1 𝑑𝑡

(𝑥 − 𝑦)

∞

𝑛=0

 

 

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
𝛤 𝜇 + 𝜇′ 

𝛤𝜇 𝛤𝜇′
(𝑥 − 𝑦)1−𝜇−𝜇 ′

 
𝑖2𝑛

 2𝑛 !
  𝑦 + 𝑡 2𝑛

𝑥−𝑦

0

 𝑡 𝜇−1 𝑥 − 𝑦 − 𝑡 𝜇
′−1𝑑𝑡

∞

𝑛=0

 

On changing the order of integration and summation, we have 

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
𝛤 𝜇 + 𝜇′ 

𝛤𝜇 𝛤𝜇′
(𝑥 − 𝑦)1−𝜇−𝜇 ′

 𝑐𝑜𝑠 𝑦 + 𝑡 

𝑥−𝑦

0

 𝑡 𝜇−1 𝑥 − 𝑦 − 𝑡 𝜇
′−1𝑑𝑡        (3.7) 

Using definition of fractional derivative (2.4), we get 

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
𝛤 𝜇 + 𝜇′ 

𝛤𝜇 
(𝑥 − 𝑦)1−𝜇−𝜇 ′

𝐷𝑥−𝑦
−𝜇 ′

𝑐𝑜𝑠𝑥 (𝑥 − 𝑦)𝜇−1     

Hence we obtained Triple Dirichlet average of 𝑐𝑜𝑠 𝑥 is same as single Dirichlet average of 𝑐𝑜𝑠 𝑥.  
Similarly we can show equivalence of triple Dirichlet average of 𝑠𝑖𝑛 𝑥 (𝑙 = 𝑚 = 𝑛 = 2) with the fractional 

derivative i.e. 

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
𝛤 𝜇 + 𝜇′ 

𝛤𝜇 
(𝑥 − 𝑦)1−𝜇−𝜇 ′

𝐷𝑥−𝑦
−𝜇 ′

𝑠𝑖𝑛𝑥 (𝑥 − 𝑦)𝜇−1                                    (3.8) 

3. Particular Cases: 

(i) If  𝜇′ = 𝑣 − 𝜇 and 𝑦 = 0 in (3.1)  

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
(𝛼)𝑛(𝛽)𝑛

(𝛼 + 𝛼 ′)𝑛(𝛽 + 𝛽′)𝑛
 
𝛤𝑣

𝛤𝜇
(𝑥)1−𝑣𝐷𝑥

𝜇−𝑣
𝑐𝑜𝑠𝑥 (𝑥)𝜇−1  

𝑆(𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′) =
(𝛼)𝑛(𝛽)𝑛

(𝛼 + 𝛼 ′)𝑛(𝛽 + 𝛽′)𝑛

1

2
 
𝛤𝑣

𝛤𝜇
(𝑥)1−𝑣𝐷𝑥

𝜇−𝑣
𝑒 𝑖𝑥  (𝑥)𝜇−1 +

𝛤𝑣

𝛤𝜇
(𝑥)1−𝑣𝐷𝑥

𝜇−𝑣
𝑒−𝑖𝑥  (𝑥)𝜇−1  

𝑆 𝜇, 𝜇′; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′ =
(𝛼)𝑛(𝛽)𝑛

(𝛼 + 𝛼 ′)𝑛(𝛽 + 𝛽′)𝑛

1

2
 𝐹1 𝜇, 𝑣; 𝑖𝑥 1

0 + 𝐹1 𝜇, 𝑣; −𝑖𝑥 1
0                                               (4.1) 

(ii) If 𝜇 = −𝑛, 𝜇′ = 1 + 𝛾 + 𝑛 and 𝑦 = 0 in (3.1) we have, 

 

𝑆 −𝑛, 1 + 𝛾 + 𝑛; 𝑧; 𝛼, 𝛼 ′, 𝛽, 𝛽′ =
(𝛼)𝑛(𝛽)𝑛

(𝛼 + 𝛼 ′)𝑛(𝛽 + 𝛽′)𝑛
 

1

2
 
𝛤 1 + 𝛾 

𝛤 −𝑛 
𝑥−𝛾𝐷𝑥

−𝑛−𝛾−1
𝑒𝑖𝑥  𝑥−𝑛−1 +

𝛤 1 + 𝛾 

𝛤 −𝑛 
𝑥−𝛾𝐷𝑥

−𝑛−𝛾−1
𝑒−𝑖𝑥  𝑥−𝑛−1                                 (4.2) 

 

S −n, 1 + γ + n; z; α, α′, β, β′ =
(α)n(β)n

(α + α′)n(β + β′)n

1

2
 F1 −n, 1 + γ; ix 1

0 + F1 −n, 1 + γ; −ix 1
0       (4.3) 

 

S −n, 1 + γ + n; z; α, α′, β, β′ =
1

2

(α)n(β)n

(α + α′)n(β + β′)n

 
Ln
γ  ix 

Ln
γ  0 

+
Ln
γ  −ix 

Ln
γ  0 

                                         (4.4) 

Where Ln
γ

 is the Laguerre polynomial of degree n. 
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