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Cyclotomic Cosets in The Ring Ry,ngm = GF(D[x]/(x*"1" — 1)

ABSTRACT

We consider the ring Ry,ngm = GF (1) [x]/(x*"4" — 1) where p, q,1 are distinct odd primes, |
is a primitive root both modulo p™ and q™  such that gcd(@(("),¢(@q™))= d .Explicit
expressions for all the 4(m xn xd + m+n + 1) Cyclotomic Cosets are obtained, p does not
divideq—1.
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1. INTRODUCTION

Let GF(l) be a field of odd prime order [.Let z > 1be an integer with gcd(l,z) =
1.Let R, = GF(D)[x]/(x* —1). The minimal cyclic codes of length z over GF(l) are ideals of
the ring R,. G.K. Bakshi and Madhu Raka [4] obtained 3n 4+ 2 primitive idempotents in R, for
z =p"q where p,q,!l are distinct odd primes, | is a primitive root both modulo p™ and g and
gcd(p(@™), ¢(q)) = 2. Amita Sahni and P.T. Sehgal [5] extended the results of G.K. Bakshi
and Madhu Raka and obtained (d + 1)n + 2primitive idempotents in R,for z = p"q where
p,q,l are distinct odd primes, | is a primitive root both modulo p™ and g and
gcd(p(®™),¢(q)) = d. When d = 2 In [5], we obtain all the results of [4]. So [4] becomes a
special case of [5].

In this paper, we consider the case when Z=4p™q™ where p,q,l are
distinct odd primes, | is a primitive root both modulo p™ and g™ .Explicit expressions for all the
4(mxnxd+m+n+1) Cyclotomic Cosets are obtained. gcd(@(p™), 9(q™)) = d, p does
not divide g — 1 .. Here, we extend the results of Amita Sahni and P.T. Sehgal [5].

REMARK2.1For 0 <s<z—1, let C; = {s,sl,sl?,...,sl71}, where ts is the least positive
integer such that sl*s = s (mod2 p™q™) be the cyclomic coset containing s.

LEMMA2.1. Letp,q,l be distinct odd primes, n > 1 an integer,o(l)zpn_,- = @p2p"7),

m—k)

_ e
0(Dggm—t = @(2q™*) and ged(@(2p"7), (29" ")) =d theno(l) n-j m-r = el 7q" ) )
foral0<j<n—-l1land0<k<m-1.

Proof.Let o(1)yn-j,m-« =t,0<j<n-1land 0 < k <m—1.Then I' = 1mod 4p™~ q" *Butp

and q are distinct odd primes. Hence I = 1mod 2p™~and [* = 1 mod 2q™ ¥ .Since
0(D)ypn-i = @(2p"7) and, o(),,m-r = @(2q™*) therefore, (2p"~) and p(2¢™*) divides

A n—j m-—k
t.Then lem(e(2p™ ™), 9(2g™ %)) =W'+}q) divides t.On the other hand, since o(1),,m-« =
e 4pn—qu—k
@(2q™ "), therefore, 124" ™) = 1mod 2¢™* hence 1C—@ ) = 1mod 4q™* Similarly,
nqumfk n—qu—k

4p . L . 4p
1C—a ) =1mod 2p"~ . As p and q are distinct primes, we get (*C a ) =
1mod 4p™~J g™k

n—j m-—k n—j_m-—k
2@ 797 ) and we get that ¢ = "’(4”7‘”.

1

Hence, t = o(1),,n-j m-rdivides

_]q
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LEMMAZ2.2. For given p,q,ldistinct odd primes such that gcd (¢(p),9(g))=d, and | is a
primitive root mod(p) as well as g, then there always exists a fixed integer a satisfying gcd(a,
pg)=11<a< pg, such that a is a primitive root mod(p) and the order of a mod q is

2 .3 d-1 2 2(9)_ .
¢(gq).Also a,a” a’,...... a ~ does not belong to the set S={1, [, I, ..., ¢ ~".Further, for this

. . . 2 <p(4p"’qu’k)_1
fixed integera andfor0<j<n-1,0<k<m-1theset{l,( 1, ...,1 d , &, al,
m—k)_ m—k

pUptqmThy @™ g ) ) @@t TqmTh
.al 4 1 a?, a%, a%?, ..., a1« Va%t a*ty .., a* . 4 1Y forms

a reduced residue system modulo 4p™~/ g™ *.

Proof.Trivial

THEOREM2.1.I1f n = 4p™"q™ (m and n > 1), Then the 4(m X n x d +m + n + 1) cyclotomic
cosets modulo 4p™g™are given by

(i) Co= {0}, (iD)Cpngm= {p"q™ } (ii))Copngm= {2p"q™ } (iV)C3pnqm= {3p"q™ } (v) for 0 <k <
m-1

Con={p™, D™, ey p" 12" TN} (WD) Cypn= {207, 297, .., 25" 190G TOTIY (i) Cypn = {37,
3pnl, ..., 3p" 1#@" O , (Viii)Cypn= {4p™, 4p™, oy Ap"19@"T971) and for 0 <j<n-1,

(@2)Cqm={q™, q"\, ..., " 120" DY ()Coqm= {202 g™, ..., 24" 10077
(Xi)C3qm={3q™,3 q™, ..., 3¢" 12@" )71} (xi()Cyym = {4q™ 4 g™, ..., 44" 1?@" 71}

ForO<j<n-1,and 0 <k, <m-1for 0 <w <d-1,

pUp" g™ R |
a

(X C w7 g ={ a”p’ q*,a"p’ q~|, ..,a¥plq* l } s (x0) Coqupi gk ={
W 4k W 4k W ok w—l - P Woj Ak Woj Ak
2a¥p’ q*,2a¥p’ q"l, ....,2a"p’/ q" 1 d b (xv) C3aijqk—{ 3p/q*,2a¥p’ q"l, ...,3a"p’/q

¢(4p””'qm’k)_1 . ok ok ok ¢(4p"’fqm’k)_1
d }, (xvi) C4aijqk:{ da¥p’ q*,4a"¥p’ q*l, ...,.4a%¥p’ q" | d } where the

number a is given by Lemma 2.2.

Proof: Trivial as Lemma 2.2.
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