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Introduction:-

In 2002, Tung¢ [2] studied the asymptotic stability of the zero solution of equation (2) with p=0 and the
boundedness of solution of equation (2)withp # 0, this equation of the form:

x® 4+ o(x%% %% x®)x® + y(x % % %) + h(x,%,%) + g(x, %) +f (%) = p(tx, % %% x®) - (2)

In this paper we studied the uniformly asymptotically stableand the bounded of the zero solutions for the differential
equation of fifth order with variable delayof the form:

x®) +y@x® +f (x(t —1(®),%(t = 1(®), -, x®(t - r(t))) %(0) + ax(d)
+g (x(t —1(®),x(t—1(®), -, x®(t - r(t))) x(®) +h (x(t - r(t))) +k ()’((t - r(t)))
=P ((t,x(),x(t — 2(®)), x(®), x(t — 1), xD (©,x®P (t - (1))

Where x € R, t(t)is variables delay, a is positive constanty,f,g, h,k and p are continuous functions
inR, R>, R>, R, R,and R* x R° respectively, and t € R,
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Rewriting equation (1),in systems form as follows:
x® =1 =P (t,x(),x(t — 1(©),y©,y(t — 1), u®), ut = 1(®)) ) = y(Wu
- f(x(t —1(®),y(t —t(®), -, u(t— r(t))) W —az

—g(x(t=7®),y(t = 7(®), -, u(t=7(®) )y ~ h() — k() + f h(x(9))y(s)ds

t—1(t)
t

+ f k(y(s))z(s)ds -+ (3)
t—1(t)
Which were obtained by taking x = y,% = z,% = w,x® = u in equations (1).
Theuniformly asymptotically stableand the bounded of the zero solutions for the differential equation of fifth order
with variable delay has not been discussed by any authors and this paper is considered the first to discussed this
topic, to the best of our knowledge.

Preliminaries:-
In order to guarantee the existence of the solution we assume that:

Remark 2.1:-
Consider the general autonomous delay differential system with finite delay:
¥=FXx),x =xt+0)-r<6<0,t=>0

Where r > 0, F: G — R" is a continuous and maps closed and bounded sets into bounded sets where G is an open
subset of C = C([—r, 0], R") with [$ll = max_.|d(s)| ,d € C. If x:[-r,A) > R" is continuous,0 < A < o,
then for each tin [0, A) %, in C is defined by:
X(s) =x(t+s)—r<s<0,t=>0
It follows from these conditions on F that each initial value problem:
x = F(x), x,=¢€G,
has a unique solution defined on some interval [0,A), 0 < A < . This solution will be denoted by x(¢)(.) so that

X,(0) = ¢

Main Result:-
We will give the important theorem to give theuniformly asymptotically stable and the bounded of the zero solution
of delay differential equation with fifth order.

For the first case when p (t, x(0),x(t —1(®), -+, u(®), u(t - r(t))) = 0, we shall prove the following theorem

Theorem 3.1:-
Besidesthe a summiting of w,f,g,h and kthat appear in equation (1), assume that there exist a positive
constantsg, m, g4, hy,d, e, dq, ey, ¢y, f, b1, ¢, my and hsuch that following the conditions are hold:

i- h(0) < g, k) < g1
i- f(x(t —t(®),y(t — (@), u(t - ‘[(t))) > hy, where hy > 1
g (x(t —t(®),y(t — (@), u(t - T(t))) >e

2 < mi {(f+a)e1 hﬂﬂ} 2<h_a 2 <
> f, y# 0,e;“ < min o o) _16,(f+h1) <

i M5 xz 0
X y

a(f+a) 1<(f+a)

_' ,1 <
64 64

6h—4,e >e and1 < :—4.
iv- Yyw) > h0<1(t) <pB, t(t) < B.,where 0 < B. < 1.
V- (e —e))?

<minfi(e— e, +a—h — (e —e + - )},
(h+e+f)?<i(e—e +f)(h—1),

(hy =12 <5 (b —a)(h— D),

(h—1?<—(a—h —f)(h—1)
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Andh,? < %(a —h — )(hy —a)

And
. 7(e—e; + f) 7(a—hy —f) 7(h—-1) 7(hy —a)
p<mn 16(2+ 24 9) 16( 28124 8)"  16(L4+L) 16(2+L)
(1-B-) 2 2 (1-B-) 2 2 2 2 2 2
__28 _ 23
Where), = 15 Ay = RES)

Then the zero solution of (1) is uniformly asymptotically stable.

Proof: see [3].

The next theorem give the boundedness of zero solution, the case when p(t,x(t), x(t=1(®), -, u®),u(t -

r(t))) # 0, we shall prove the following theorem

Theorem 3.2:
Besides of the assumption of theorem (3.1) and

Ip (6@, x(e = ®), -, u(®, u(t = 1)) < 4
Such that g € L' (0, )

Then there exists a positive constant M such that the solution x(t) of equation (1) is defined by the initial functions:

x(0) = (), %(0) = d(©, %) = (), %O = $(0),xP () = p™ (V)

Satisfies the inequalities:
Ix@®| < VM, Ix@®)] < VM, x®)| < VM, [£©®)] < VM, [xP ()] < VM
For allt > t. > 0, where ¢ € C*([t- — 7,t-],R)

Proof:-
Using Lyapunov functional which is defined on theorem (3.1) we get:
V < —D,y? — Dgz? — Dgu? — D;qw? + (y+w+z+u) p (t,x(t),x(t — (1), u(®,u(t— r(t)))
V< (y+w+z+wp (5x®,x(t— (), u®),ult— (1))
V<|ly+w+z+ulx |p (t,x(t),x(t — (), u(®,u(t— r(t)))|

Where
I (&.x@®, x(t = 1), u®, u(t - 1) )| < a®
Now we use:
lyl <1+y%lwl <1+ w?
|z| <1+ z2
lul <1+ u?

V<(@+y?+z%+u?+w)q(t)
yi4+z2+ul+w2<y?+z24+ui4+w24+x2<DV
V< (44D V)q(®)

Integratingthe both sides of the above equation from O to t
t

t
V(x,y,z,w,u) < V(Xe, Yo, Zo, Wo, Us) + 4f q(s)ds + D6_1f V(Xs, Vs, Zs, W, Ug)q(s)ds
0 0

By using Gronwall inequality [1] we get:
< (V(Xe, Yo, Zo, Wo, Us) + 4A) exp(DG_lA)
V2+z2+ul+wi+x2 <DV <D 'K=M
Where K = (V(Xo, Yo, Zo, We, Ue) + 4A) exp(Dé_lA)
1 <M, ly® < M, lw® <M, |z <M, [u(®) <M
That is:
Ix(O] < VM, %] < VM, %] < VM, %] < VM, [xP (©)] < VM

Fort > t. = 0, the end of theorem.
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