ISSN NO 2320-5407 International Journal of Advanced Research (2013), Volume 1, Issue 8, 892-894

Journal homepage: http://www.journalijar.com INTERNATIONAL JOURNAL
OF ADVANCED RESEARCH

RESEARCH ARTICLE

ISSN NO. 2320-5407

On Hankel Transform

M Gubara
Department of Mathematics, Alneelain University.

Manuscript History:

Received: 11 September 2013
Final Accepted: 22 September 2013
Published Online: October 2013
Copy Right, 1JAR, 2013,. All rights reserved.

Introduction
Hankel Transform is one of the integral transform. In this paper we intreduce some of it properties and use this
transform for solving some boundary value problems .

Definition :
We can intreduce Hankel transform definition by using Fourier transform as
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where 7= (x,y) , k= (k,l) , intreducing the polar coordinates

x=rcosf , y=rsinf , k= Ecos(z) , 1= I_ésin(Z)
we have
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subistitute  a — % = 60— @ then
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using the integral representation for Bessel function
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then
F(k,0)=em"(® %) f(k) where  f(k) iscalled Hankel transformof f(r) defind as
£} = FOO = [ rhCkr) fOr) ar (1)
0

Similarly we can prove that
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HFCh) ) = f(r) = fo kJu(kr) F(k) dk

and finaly we can get

f(r) = fo fOkP]n(kr)]n(kP)f(P) dk dp (2)

In particular Hankel transform of zero order (n =0) and orderone (n = 1) are very usful for the solution of

problems involving Laplaces equations in an axisymmetric clynderical geometry .
Hankel transform of derivatives :
we can prove that

k ~ ~
H{fNr) )= o [(n=1)fura(k)-(n+ 1) f 1(K)]  (3)
where  f,(k) = H,{f(r)}

Proof :
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and if we have the conditionthat rf(r) -0 as r—- o , r -0
then we get

*® d
[\ () = —f f(r)—(r]n(kr)) dr
ie H{f\r)}= —f rfOr) = (]n(kr)) +FCr) JuCkr) dr

from the properties of Bessel function

\ kr .

]n(kr) = 2 (]n—l - ]n+1) (l)
kr I

]n = 2n []n+1 - ]n—l] (ll)

then by subistitution
* k
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which complete the Proof
Clearly for n =1 we get

H{N(r)}= —kfo(k) (4)
Nowwe canuse (3) tocalculate (H.T) of f\\(r) as
k
}[n{f\\(r)}=%[(n_l)}[n+1{f\(r)}_(n+1)*{]{n—l{f\(r)}]

and after some simplification we get

k> [n—1 2(n*=3) . n+1 .
\\ = | =—= —
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We can take the Hankel transform for Bessel differential operator
A d? 1d n2
" dr? t s dr as
}f{Anf(r)}——kz?t‘{f(r)} (6)
The Proof :
solonf (3= [ 1|2 (e Y2 f] k)
n nf r - j(; r r d‘)" d‘)" 7"2 f ]n r r

= Lw[%<rg>— Tf]]n(kr) dr

integrating by parts we have

s ()Y = [

0
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= <k [ P FG k) dr = =K 3,(F(r))
Specially for n =0 equation (6) 0Ieadsto

d? 1d
%O{Aof(r)}=ﬂo{ﬁf(r)+ ;Ef(r)} =— k2 Ho{f(r)} (6)
Some Applications :
(i) Consider: Ho{e*""}= ["re= " J(kr)dr
let 2=t = H{e )= £{Jo(kt)}
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_Efo e 20(5!)2 (—) dt

(-1) KVEN  1x0 (1) [k2\ I(s+1)
Z(s')z <2) _EZ(s!)Z (T) astt

1 i K2\ 1 1 _k
= — —_— _= — e a
2a 4 4a) s! 2a
s

That means Hankel transform for a Gaussian function is a Gaussian . Which lead to proving the Haizenberg
uncertinaty principle in Quantum mechanics .
(ii) The Laplace equation in the region z > 0 , with a symmetric Dirichlet condition at the boundary let the
boundary value problem given by

v 1ov 0d%v

W+;a+ﬁ=0 , z2>0 , 0<r< o (8)
v(r,0)= f(r)

Using Hankel transform of order 0 we get

gzz(s z)—s*V(s,z)=0 (9)
and the boundary condition yeilds to

V(s,0) = fwrf(r)jo(sr) dr (10)
the solution is "

V(s,z)= e 5* Jwrf(r)]o(sr) dr (11)
S0 that B " .

v(rz) = [ s Csryds [ pf(p)ioCsn) dp
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