Deesign of a stepped disk for continuous kinetic energy storage: an

2 educational toy
Abstract

In this study, the design of a stepped disk for continuous kinetic energy storage is
considered.

Thesystem includes a stepped disk made of a large disk for kinetic energy storage and
a snall disk to wrap and unwrap a string; and a relatively small mass attached to the
strirgy for potential energy to drive the stepped disk. The disk rotates around a fixed

poire and the mass drops down in a straight-line motion.

While the mass drops down, the string is unwrapped, the stepped disk rotates and
trangfers the potential energy into Kinetic energy. When the mass reaches its lowest
poirtt2 the string wraps around the small disk and the mass gains potential energy. By

neglegting friction, the stepped disk rotates back and forth continuously.

Theldnportance of the stepped disk system is twofold: it is used as an educational toy
thusi®nabling research activities and demonstrating the process of kinetic energy
storage.



17 introduction

GratBational energy and flywheel technology represent two promising avenues for
renel@able energy generation and storage. Gravitational energy, often overlooked, can
be Rarnessed through innovative systems that capitalize on the potential energy
deriggéd from gravitational forces. Shyu Shyu (2011) introduced a Vertical Type
Potattial Energy Generator (VTPEG), demonstrating that gravitational energy can be
effezeBvely converted into usable energy, thus positioning it as a viable renewable
resazdce. This concept is further supported by Shyu (Shyu, 2010), who posits that
uniagsal gravitation itself can be viewed as an ultimate renewable energy source,
empt@sizing the potential for large-scale applications. The integration of gravitational
enej systems could significantly contribute to sustainable energy solutions,

partd&ilarly in regions where conventional energy sources are limited.

FlywBeel energy storage systems (FESS) also play a crucial role in the renewable
enefy landscape. These systems store Kinetic energy in a rotating mass, allowing for
rapidlenergy release when needed. Li et al. (2013) highlighted advancements in
flyv@eel technology, particularly the use of composite materials that enhance the
mecd@nical properties and efficiency of energy storage. The application of flywheels
in c8ajunction with renewable energy sources, such as wind power, has been explored
by 3520 et al. (Shao et al., 2014), who demonstrated that integrating flywheels with
lead3acid batteries can optimize energy storage and reduce losses. Furthermore, Wen
et a37(2013) discussed the design of multi-ring carbon fiber composite flywheels,
whigB exhibit high energy density and longevity, making them suitable for various

appHBeations, including aerospace and automotive industries.

The4Bynergy between gravitational energy and flywheel technology can lead to
innaMative energy solutions. For instance, the potential for using flywheels to store
enedp/ generated from gravitational systems is an area ripe for exploration. Erd et al.
(2028) provided insights into the power flow simulation of flywheel systems,
partéeularly in tramway applications, where energy savings can be achieved through
regeferative braking. This highlights the practical implications of combining
Additonally, Ratniyomchai et al. (2014) emphasized the importance of energy storage
deviges in electrified railways, showcasing the effectiveness of flywheels in managing

regeterative braking energy.
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In sbonmary, both gravitational energy and flywheel technology present significant
oppbdtunities for renewable energy generation and storage. The integration of these
systéms could lead to enhanced energy efficiency and sustainability. As research
contiBues to evolve in these fields, the potential for innovative applications and

impBdvements in energy systems remains promising.

In thés article, a stepped disk system is proposed to demonstrate Kinetic energy
storage. The system includes a stepped disk as a simplified version of a flywheel. The
stepped disk continuously stores the potential energy supplied by a moving mass in a

graag&tional field as kinetic energy.

The5article is arranged as follows: system description is given in section 2;
matBematical model is described in section 3; solutions of the mathematical model are
givesiLin section 4; numerical example is given in section 5; and finally summary and

conélusion are given in section 6.



B3 System description
in tld@4 section the system is described including its components and its function.
B8 components

Theestepped disk system is designed to run continuously in a prosses to store and
releé3e kinetic energy. The successful operation of the system is granted by proper

desi68 and assembly of its components.

The6d are three main elements in the system including a stepped disk; a relatively

smafidmass and a string and a wood bar to serve as a disk holder.

The7dtepped disk has a mass M with radius R, and a smaller disk with radius r (see

figura 1).
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Figare 1: Schematics of the stepped disk. The large disk with a radius R and thickness

z. thessmall disk with a radius r and thickness w.

The7&cond component is a relatively small mass m which is connected to the small

diskAwith a string (the third component), (see figure 2).
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Fig8ee 2: Schematics of the small mass attached to a string with length H.
Thed8ast component is a wood bar to serve as a disk holder.
2.2 82sembly and operation

The&8/stem is assembled together in a few simple steps as follows: the stepped disk is
fixe84on top of a table by means of a wooden bar. The height of the table and the
woaten bar should be greater than the length of the string to insure smooth operation
of tigs system. Then the string is pinned or screwed to the smaller disk, and finally the

mas81s attached to the free side of the string, (see figure 3).

stepped disk

wooden bar .
table String
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Figaee 3: Schematics of the stepping disk system.

The%string is wrapped around the smaller disk number of rounds n such that 2nr=H.

Thegaaximal displacement of the mass is H+r meters.

Whes3 the system us released from rest, the mass m drops down H+r meters and
aftepaards it restores the same height in the case of negligible friction and thus moves

up &l down forever.
96
97 Mathematical model

In ®Btion 2, the stepped disk system for continuous kinetic energy storage was
des@tbed. The motion of the disk is rotational and the motion of the mass is linear,
thusidte potential energy of the mass is converted into rotational kinetic energy and
vicelvdrsa.

3a2Separate models

Thelegstem is split by imagination into two separate components. The free body
diagtams are shown in figure 4. The internal force in the spring now acts as an
exteroal force.

Newtioh's second law of mation is written for the disk and for the mass by introducing

the tEDBion force in the string as an external force, (see figure 4).
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Figup®4: free body diagrams for separated components.

Newttbd's second law for a rotational motion is given by:

ZMO:IOa

111 1)

Whare2M, is the external moment and |, is the moment of inertia of the disk around its

axisldBrotation, and o is the appropriate angular acceleration.
Afteririting the external moment explicitly, equation (1) is rewritten and is given by:
Tr=1, x

115 )
116

Whare7T is the tension in the string and r is the radius of the small disk.
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Simita8ly, Newton's second law is written for the linear motion of the mass and is
giveriby:

ZF=ma

120 ?3)

Whaz1F is the external force, m the mass of the driving component and a is the

appog¥iate acceleration.

After2arriting the balance of the external forces explicitly, equation (3) is rewritten

accdringly and is given by:
mg—T =ma

125 4)
Thel2gation between the linear acceleration and the angular acceleration is given by:
a=xr

127 (5)
An @gression for the angular acceleration is derived from equations

(2),129and (5) after mathematical manipulations and is given by:

mgr
o= 9T
I, + mr?

130 (6)
3.2 ¥8hole system model

Equagipn (6) could be derived based on the whole system model without splitting the
systeéB® into two free body diagrams. Applying Newton's second law for the whole

systeB¥(see figure 5), equation (1) is rewritten and is given by:
mgr = (I, + mr?) «

135 (7)
Cleany, equation (6) could be derived easily from equation (7).
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Figas®5: free body diagram for the whole system.
Thelatoment of inertia | of the whole system while neglecting the smaller disk
contrfdution about the axis of the disk is given by:

1
I = EMRZ + mr?

142 (8)

It isldmportant to note that for the range of the vertical motion from r to H the
accdlémtion is constant, but for the range between from zero to r the acceleration is

not a4%nstant and should be considered appropriately.
146
3&7/Non-constant acceleration

whet4the mass drops down H meters the driving gravitational force is constant but its
effet®n the moment is changed with respect to the cos(0), where 0 is the angle of

rotafi®® measured from the x-axis in the counterclockwise direction, (see figure 6).



positive rotation
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FigafR 6: non-constant acceleration model
153

Equasién (6) is modified to account for the dependence of the angular acceleration

withl B&spect to angle 0 and is given by:

6= L0 _ pcosiw
=Tz acosifh)

156 9)

Towtdsds finding a solution equation (9) is rearranged in terms of the angular velocity
6 arkb& given by:

69 _ acosiip
90 acosifh)
159 (10)

Equaéon (10) is integrated to express the angular velocity as a function of the angle
andisgiven by:

6 = \/912 + 2asini(h)
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162 (11)
Whaig30; is the initial angular velocity.

Nowviely applying the method of separation of variables to equation (11) , a relation
betviéen the time and the angle could be easily derived and it is given by:

9 do
£ = f
0 J 62 + 2asinifh)
166 (12)

4 $6Wution of the equation of motion

Thels®tion is descibed by two regions: height between r and H and height between
zeral&sd r.

4.1 Hright between r and H

In thid region the motion is described by a constant acceleration motion. The
accdlgmation is given by equations (5) and (6).

Thelargyular velocity w is given by:
w = at
174 (13)
Andiitee linear velocity v is given by:
UV = wr
176 (14)

Andifinally, the vertical position is given by:
1 2
y=H+r-— Eat

178 (15)

Thelstapsed time ¢, from r to H is extracted from equation (15) by substituting y=r,
and i8@iven by:

11



181 (16)
4.2 kBdght range from zeroto r
Equag®n (12) could be solved exactely or by approximations.
4.2.1&xact solution

Thid&guation coul be solved exactely by using a calculator; wolfram alpha or by

usintgiBapezoidal integration rule from angle zero to %With the aid of microsoft excel.

4.2.2&€ro order approximation

Theld&e term is neglected, due to small contribution, and the elapsed time from zero
to r i8given by:

t
or 9[
190 (17)
4.2.39Rirst order approximation

Thelgparated diffrential equation is given by:

do

dt =

\/91-2 + 2asini(h)
193 (18)

ThelSquare root is approximated up to the first term of Talor's expamsion and the
appa®&amation of equation (18) is given by:

do

ae = 0;(1 + £5sin())

196 (19)

Whd@7e is given by:
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198 (20)
Equasion (19) is solved analytically by using the substitution u = tani?i@)

And20@ time t as a function of angle 8 is given by (see appendex1 for more details.):

2 u+e £
t= —9i a_9 arctan <—m) — arctan <—m>
201 (21)
Fina@0g the vertical position in the range zero to r is given by:
y =1 —rsin(0)
203 (22)
5. N20#erical example

For 2@emonstration, the following values are used as appropriate for lab

congderations:
Largodisk
Rad2@8R=0.35m
Rad2@9r=0.03 m
Masz191=3.5kg

Momebt of inertia (neglecting small contributions of the small disk and the relatively
smaktimass) =0.0536kgm?,

SmallBnass
Masz1%=0.1kg
Striad 5
LengtieH=1m

Based on these values the following are calculated:
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Anqudar acceleration

mgr 0.1x9.81x0.03 rad
T T T 00536
TheXadl time

B 2 2 N
= | 0552003

Fall2k®e in the range O-r

The2nitial angular velosity is needed
6; = at = 0,55x11 = 6.04rad/s
Cal@ator calculation

to, = 0.258 s

Zer@3der approximation

T
tor = g = 0.26s

i
Firseaader approximtion (equation 21)
to, = 0.2592s

The2@e in the range O-r is calculated by approximating the integral by a trapezoidal
rule22@& compared with the zero orde approximation. The results are shown in figure
7, (E27figure 7).
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Exact and zero order approximation of time in
seconds versus angle in radians
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Figaes 7: exact and zero order approximation of time versus angle in radians in the
rangs0-r.

In ozdar to check the accuracy of the approximation, the relative difference between
the 28act and zero order approximation of time is shown in figure 8, (see figure 8). It
IS sl®&n in figure 8 that the relative error is less than the 1% for the whole range of
the @8#asidered angle of rotation.
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Relative % time difference between exact and zero
order aaproximation in seconds versus angle in

radians
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Figaes 8: Relative % time difference between exact and zero order approximation

verseBzangle in radians for the range O-r.

The2&8lig time (s) in the range r-H is plotted is plotted versus the mass m (kg) in
figuea®, see figure 9). It is shown that the time is inversly related to mass in non-
linean@ashion.

Falling time (s) versus mass (kg)
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Fig429: falling time (s) in the range r-H versus mass (kg).
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Finali the vertical position versus time is shown fo the range 0-H. Figure 10 shows
the @A down position, (see figure 10). The motion upwards is symetric to the motion

dowagards and could be visualised as its mirror image.

Vertical position (m) versus time (s)
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Figw4810: Vertical position (m) versus time (s) for the range 0-H.
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6. SeBimary and conclusions

In tlaS2article, the stepped system for countiouous Kinetic energy storage is introduced
and28sscribed.  The system includes a stepped disk, a relatively small mass and a
con@éeting string. The mass drops in a gravitational field and its potential energy
trastesB and stored in the disk. The mass gains potential energy after reaching its

min2Bal position. In the case of neglicting friction, the system runs forever.

The2sTportance of the system is two folds: it serves as an educational toy for research

actigiies and it demonstrates kinetic energy storage as a renewble source of energy.

The2sstem was described mathematically and its motion was derived analytically and
appasdmatly, especially for the region O-r where the acceleration is not constant but
rath26depends on the rotational angle. Due to its small contribution, the depencence

coulzbRe described by zero order approximation.

As 26final note it might be possuble to further develop the system to include a
genaedor to convert the kinetic energy into electricity, and thus it would be possible to
denzsBtrate the applicablility of the system for producing electrical power.
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Ap@asedix 1

Dermaion of equation (21)

Theatbstitution u = tanii( ) leads to the following relations:

0) 1
cos|=| =
(2 V14 u?

sin[=) =
2/ \J1+u?

_ 2du
W1
gt = 2du
6,1+ u?) (1 + £2sin (%) cos (%))
2du
dt = - ” 1
6:(1+u2) (1+ 26 5= =)

Afta&implification the expresion is given by:

273

2du

dt ==
0;(1 + u? + 2¢cu)

By @hpleting the square we get the following expression:

2du

dt ==
0;,((u+¢e)2+1—¢e2)

Finalsthis could be arranged as an arctangens differential and is given by:
2du
2
. ) u+te
6:(1-¢ )(1 +(7=) )

Afta7ttegration the previous expression from angle zero to 90 degrees in radians,
equatan (21) is derived.

dt =

19
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