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Unifying Inflation-Dark energy through scalar field and Quadratic Teleparallel
model constrained by observational data

Abstract

The present work addresses two most tenacious enigmatic phases in the dynamical evolution of the
universe. Quadratic Teleparallel T?> model coupled with scalar field as only universe content is
constrained with observational data to provide significant results on inflationary scenario and the late
time expansion of the universe powered by the dark energy. Mathematical method of functions
separation is used to solve the Friedmann-like equations induced by quadratic model. Firstly, we obtain
scalar field and its potential whose expressions have permitted to compute the inflationary observable as
e.fold number function. For suitable choice of model parameters, numerical analysis leads to results in
agreement with Planck data and BICEP2 experiment. Secondly, the energy density and the pressure of
the scalar field are provided versus the redshift z in a context where the Hubble parameter obtained from
Friedmann-like equation resolution, is constrained with the current observational data. Under this
consideration, the state equation parameter wg (z) — —1 leading to the conclusion that the scalar field

behaves like the ACDM model when the quadratic model is constrained with observational data.

Keywords: Inflation, Dark Energy, slow-roll, scalar factor, scalar field, teleparallel.

Introduction

Several cosmological investigations, especially cosmological observation have given the evidence
of the current expansion acceleration of the universe [1]-[4]. Such scenario is powered by the so-
called dark energy whose widely accepted candidate for its explanation is the cosmological constant
[5]. This choice is supported by observational approach promoted by the standard model of
cosmology. When theoretically searching for dark energy nature, several approaches have been
introduced with goal of confirming observational predictions.

As alternative ways to cosmological constant, several dark energy models, basing on the scalar
field have been adopted to try and explain the remarkable observation of our accelerating Universe.
In general, scalar field is introduced to explore the dynamical feature of the dark energy [6]-[8]. An
interesting brief review on these models has been performed in [7] from which we can cite
quintessence, K-essence, tachyon, phantom and dilatonic models. Under these approaches, it is
hoped an state equation which varies versus times with the possibility of crossing phantom barrier
(w = —1) [9]-[11]. Furthermore, multi-component nature of the dark energy including cosmological
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constant and scalar field is also explored in these work and showed to fit more observational data.

Moreover, others sources sustain the idea that dark energy may have a geometrical origin, i.e.,
that there is a connection between Dark Energy and a non-standard behavior of gravitation on
cosmological scales has resulted in it becoming a very active area of research over the past few
years (see for example [12]-[14]). The current acceleration of the universe expansion has also
profited explanation from the modification of standard theory of gravitation: General Relativity
based on the non-vanishing curvature connexion and its equivalent theory called the teleparallel
theory based on non-vanishing torsion connexion [15]. The most addressed modified theories are f
(R)[16], f (G) [17], f (T )[18] etc... It is important to note here that in addition to the dark energy
problem for which they were initiated, these theories produce very interesting results in the study of
inflation and also the structures formation [19]-[23] in the universe. Especially, in the context of
inflation description, the scalar field is added not only to provide theoretical representation of the
inflationary observable [24] and to compare them to observational data, but also, to provide
gravitational Lagrangian density that mimics the same cosmological expansion as the scalar field-
driven inflation of General Relativity. Recently, the introduction of scalar field in modified theory
have further enriched the debates on the expansion of the universe and especially the exit from
inflation [25]-[26].

The inflation studying and the ACDM model give to the standard model of cosmology all the necessary
tools to better reflect the realities of observational data. The challenge then lies in finding models that
unify inflation and dark energy via the scalar field, as well as the transition between these phases. This is
precisely the problem that this paper attempts to address. The problem will be addressed in the
framework of f (T). As brief motivation on this theory, the f (T) theory leads to gravitational second-
order field equations, the same as for GR, while it is of the fourth order in the context of f (R). From this
point of view, this theory is better adapted to deal with cosmological enigmas in modified theories of
gravity. By the way, it exists one form of this theory which specially retains a lot of attention: the
quadratic f (T ) model which is the similar formulation of Starobinskymodel in f (R) background
[27],[28]. For example, the author in [29] has explained how the quadratic form of the scalar torsion can
provide an origin for late accelerated phase of the universe in the Friedmann-Roberson-Walker
background. Furthermore, a gravitational model which can support simultaneously the inflation and dark
energy must be able to provide an exit from inflation. An meaningful example can be seen in [30] where
the trace-anomaly driven inflation related to quadratic model produces de Sitter inflation with graceful
exit. So, quadratic f (T) model remains viable model to provide a unified way to address the inflation
scenario and the dark energy problem via the scalar field. To avoid an arbitrary description, we also
challenge the constraint of the model parameters to the observational data.

The present paper is organized as follows: in the section Sec.2, we introduce the f (T) theory by
establishing the main equations. The section Sec.3 is devoted to the inflationary scenario description
from the main equations and comparison to observational data. The sections Sec.4 addresses dark
energy and the cosmological scope of the obtained results. The paper is ended by the section Sec.3
which presents the conclusion.
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2 Main equations in the coupling modified teleparallel theory and scalar field

The modified teleparallel theory f(T) action is expressed as [31]

1
S = d*zhf(T) + / d*zh Ly

42, (1)
where h = |det(h?)| is equivalent to /—g in General »*= ‘%% Li Relativity,is the
Lagrangian of the matter field. Then, the variation of this action with respect to the tetrads hap gives
1 - 1
Ea,u(hsuﬁw)fT(T) - ha.)\Tp;.z.)\Sp'Lw.fT(T) + Alu,uSi‘waT(T) + S(I'Lwa;.'.(T)fTT(T) + Zhayf(T) Ak ZT(Z}: (2)

where fr(T) = df(T)/dT, frr(T) = d*f(T)/dT? and® represents the energy-momentum tensor. In this study,
we consider a universe described by the Friedmann-Lemaitre-Robertson-Walker metric given by

ds’ = dt* = (1) (do® + dy” + d2P), (3)

where a(t) denotes the scale factor. The scalar torsion related to the metric Eq.(3) is given by
T = -6H2(t), (4)

where H(t) is the Hubble parameter. In the present work, we suppose that the universe is filled with perfect
fluid powered by the scalar field ¢. In the context of Friedmannn-Lemaitre-Robertson-Walker metric (31),
the appropriated form of the energy momentum tensor of perfect fluid is given by

Tw= (p+ p)uuuv— pguv (5)
where g,,and u,, are the metric tensor and the 4-vector characterizing a co-mobile observer, respectively,
and hand pand p are the global energy density and the pressure of universe content, respectively. Under
these previous considerations, one can extract the Friedmannn- like equations of covariant modified
Telleparallel theory

‘ . . ‘ 1

2p=ASHH?frp — (2H + 6H?) fr — —
ang FP=18 frr— (2H + 6H") fr 4f ©)
In the present description, the only component of the universe content is supposed to be the scalar field.
Indeed, the energymomentum tensor of the scalar field coming from the Noether theorem is given by

. . 1
Kip = GHszwf

7:('11/ = ff),,q')@y(b — g,,y[ dd(ﬁ() G) ((D)

(7)
Here, V (p) is the potential of the scalar field. By making using the previous metric, we deduce from (7),
the energy-density and the pressure of the scalar field like several works such as [32]-[35].
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p=3ed* +V($)andp = je¢? = V($) (8)
So the system of equations traducing the interaction between the scalar field and the geometry in the
framework of the modified theory are
2( g2 0 — 6HZfr 4t
K (2@) +V(G))) = 6H fr+ 4f- 9)
(58 V) = HE frr — ff + 6 1~ 41 10,

(11)

The conservation equation p + 3H(p + p) = 0, in the present context, leads to the following equation
called Klein-Gordon equation [33]
€+ 3Hed + V’((,b) =0 (12)

By adding the equations Eq.(9) and Eq.(11); we have
ASHH? frp — 2H fr = K*ed113)
We are dealing here with cosmological investigation based on the following quadratic model [29].
AT)=T+AT? (14)
Under the algebraic function Eq.(14), the motor equation Eq.(13) becomes
120 \H H? = k2eg? (15)
3-Inflationary scenario from quadratic f(T) model

In attempt to describe the inflationary scenario, we introduce the following operator relating the
e.foldingN number to cosmic time t.
d d

~ —H(N
a~ AWy (16)

Under this consideration, the equation Eq.(15) becomes
120 \H'(N)H(N) = r%e(¢/(N))? (17)
Here the prime (') means the derivative with e.fold number. In the same way, we express the
KleinGordon equation Eq.(12) as
eH(N)*¢" (N) + e(H(N)H (N) + 3H(N)D)$' (N) + V'(¢) = 0 (18)

whereV’ (¢) means the derivative of the potential with respect to the scalar field¢g. The previous equation
will be solved with the goal to express the inflationary observable. We make the remark that the equation
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124  EQ.(17) is made of two separated e.fold number functions H(N) et ¢(N). So, one can obtain these two
125  functions under the following consideration

126 1204H (N)H(N) = %(¢p'(N))*=¢ (19)

127  where c is a constant. So, such approach leads to two different differential equations whose solutions are
128  given by

129
H(N) = veN +120¢i A
215V (20)
N

3 function of scalar field. By making using of Eq.(20) in the Klein-Gordon equation Eq.(18), one can
134  extract the potential of the scalar field as follows
(.:3/2@") — bckead + 3ckd? + 7204/cAc1¢

Vie) = - 120mA e

8;2 where c; and c; are integration constants. The relation Eq.(21) permits to express the e.fold number as

135 (22)

°36 Here, we have posed e= 1 (quintessence-like evolution [28]) to avoid confusion with the slow-roll
137  parameters.

@38 The expression for the slow-roll parameters with respect to the canonical scalar field potential V
139  V(¢) are given by [42]

1 V() S 1V
(Vua)) ) diln ;

ivf(q‘))vﬂl(@)
st (V(e)? | (23)

a41 For the scalar field models, the spectral index ns, of curvature perturbations, the tensor-to-scalar ratio r of
142 the density perturbations and the running of spectral index asare expressed as [43]

62

€

140 2k2

dng .
ng— 1~ —6c+4+2n, r=106s, az= - -~ 16en — 242% — 252

143 (24)

4 Depending on the scalar field potential which is function of the scalar field, the previous observables can
3:5 be expressed in term of scalar field. But from the fact that the scalar field is directly related to thee.fold
146 number through Eq.(21), these observables can be expressed as e.fold number functions. Such approach
147  makes possible the fitting of these observables with observational data. We express firstly the slow-roll
148  parameters.

. (32 + 6er(p — e) + 720ﬁA61)2 (25)
262 (/2 (3v/Cr(d — 2c2) + ¢ + T20Aey ) — 120KAc3)°
6c

T TR (120mAes — veo (3v/cr(d — 20) + ¢ + T200s))

£ =0
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150 (26)
151 (27)

152  The observables are obtained as function of the e.folds number as follows

153
8c(6eN + ¢+ T20Ae)?
r =
(3(;2]\4’2 + 2N — 3(;#;2(;% + 720cAN ey + v/erea(e + T20M¢y ) — 12()&:2/\(:3)2
3c(6¢eN + ¢+ 720A¢;)?
no= T ; , ;
(3¢2N?2 + 2N — 3ck?c3 + T20cAN ¢y + /ekea(c + T20Aey) — 120/{2)\03)2
n 12¢ 41
3¢2N? + 2N — 3ck?c3 + T20cAN ¢1 + y/erea(e + T20Ae1) — 120623
_ AWN)
= BN
154 (28)
155 (29)
156
157 (30)(31)
158  With
A(N) = 6c4(6eN 4 ¢+ 7207¢;)* 8(362N2 + ¢*N — 3cx?c3 4 T20cAN ey + vekea (e + T20\¢q)
159 712()1‘@2/\(:3) — (6¢N + ¢+ T20)c1)? (32)
4
B(N) = (3(;21\72 + N — 3¢k?c3 4 T20cAN ¢, + Vekea (e + T20he;) — 120H.2)\(:3) (33)

160  Several observational data are investigated on these parameters. The use of these data stays a viable way
°61 to constraint theoretical model. We present here the recent observations on spectral index ns, the tensor-
a62 to-scalar ratio r and the running of spectral index as. The recent data of Planck satellite [4] suggested ns=

163 0.9603 £ 0.0073(68%CL),r <0.11(95%CL), and as= —0.0134 + 0.0090(68%CL) [Planck et WMAP [39];
664 [38]], whose negative sign is at 1.5¢. The BICEP2 experiment [4] implies r = 0.2073:3 (68%CL). It is
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165  mentioned that discussions exist on how to subtract the foreground, for example in [4],[37]. Recently,
366 progress appears also in [40] to ensure the BICEP2 declarations. It has been also remarked that the
167  representation of asis also given in [41].
168 The contribution of the quadratic model in the theoretical description of these observables is clearly
169  showed through the figures Fig.1 to Fig.3. Indeed, the figure Fig.1 reveals that through the quadratic
°70 model, the tensor-to-scalar ratio r typically decreases with the increasing of the e.fold number N. Under
°71 this evolution, several observational data on the tensor-to-scalar ratio r can be meet. This means that as
@72 inflation progresses, the contribution of gravitational waves, carried by the tensor-to-scalar ratio r,
173 becomes less important compared to scalar perturbations. For example, the Planck Collaboration’s 2018
174  results in [44] and the BICEP2 experiment [4] suggestions support our theoretical prediction under
°75 quadratic model and near the end of inflation namely N = 60. The graph in right of the figure Fig.1
176  illustrates the fact that the teleparallel predictions are very far from those of the observational
177  experiment. Such results strengthen the idea of modification of the teleparallel theory of gravity. In the
178  figure Fig.2, the spectral index promoted by the quadratic model increases and near N = 60, it leads to
179  observational data established in [44]. In the same time, the result given by the pure teleparellel (the right
180  graph of Fig.2) on the spectral index do not satisfy any observation data. Finally, the figure Fig.2) shows
% that the running of spectral index predicted by the quadratic model, especially near N = 60, are consistent
182  with the Planck data mentioned [41] and [44] whereas the evolution of this observable is chaotic in the
183  case of pure teleparallel. To show more the consistency of the curves plotted in these figures, we extract
184  from them some values of the observables that can be verified from works appropriately referenced. The
185 table Tab.1 presents these values localizable in a set of values presented in the cited references. An
186  another argument which supports the consistency of present theoretical description, comes from [45].
@7 After providing the observational data on these inflationary observables, they also conclude that in the
188  framework of single-field inflationary models with Einstein gravity, their results imply that slow-roll
189  models with a concave potential V {(¢) <0, are increasingly favoured by the data. It is clear here that the

190 observables described in the figures Fig.1-Fig.3 and the table Tab.1 are expressed from the polynomial

191 potential (22). By the way, one hasV ' (¢) = — ﬁ <0 because ¢ >0 and 2>0.
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Figure 1: Evolution versus e.fold Number N of the tensor-to-scalar ratio r in the case of quadratic model

(4 = 10 leading to the left panel) and the pure teleparall theory (4 = 0 leading to the right panel). The

curves are obtained forc =0.01,¢1=—-2, cx=3,c3=2and x = 1.
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N | Tensor-to-scalar ratior  Spectral index n; Running of spectral index a; Refs.

40 0.1064 0.9601 -0.0011 [4,42]

45 0.0952 0.9643 -0.0008 [45,44]

50 0.0856 0.9679 -0.0007 [45,44]

55 0.0774 0.9709 -0.0006 [45,44]

60 0.0702 0.9736 -0.0005 [45,44]]
Table 1: Observable values from quadratic teleparallel model. These values are deduced from the figures
Fig.1 to Fig.3
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Figure 3: Evolution versus e.fold Number N of the running of spectral index «sin the case of quadratic
model (4 = 10 leading to the left panel) and the pure teleparallel theory (4 = 0 leading to the right

panel). The curves are obtained for c =0.01,¢; = -2, c;=3,¢c3=2and x = 1.

4 Dark energy description from quadratic teleparallel model

The dark energy description is one of the most currently attractive subject in cosmology. Like several
investigations, the introduction of the scalar field gives a really way to deal with the topic in the context
of modified theory of gravity. In the present section, the Friedmann equations powered by the quadratic
model with scalar field as only universe content will be solved to provide the energy density, the pressure
and the state equation parameter. We recall that the sum of the two Friedmann equation has generated the
equation (15) when f(T) quadratic model is applied. In the same approach like the previous section, this

equation is solved and gives
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Ht) = Vet + 120)s
225 253\ (34)
o) = Yt
226 o) = e | (35)

@27 Here, c, s and oare integration constants. The resolution of the Klein-Gordon equation (12) gives

V(e 9 (VerVe(p — o) +1204s) "
_ )
228 (@) 8Y/5K2Y/\ N (36)

@29 with v, the integration constant. We can now provide the energy density and the pressure of the scalar

230 field as function of cosmic time t.

c 9(ct 4+ 1201s)/3 c 9(ct + 120As)*/3
plt) =55 — 3 3 + v, p(t) = = + : : o
231 2k 8/BK2V A 2K 8 B2\ 37)

232 To made description based on the recent data on the cosmological parameters, we aim provide these
233 previous quantities in term of redshift z. In connection with redshift, the Hubble parameter is defined by
234 [28].

H(t) = -+ &
235 T = dt 38)

236 By using Eq.(34) and Eq.(38) one obtains the cosmic time t as function redshift z.

(\”Vl_\/bu 302 log(z +1) + 3bAlog2(z + 1) — Alog3(z + 1) 60)\)
t—14
(39)

237 Ve
238  Here b is also an
: integration
H(z) = \/\/_)CM\//\ :Og '.Z+ LY +%0)e+2) constant. By
30V
241 the 1 30%° (C/ﬁéﬂ/"l VA —log(z +1))3 + 90A(s + 2))4/3 5e way, - one
242 has plz) = |- 2 +— +10v
1 [ 30%3 (\4/%(;3/4 VA —log(z +1))3 + 90A(s + 2))4/3 5e (40)
p(z) = 10 2 + Pl 10v
244 (41)
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245 (42)

@46 From several works like [28,44,45], it is possible to know the current (z = 0) observational value of the
247  Hubble parameter. For example, it is estimated to H(0) = Ho = 70.4 + 1.6km.s *. We use these values as

248 initial condition to extract the expression of the parameter b. Such approach helps to reduce the number

249 of the
, 30A (—HF +3s+6) /3 parameters
) =
251 and ¢ to base our
. 0N — H3+354+6 )4/ . .
-5\l V3031 \1/)\ (‘30’\( Huj5'+b)4 b log(z + 1)) 3+ 90\(s + 2) theoretical
H(z) = — description
30V A
254 on VA
. . : —H3+3s+6)4/3 .
302/3 (e/@cﬁ/w(/ A (”*( B3O Jou(z + 1)) 3 1 90A(s + 2)) 43
z) = — -
p(z) 1052 VX
C
+@ + v
2/3 [ a 3/4 4 3(])\(7H3+3s+ﬁ)4/3 v 1 3 1/3
30 V30¢ A g log(z+1) | 3 +90A(s + 2)
o(2) — ‘
p(z) 10629/A
C
+m — v

255  observational data. One has

256 (44)
257 (45)
258 (46)
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We now plot these quantities versus the redshift z. We provide the evolution of the Hubble parameter in

order to test its consistency with observational data and to compare its behaviors to those already

investigated in literature. Moreover, After the energy density and the pressure depicted in figure Fig.5,

the parameter of the state equation w(z) = p(z)/p(z) is also provided in the figure Fig.6.
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@76 Figure5: Evolution versus redshift z of the energy density and the pressure of the scalar eld in quadratic

277  teleparallel model constrained by observational data. The curves are obtained for Ho= 7014, s = 220000; A

1.8626

278 =-20;¢=10;0v =100k = |——
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279
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285
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287 *

288  Figure 6: Evolution versus redshift z of the state equation parameter of the scalar field w,. The curve is

289  obtained for Hp= 7014; s =220000; A = -20; ¢ = 10; v =100; k = 15)2?
290 4.1 Cosmological scope
@91 One of the main goal of theoretical investigation is to defend observational prediction. Here, the

292 Hubble parameter reconstructed in Eq.(35) is constrained to gives the present observational value of this
293  cosmological parameter. The result is presented in the figure Fig.4 where under the choice Ho= H(0) =
694 70.14km.S 1. Mpc* (see [28]), the hubble parameter H(z) decreases slightly with the increasing of the
295  redshift z. This decreasing with the redshfit aligns with the results obtained in interesting studies in [28,

296 44, 45]. Although this decreasing, the variation of the Hubble parameter is not significant. This means
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that our model promotes a constant Hubble whose value is given by observational data. Furthermore, the
curve of H(z)/(1+z) in Fig.4 presents a concavity facing upwards like several works [28]. This analysis
on the Hubble parameter has permitted to know the conditions under which, our model can lead to the
present observational value of the Hubble parameter. So, the free parameters of our model are
constrained in order to deal with one of the great cosmological and astrophysical problem: the problem
of dark energy. In the present investigation, it imports to recall that the considered candidate of the dark
energy is the scalar field. It represents an alternative object to cosmological constant which the most
plausible candidate of dark energy. Recent works relate that in dynamical dark energy models, the
equation of state of the dark energy changes over time [7, 8]. These models include but are not limited to
quintessence, k-essence, and phantom-type scalar field models, where generally a scalar field is coupled
with the matter minimally or non-minimally with a associated potential which can generate sufficient
negative pressure to drive the accelerated expansion of the universe. It suggested in current observations
that the equation of state of the scalar field might have a phantom barrier (w,= —1) crossing in the recent
past [10, 11].

In the present work and under the value of the free parameters for which the Hubble parameter gives
current observational value, we depict versus the redshift the pressure, the energy density and the
equation of state parameter of the scalar field. The evolution of these quantities is presented in the figures
Figs.5-6. The scalar field pressure is negative and increases with the redshift whereas the energy density
decreases with the redshift. Although these variations, their values with respect to the redshift are very
near their present value (z = 0). Consequently, the equation of state of the Hubble parameter is practically

constant and gives (wg= —1). As conclusion, the scalar field behaves like the constant cosmology A. The

quadratic teleparallel model makes the scalar field behaving like the constant cosmology. Such result is
consistent with the approached followed in this section where the free parameters are constrained to give
results in accordance with observational data.

To reinforce all these results, it will be interesting to follow the evolution of the scalar potential and
compare it to existing results in the context of the accelerated expansion of the universe. Firstly, the

scalar field in Eq.(36) can be expressed as redshift function. One has:
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Recent works [8, 46] indicate that in a universe dominated by dark energy, the potential must remain
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Figure 7: Evolution versus the redshift z (left panel) and versus the scalar field ¢ (right panel) of the
scalar field potential. The graphs are obtained for Hy = 70.14;s = 220000;4 = —20;¢ = 10;v = 100;

’1.8626
k - 1026

very flat and vary extremely slowly with z, except for dynamic quintessence models where a gentle
decay is possible. When constraining the quadratic teleparallel model in order to give results aligned with
current observational data, the quadratic teleparallel model makes quintessence scalar field giving results
near the constant cosmology. First, we obtain from the panel in left of Fig.7 that the scalar field potential
decays with the redshift. Moreover, this variation is very low. This low variation of the scalar field
potential is clearly shown through the right panel of Fig.7 when depicting this potential versus the scalar
field. So, our results are also consistent with observational data and the model describes the current

expansion of the universe with scalar field behaving like the constant cosmology.

4 Conclusion
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Thepresent investigationisdevotedtothecosmological implicationof thequadraticteleparallel
withattemptofprovidingaunifiedwaytodescribe the inflationandthedarkenergydominating era. Bytheway,
the scalar field isusedas theuniversecontentandthemetric that satisfies the
cosmologicalprinciplehasbeenchosen.AllourresultsaremadefromtheresolutionoftheFriedmann
equationgivenbythequadraticmodel. Theresolutionschemeprovides theHubbleparameterand thescalar
fieldexpression. FromtheconservationequationnamelytheKlein-Gordanequation, it IS
sopossibletogetthepotentialofthescalar
field.Firstly,withthegoalofdescribingtheinflationaryscenario,weprovidethepreviouscosmological
quantities intermofe.foldnumberN. So,weintroducetheslow-rollparameterandtheinflationary
observablewhichhavepermittedtoconstrainedthequadraticparameterandtheintegrationconstants
toobservational data. Indeed, dependingonthe scalar fieldpotential, the spectral indexns, the tensor-to-
scalar ratio r and the runningof spectral index «a s are calculatedand their theoretical
representationsarenumericallydepictedversusthee.foldnumber.For 4 = 20(quadratic model),thespectral
indexnsnotonlyincreasesbutalsorevolvesaround096whenthee.foldnumber 13 tends towards to 60 as
predicted by most of observational data like Planck Satellite and WMAP. These data support also the
running of spectral index a; theoretically established in this work. Furthermore, ns < 1 supports the fact
that the density fluctuation of the universe is very remarkable at large scale. In the same time, the tensor-
to-scalar ratio r meets the value established from BICEP2 experiment. As showed in the figures Figs.1-3,
it is not possible to obtain the same results through the pure teleparallel model because of the chaotic
behavior of this observable when A= 0. Secondly, instead of e.fold number, we base our description on
the redshift z to challenge the current acceleration of universe expansion. The Hubble parameter, the
energy density, the pressure and the potential of the scalar field are all expressed as redshift function. We
constraint here the free parameters of our model by making the Hubble parameter leading to its current
value estimated by viable observational data. Numerical analysis shows that our model leads to constant
state equation parameter whose value coincides with those predicted by the most plausible candidate of
dark energy, namely, the CDM model. As conclusion, the scalar field behaves like ACDM model in

quadratic model constrained with observational data.The numerical study of the scalar field potential
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versus the redshift has consolidated this interesting result where the potential varies slowly or is

practically constant in a universe dominated by the dark energy.

Our present work attempts to explain inflation and dark energy through a single model (quadratic model)
without taking into consideration the transition between the two eras. In a future work, we project to
explore the conditions on the quadratic parameter which ensure a stable transition from inflation to

radiation era and to current acceleration expansion.

References

[1] AdamG.Riessetal.Astron.J.,116:10091038,1998.
[2] AttilaMeszaros, TheAstrophysicalJournalSupplementSeries,203(2):21,2012.
[3] S.Perlmutteretal. Astrophys.J.,517:565586,1999.

[4] Ade,P.A.R..etal.,[BICEP2Collaboration].:Phys.Rev.Lett.112(2014)241101;Ade,P.A.R., et
al.,[Planck Collaboration] Astron.Astrophys.571(2014) A16; Ade, P.A.R., et al.,[Planck
Col- laboration].:Astron.Astrophys.571(2014) A23; Ade, PA.R., et al, [Planck
Collaboration].:A&A 576, A104 (2015)

[5] T Padmanabhan. Dark energy:mystery of the millennium. In AIP Conference
Proceedings, volume861,pages179196. AmericaninstituteofPhysics,2006.

[6] P.Sahoo,N.RoyandH.S.Mondal,Gen.Rel.Grav.57(2025)2,38arXiv:2410.05875v3[gr-qc]
[7]1 Edmund J Copeland, Mohammad Sami, and Shinji Tsujikawa. Dynamics of dark energy.

Intern- tional Journal of Modern Physics D, 15(11):175-1935, 2006.

[8] Nandan Roy, Sangita Goswami, and Sudipta Das. Quintessence or phantom:study of scalar
field darkenergy models through a general parametrization of the hubble parameter.
Physics of the DarkUniverse, 36:101037, 2022.

[9] R. Calderon et al. DESI 2024: Reconstructing Dark Energy using Crossing Statistics
with DESI DR1 BAO data. 5 2024.

[10] A. G. Adame et al. DESI 2024 VI: Cosmological Constraints from the Measurements of
Baryon Acoustic Oscillations. 4 2024.

Z"—.I turnltln Page 24 of 27 - Integrity Submission Submission ID  trn:oid:::2945:338101674



z'l-.l turnitin Page 25 of 27 - Integrity Submission Submission ID _ trn:0id::2945:338101674

397
398

399
400

401

402
403

404
405
406
407

408

409
410
411
412

413
414

415
416

417
418

419
420

421

422
423
424

425
426

427

428

[11] NandanRoy.DynamicaldarkenergyinthelightofDESI2024data.62024.
[12] S.Capozziello,V.F.Cardone,S.Carloni,A.Troisi,Int.J.Mod.Phys.D12,1969(2003).

[13] S. Capozziello, S. Carloni and A. Troisi, RecentRes. De- el
Astronomy&Astrophysics 1, 625 (2003).

[14] S.Capozziello,V.F.Cardone,A.Troisi,JCAP0608,001(2006).

[15] R. Aldrovandi, J.G. Pereira, An Introduction to teleparallel gravity,
http://www.ift.unesp.br/users/jpereira/tele.pdf.

[16] S.Tsujikawa,Lect.NotesPhys.800,99(2010).arXiv:1101.0191[gr-qc];S.Nojiri,S.D.Odintsov,
V.K.Oikonomou,Phys.Rept.692,1104(2017).arXiv:1705.11098[gr-
gc];M.lIshak,LivingRev. Rel. 22(1), 1 (2019). arXiv:1806.10122; L. Amendola et al.,
Living Rev. Rel. 21(1), 2 (2018). arXiv:1606.00180.

[17] V.K.Oikonomou,arXiv:1711.03389[gr-qc]

[18] Yi-Fu Cai, S. Capozziello, M. De Laurentis and E. N. Saridakis. Rept.Prog.Phys. 79
(2016) no.4, 106901; S. Bahamonde, K. F. Dialektopoulos, C. Escamilla-Rivera, G.
Farrugia, V. Gakis, M. Hendry, M. Hohmann, J. Levi Said, J. Mifsud, EI. Di Valentino,
Rep. Prog. Phys. 86, 026901 (2023). arXiv:2106.13793 [gr-qc]

[19] .A.Astashenok,V.Artyom,S.Capozziello,S.D.Odintsov,arXiv:1405.6663[gr-qc].
[20] A.Astashenok,V.Artyom,S.Capozziello,S.D.Odintsov,arXiv:1401.4546[gr-qc].

[21] S. Capozziello, M. De Laurentis, S.D. Odintsov, A. Stabile, Phys. Rev. D 83, 064004
(2011) arXiv:1101.0219 [gr-qc]

[22] Artyom V. Astashenok, Salvatore Capozziello and Sergei D. Odintsov, Phys. Lett. B
742, 160 (2015).

[23] A.Rabhi,H.Pais,P.K.Panda,C.Providencia,J.Phys.G36,115204(2009)arXiv:0909.111
4v1 [nucl-th].

[24] H.Sami,J.Ntahompagaze,A.Abebe,Inflationary f (R)cosmologies,Universe3(2017)4, 73.

[25] K.KleidisandV.K.Oikonomou,AutonomousdynamicalsystemdescriptionofdeSitterevolution
inscalarassisted f(R)-pgravity, Int.J.Geom.MethodsMod.Phys.15(2018)12,
1850212, arXiv:1808.04674.

[26] S.D.Odintsovand V.K. Oikonomou, Autonomous dynamical system approach for f(R)
gravity, Phys. Rev. D 96 (2017) 10, 104049, arXiv:1711.02230v1[gr-qc].

271 V.K.Oikonomou,http://arxiv.org/abs/2012.00586v2
[28] VinodKumarBhardwajandPriyankaGarg,NewAstronomy105(2024),102101

Z"—.I turnltln Page 25 of 27 - Integrity Submission Submission ID  trn:oid:::2945:338101674


http://www.ift.unesp.br/users/jpereira/tele.pdf
http://arxiv.org/abs/2012.00586v2

z'l-.l turnitin Page 26 of 27 - Integrity Submission Submission ID _ trn:0id::2945:338101674

429 [29] G.L.Nashed,http://arxiv.org/abs/1506.08695v1

430 [30] K.Bamba,S.NojiriandS.D.OdintsovarXiv:1401.7378v2

431 31] K. Martin, Emmanuel N. Saridakis, The covariant formulation of f(T)
432 gravity,arXiv:1510.08432v2[gr-qc]

433 [32] G.Ellis,M.Madsen,ClassicalandQuantumGravity,ClassicalQuantumGravity8(1991)667.
434 133] V. Corini, A. Kamenshchik, U. Mosvhella, The chaplygin gasas a modelfor dark energy.
435 The Tenth Marcel Grossmann Meeting:On Recent Developments in Theoretical and
436 Experimental General Relativity, Gravitation and Relativitic Field Theories (In3 Volumes),
437 World Scientific, 2005, pp. 840859.

438 (34] J.D.Barrow,String-

439 driveninflationaryanddeflationarycosmologicalmodels,Nucl.Phys.B310 (1988) 743.
440 (35] J.D.Barrow,Graduatedinflationaryuniverses,Phys.Lett.B235(1990)40.

441 36] A.V. Frolov, Singularity problem with f(R) models with dark energy, Phys. Rev. Lett. 101
447 (2008) 061103.

443 [37] Kamionskowski,M.,Kovetz,E.D.:Phys.Rev.Lett.113(2014)19,191303

444 (38] Hinshaw,G.,etal.[WMAPCollaboration],: Astrophys.J.Suppl.208(2013)19

445

446 (39] D.N.Spergel,etal. [WMAPCollaboration],:Astrophys.J.Suppl.148(2003)175

447 [40] Colley,W.N.,Gott,J.R.:Mon.Not.Roy.Astron.Soc.447(2015)2,2034-2045

448

449 [41] Bassett,B.A. etal.:Rev.Mod.Phys.78(2006)5377

450

451 [42] AndreiLinde,arXiv:1402.0526v2[hep-th]

Z"—.I turnltln Page 26 of 27 - Integrity Submission Submission ID  trn:oid:::2945:338101674


http://arxiv.org/abs/1506.08695v1

z'l-.l turnitin Page 27 of 27 - Integrity Submission Submission ID _ trn:0id::2945:338101674

[43] Bamba,K.,etal.:Phys.Rev.D90(2014)124061

[44] N. Aghanim, et al., Planck 2018 results. VI. Cosmological parameters, Astron.
Astrophys. 641
(2020)A6,[Erratum:Astron.Astrophys.652,C4(2021)].arXiv:1807.06209,d0i:10.10
51/0004- 6361/201833910.

[45] Y.Akramietal.,Planck2018results.X.Constraintsoninflation,Astron.Astrophys.641(
2020) A10, arXiv:1807.06211v2 [astro-ph.CO].

[46] R.R. Caldwell, Rahul Dave, Paul J. Steinhardt, Cosmological Imprint of an
Energy Component withGeneralEquationofState,Phys.Rev.Lett.80:1582-
1585,1998

20

Z"—.I turnltln Page 27 of 27 - Integrity Submission Submission ID  trn:oid:::2945:338101674



