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Introduction   

Hankel Transform is one of the integral transform. In this paper we intreduce some of it properties and use this 

transform for solving some boundary value problems . 

Definition : 
We can intreduce  Hankel transform definition by using Fourier transform as 

ℱ  𝑓  𝑥 , 𝑦    =  
1

2 𝜋
   𝑒− 𝑖   𝑘    ∙  𝑟      𝑓  𝑥 , 𝑦   𝑑𝑥 𝑑𝑦

∞

− ∞

∞

− ∞

 

and 

ℱ−1  𝐹  𝑘 , 𝑙    =  
1

2 𝜋
   𝑒  𝑖   𝑘    ∙  𝑟      𝐹  𝑘 , 𝑙   𝑑𝑘 𝑑𝑙

∞

− ∞

∞

− ∞

 

where    𝑟 =   𝑥 , 𝑦     ,    𝑘  = ( 𝑘 , 𝑙 )    ,   intreducing the polar coordinates 

𝑥 = 𝑟 cos 𝜃    ,   𝑦 = 𝑟 sin 𝜃    ,   𝑘 =  𝑘  cos∅    ,   𝑙 =  𝑘  sin ∅ 

we have 

𝐹  𝑘 , ∅  = =  
1

2 𝜋
   𝑒− 𝑖  𝑟  𝑘 cos ( 𝜃  − ∅ )  𝑟  𝑑𝑟 𝑑𝜃

2 𝜋

0

∞

− ∞

  𝑓( 𝑟 , 𝜃 ) 

let       𝑓  𝑟 , 𝜃  =  𝑒− 𝑖 𝑛 𝜃  𝑓  𝑟      then 

 

𝐹  𝑘 , ∅  = =  
1

2 𝜋
  𝑓  𝑟    𝑟  𝑑𝑟  𝑒𝑖   𝑛  𝜃  −  𝑟   𝑘 cos   𝜃 − ∅      𝑑𝜃

2 𝜋

0

∞

− ∞

 

subistitute       𝛼 − 
𝜋

2
 =   𝜃 −  ∅       then 

𝐹  𝑘 , ∅  = =  
1

2 𝜋
  𝑓  𝑟    𝑟  𝑑𝑟  𝑒𝑖   𝑛  ( 𝛼− 

𝜋
2

 + ∅ )  −  𝑟  𝑘 sin   𝛼      𝑑𝛼
2 𝜋 + 

𝜋
2

 − ∅

𝜋
2

 − ∅

∞

− ∞

 

using the integral representation for Bessel function 

𝐽𝑛  𝑘  𝑟  =    𝑒𝑖   𝛼  𝑛  −  𝑟   𝑘 sin   𝛼     
2 𝜋+ ∅0

∅0

  𝑑𝛼 

then 

𝐹  𝑘 , ∅  =  𝑒𝑖 𝑛  ( ∅ − 
𝜋

2
  )   𝑓 ( 𝑘 )         where     𝑓 ( 𝑘 )      is called Hankel transform of    𝑓( 𝑟 )    defind as 

ℋ𝑛   𝑓  𝑟    =  𝑓   𝑘  =   𝑟 𝐽𝑛  𝑘 𝑟    𝑓  𝑟    𝑑𝑟
∞

0

                               ( 1 ) 

Similarly we can prove that 
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ℋ𝑛
−1  𝑓   𝑘    = 𝑓  𝑟  =   𝑘 𝐽𝑛  𝑘 𝑟   𝑓   𝑘    𝑑𝑘

∞

0

 

and finaly we can get 

𝑓  𝑟  =    𝑘 𝑃 𝐽𝑛  𝑘 𝑟    𝐽𝑛  𝑘 𝑃   𝑓  𝑃     𝑑𝑘  𝑑𝑃
∞

0

∞

0

                 ( 2 ) 

In particular Hankel transform of zero order    ( 𝑛 = 0 )   and order one   ( 𝑛 = 1 )   are very usful for the solution of 

problems involving Laplaces equations in an axisymmetric clynderical geometry . 

Hankel transform of derivatives : 

we can prove that 

ℋ𝑛   𝑓
\  𝑟    =  

𝑘

2𝑛
     𝑛 − 1   𝑓 𝑛+1  𝑘  –   𝑛 + 1   𝑓 𝑛 −1  𝑘           ( 3 ) 

where    𝑓 𝑛  𝑘  =  ℋ𝑛   𝑓  𝑟     
Proof : 

ℋ𝑛   𝑓
\  𝑟    =   𝑟 𝐽𝑛  𝑘 𝑟   𝑓\  𝑟   𝑑𝑟

∞

0

 = 𝑟 𝐽𝑛  𝑘 𝑟   𝑓  𝑟    ∣0
∞−  𝑓  𝑟   

𝑑

𝑑𝑟
  𝑟 𝐽𝑛  𝑘 𝑟      𝑑𝑟

∞

0

 

and if we have the condition that     𝑟 𝑓  𝑟    → 0   as   𝑟 →  ∞   ,   𝑟 → 0 

then we get 

ℋ𝑛   𝑓
\  𝑟    =  −  𝑓  𝑟   

𝑑

𝑑𝑟
  𝑟 𝐽𝑛  𝑘 𝑟      𝑑𝑟

∞

0

 

𝑖 . 𝑒      ℋ𝑛   𝑓
\  𝑟    =  −  𝑟 𝑓  𝑟   

𝑑

𝑑𝑟
   𝐽𝑛  𝑘 𝑟     + 𝑓  𝑟   

∞

0

𝐽𝑛  𝑘 𝑟     𝑑𝑟 

from the properties of Bessel function 

𝐽𝑛
\  𝑘 𝑟  =  

𝑘 𝑟

2
   𝐽𝑛−1 − 𝐽𝑛+1                    𝑖   

𝐽𝑛 =  
𝑘 𝑟

2 𝑛
   𝐽𝑛+1 − 𝐽𝑛−1                          ( 𝑖𝑖 ) 

then by subistitution 

ℋ𝑛   𝑓
\  𝑟    =  −      𝑛 − 1   𝐽𝑛+1 –   𝑛 + 1   𝐽𝑛 −1  

∞

0

 
𝑘 𝑟

2 𝑛
  𝑑𝑟 

=
𝑘

2 𝑛
    𝑛 − 1   𝑓 𝑛+1  𝑘  –   𝑛 + 1   𝑓 𝑛 −1  𝑘     

which complete the Proof 

Clearly for   𝑛 = 1   we get 

ℋ1  𝑓
\  𝑟    =  − 𝑘 𝑓 0  𝑘                      ( 4 ) 

Now we can use    ( 3 )   to calculate    ( H . T )   of   𝑓\\( 𝑟 )    as 

ℋ𝑛   𝑓
\\  𝑟    =  

𝑘

2𝑛
     𝑛 − 1   ℋ𝑛+1  𝑓

\  𝑟     –   𝑛 + 1   ℋ𝑛−1  𝑓
\  𝑟       

and after some simplification we get 

ℋ𝑛   𝑓
\\  𝑟    =  

𝑘2

4
   
𝑛 − 1

𝑛 + 1
 𝑓 𝑛+2 − 

2   𝑛2 −  3  

𝑛2 −  1
 𝑓 𝑛 +  

𝑛 + 1

𝑛 − 2
 𝑓 𝑛−2       ( 5 ) 

We can take the Hankel transform for Bessel differential operator 

∆𝑛=  
𝑑2

𝑑𝑟2
  +    

1

𝑟
 
𝑑

𝑑𝑟
  −  

𝑛2

𝑟2
                 𝑎𝑠 

ℋ𝑛   ∆𝑛𝑓  𝑟    =  − 𝑘2 ℋ𝑛   𝑓  𝑟                            ( 6 ) 
The Proof : 

ℋ𝑛   ∆𝑛𝑓  𝑟    =   𝑟   
1

𝑟
 
𝑑

𝑑𝑟
  𝑟 

𝑑𝑓

𝑑𝑟
  − 

𝑛2

𝑟2
 𝑓   𝐽𝑛  𝑘 𝑟    𝑑𝑟

∞

0

 

=     
𝑑

𝑑𝑟
  𝑟 

𝑑𝑓

𝑑𝑟
  − 

𝑛2

𝑟
 𝑓   𝐽𝑛  𝑘 𝑟    𝑑𝑟

∞

0

 

integrating by parts we have 

ℋ𝑛   ∆𝑛𝑓  𝑟    =     𝑘2  𝐽𝑛
\\  𝑘 𝑟  + 

𝑘

𝑟
  𝐽𝑛

\  𝑘 𝑟  − 
𝑛2

𝑟2
 𝐽𝑛  𝑘 𝑟    𝑟 𝑓  𝑟    𝑑𝑟

∞

0
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=  − 𝑘2   𝑟 𝑓  𝑟   𝐽𝑛  𝑘 𝑟    𝑑𝑟
∞

0

=  − 𝑘2 ℋ𝑛   𝑓  𝑟     

Specially for     𝑛 = 0     equation   ( 6 )   leads to 

ℋ0  ∆0𝑓  𝑟    = ℋ0   
𝑑2

𝑑𝑟2
𝑓  𝑟  + 

1

𝑟
 
𝑑

𝑑𝑟
𝑓  𝑟    = − 𝑘2 ℋ0  𝑓  𝑟                 ( 6 ) 

Some Applications : 

( i )   Consider :   ℋ0  𝑒
− 𝑎 𝑟2

  =   𝑟 𝑒− 𝑎 𝑟2
 𝐽0  𝑘 𝑟   𝑑𝑟

∞

0
 

let     𝑟2 = 𝑡    
 
     ℋ0  𝑒

− 𝑎 𝑟2
  =   ℒ  𝐽0  𝑘  𝑡     

=  
1

2
  𝑒− 𝑎 𝑡    

( −1 )𝑠

( 𝑠 ! )2
     

𝑘  𝑡

2
  

2 𝑠∞

𝑠=0

    𝑑𝑡
∞

0

 

=  
1

2
  

( −1 )𝑠

( 𝑠 ! )2
    ℒ   

𝑘  𝑡

2
  

2 𝑠∞

𝑠=0

=  
1

2
  

( −1 )𝑠

( 𝑠 ! )2
      

𝑘2

4
  

𝑠

   
𝛤( 𝑠 + 1 )

𝑎𝑠+1

∞

𝑠=0

 

=  
1

2 𝑎
     

𝑘2

4 𝑎
  

𝑠∞

𝑠=0

 
1

𝑠 !
 =   

1

2 𝑎
 𝑒− 

𝑘2

4 𝑎  

That means Hankel transform for a Gaussian function is a Gaussian . Which lead to proving the Haizenberg 

uncertinaty principle in Quantum mechanics . 

( ii )   The Laplace equation in the region   𝑧 > 0   ,  with a symmetric Dirichlet condition at the boundary let the 

boundary value problem given by 

  

𝜕2𝑣

𝜕𝑟2
+  

1

𝑟
 
𝜕𝑣

𝜕𝑟
+  

𝜕2𝑣

𝜕𝑧2
= 0     ,    𝑧 > 0    ,   0 < 𝑟 <  ∞

 
𝑣  𝑟 , 0  =   𝑓  𝑟  

              8   

Using Hankel transform of order   0   we get 

𝜕2𝑉

𝜕𝑧2
  𝑠 , 𝑧  −  𝑠2  𝑉  𝑠 , 𝑧  =  0                                           ( 9 ) 

and the boundary condition yeilds to 

𝑉  𝑠 , 0  =   𝑟 𝑓  𝑟   𝐽0  𝑠𝑟    𝑑𝑟
∞

0

                                  ( 10 ) 

the solution is 

𝑉  𝑠 , 𝑧  =  𝑒− 𝑠 𝑧   𝑟 𝑓  𝑟   𝐽0  𝑠𝑟    𝑑𝑟
∞

0

                       ( 11 ) 

so that 

𝑣  𝑟 , 𝑧  =   𝑠
∞

0

𝑒− 𝑠 𝑧𝐽0  𝑠𝑟   𝑑𝑠  𝑝 𝑓  𝑝   𝐽0  𝑠𝑝    𝑑𝑝
∞

0
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