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Introduction

A generalized complex exponent is a mathematical function defined by the relation f(z) = e?, where z is a
generalized complex number z = x + py, p? = —6, + p8;. The generalized complex exponent defined as the
analytic continuation of the real variable exponent x : f(z) = e”*.

Let define a formal expression e? = e**PY = e* - ¢PY, The expression determined on the real axis by this way
will be coincided with a classic real exponent. For complete construction it is necessary to prove analyticity of e”
function, i.e. to show that e* function can be transformed into convergent series. Let show it

f(z) =e* =e*-eP =eP Zr?:O);_r'l!
where e?Y =1(6,,0,,y) + pK(6,,01,y), and 6,6, are real numbers. It is easy to prove the convergence of the
series:

pyye Xy |y X |g—1Y|.IxI
e Yo—o—| = le”| |2n=0n!|392 e

The series convergence absolutely everywhere, by this means that a sum of the series in each point will
determine the value of the f(z) = e” analytic function.

The only generalization of real numbers with the preservation of the known laws of arithmetic are complex
numbers. Therefore we consider only the internal structure of complex numbers. The generalized complex number z
can be presented as z = x + py, where p?> = —6, + p8,. Let consider special cases to make a term be in accord
with the name.

If =1, 6, =0, p> = —1, p=1i a generalized complex number corresponds to a complex number of
z = x + iy form.

If8, =0, 8, = 0, p*> = 0 then we go to a dual number.

If8, = —1, 6, = 0, p?> = 1 then we get a double number.

Changing control parameters 6,, 6; we obtain different theories.

Before presenting generalized complex numbers in the form z = x + py we define addition, multiplication,
and conjugation by the following formulas :

Addition z;+2z, = (x; + x3) + p(y1 + ¥2);

Multiplication z; - z, = (x122 — OoY1Y2) + p(x1Y2 + y1%2 + 61y1Y2);

Conjugate z = x + 6,y — py.
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Product of z - Z = x% + 6,xy + 8,y? gives a non-negative real number. As a consequence, it defines the norm

of z generalized complex number. Thus
|z|2 =z 7 =x%40,xy + 6,y 1)

The right hand side of (1) is a quadratic form of two variables x, y.

Relating to an invariant of the quadratic form generalized complex numbers are divided into three types:
elliptic, hyperbolic and parabolic complex numbers. Let p?> = —6, + p8, then numbers are divided into determined
types depending on 8,, 6;.

2
IfD = %1 — 8, < 0, we have an elliptic type.
2
IfD = %1 — 6, > 0, we get a hyperbolic system of numbers.

2
IfD = %1 — 6, = 0 we have a parabolic system.
Let notice Euler formula for generalized complex numbers

e?t =1(6y,6,,y) + pK(6,,601,y) =

(397% [(cos@t __& sin@t) sinmt] D <0;

byl
| 2D P75
o,

= et [(1-2¢t)+pt|.D=0;

0
k eTlt [(cosh VDt — %sinh \/Et) + p\/%sinh \/Et] ,D > 0.
The true nature of (2) will be defined through the paper. The easiest way to prove this formula is using theory
of different equations.
The conjugate of e?* in a formula (2) gives
ePt =[(t) + pK(t) = I(t) + 6,K(t) — pK(t) or

@)

e©@1P)t = () + 0,K(t) — pK(¢). 3)
Multiplying (2) and (3) we can easily get the basic trigonometric identity for generalized complex numbers
et = I2(6) + 0,1 (DK (©) + 6K (D). “)

2 Addition formulas
According to the accepted agreement e? ™+t = [[(m 4 n)t] + pK[(m + n)t]. On the other side eP(m+Mt =
eP™m . et = [[(mt) + pK(mt)] - [I(nt) + pK(nt)]. Separating the real and imaginary parts relating to p we have
Im+n = ImIn - HOKmKnt (5)
Kpin = IK, + Ky I, + 01K, K,,,
where K, ,, = K[(m + n)t].

Example 1.
Letf,=-1,6,=0,D = 64—%— 6y =1>0, I, =I(mt) = coshmt, K,, = K(imt) = sinhmt. Then from (2)
and (5) it follows next addition formulas
cosh(m + n)t = coshmt coshnt + sinh mt sinh nt,
sinh(m + n)t = cosh mt sinh nt + sinh mt coshnt.
Setting m = n in (5) we get a formula of double argument
Ly = I7 — 60K, 6
Ky, = 21,K, + 0, K?. ©)

Example 2.
2
Let6y=1,6,=0,D="—8, = -1<0,V=D = 1,1, = cosnt, K, = sinnt. Then

cos 2nt = cos®nt — sin® nt,
sin 2nt = 2 sinnt - cosnt.

3 Finding sums of some exponential — trigonometric series
Let f(z) be a function of the generalized complex variable z = x + py, and analytic for |z| < 1, where
1zI2 =z 2= (x + py)(x + 6,y — py) = x> + 6,xy + 6,y>. It is known from these conditions that for |z| < 1 the
f(z) function can be expanded in a formal power series
f(@)=cy+cz+cz% + -+ cpz™ + - )
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Assume that the coefficients of (7) are real numbers. Setting z = e?* = I(x) + pK(x) for any x we have
f(eP) =co+ 1 lI(x) + pPK()] + c2[1(2x) + pK (2x)] + -
+ ¢, [I(nx) + pK(nx)] + -+ = ®)
=cy+cl(x)+cI(2x) + -+ ¢, I (nx) + -+
+plciK(x) + ¢, K(2x) + -+ + ¢, K(nx)].

Separating the real and imaginary parts in (8) we present f(e?*) in next form

f(eP*) = p(x) + py(x),

where ¢ (x) and ¥ (x) are real functions. It is obvious from (8) that
o) =cy+cI(x) +c1(2x) + -+ ¢, I(nx) + -
Y(x) = qKx) +c; KQx) + -+ ¢, K(nx) + -+

This fact can be used to get the sum of some exponential trigonometric series.

Example 3.
It is known that for any z

2% z" w zM
e’ =1tz+_+ -+t =30,
Then in account of (8)

ePX oo €P™ o  1(mx)+pK (mx)
e - Zm=0 Zm:() .

T m!

From the other side

eepx — eI(x)+pK(x) — eI(x) . epK(x) — el(x)[I(K(x)) + pK(K(X))],
and therefore

w  I0mx)
e!DI(Kx) =32, :’f ,

w K@mx)
! OK(K (X)) = 5%, (:n”f )

©)

Example 4.

2
Letfy=—1,60, =0,p*> = -6, +pb;,D = 971 — 6, =1>0,I(x) = coshx, K(x) = sinh x. Then according
to (9)

" ] cosh 2x coshmx
e®" * cosh(sinhx) = 1 4+ coshx + )
2! m!
hox i . sinh 2x sinh mx
e ¥ sinh(sinh x) = sinh x + > —

Example 5.
) A pkx ) : ) ) ) px )
Find the sum of series Y5_, ea—k Given series is a geometrical progression (convergent for |eT| < 1) with a
. px
common ratio g = eT It follows that

w e’ 1 g
Zk=0 ak - 1 ePxX —

a—eb*’

According to the accepted argument eP* = I(x) + pK(x) and eP** = I(kx) + pK (kx). Then

1
" ik + pK (k)] =

k=0

a j—
[a —1()] = pK(x)
a—1I(x) —6,K(x) + pK(x)
12(x) + 0.1 (x)K (x) + 6,K2%(x) + a? — 2al(x) — 6,aK (x)’

From here
O [(kx) a—1(x) — 6,K(x)
Z ak T I2(x) + 0,1(x)K(x) + 0,K2(x) + a? — 2al(x) — 6,aK (x)’
o K(kx) K (x)
kzzo ak " I2(x) + 0,1(x)K (x) + 6,K2(x) + a? — 2al (x) — 6,aK (x) "
Example 6.
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2
Let §p=2,0,=2,a=2 D=2_9g,=1-2=-1<0, V=D =1, I(x) = e*(cosx — sinx), K(x) =

4
e*sinx, I?(x) + 0,1(x)K (x) + 0pK?(x) = e¥1* = e?*,
Then

i e’ sin kx 3 e*sinx
2k T e2X —4cosx-eX + 4’

=0

iek" coskx 2 —e*cosx
2k e —4cosx-e* +4’

. px 91 .
These expansions are true for any x when |87| <lorleP*|<2o0re2” < 2ie whene* < 2.

4 Find finite sums and series
Find the sum of the series
Yiog P = 3R [1(kx) + pK(kx)] = Tioq 1(kx) + p Xioq K (kx).

eP (n+1)x _ px _

n kx —_ \m x\k —
Zk=l ef - Zk=l(ep ) - ePx 1
_ a1 4pKni1=1—pK1 _ Unt1—1)+p(Kny1 K1) _ (10)
I1-1+pkKq (I1—-D+pKy

_ [Unt1 =10+ (Kn 41 —KONU1 —D+61 K1 —pK4]
(I1-1)2+461 (11 —1)K1 +0oK? '

From here

)

n
Z I(kx) = (h = DUpyr — L) + 01K (1 — 1) + 0K, (K — Ky)
=1 eelx - 211 - 91K1 + 1

)

n

K, 1l — L 1K+ K —K,
ZK(kx) _ Anihh 71t 1 n+1
] 691" - 2[1 - 911(1 + 1

Where eglx = 112 + 61]1]{1 + 60[{12.

Example 7.

2
Let6,=1,6,=0,D = 971— 6, =—-1<0,v-D=1,1; =1(x) =cosx, K; = K(x) = sinx. Then
n .. nx
n+1 sino
I(kx) = cosx + cos 2x + -+ + cos nx = cos X5
— sin>
n .. nx
n+1 sino
K(kx) = sinx + sin2x + - + sinnx = sin x - -
= sinz

Example 8.
07 . .
Let 60 =6,=2, D= - 6p=—-1<0,v-D=1, I, =1(x) = e*(cosx —sinx), K; = K(x) = e*sinx.
Then
e+t2x sinnx — e™*VD¥ gin(n 4+ 1)x + e* sinx
e2x —2e*cosx+1
5 e +2x cosnx — e+ DY cos(n 4+ 1)x + e cosx — e
e*cosx +e“*cos2x+ -+ e™ cosnx = 5 .
e** —2e*cosx +1
Knowing depression formulas we can find a finite sum of the following series Y7_; K2 (kx), ¥t_, I?(kx) and
#—1 1(kx)K (kx), where

’

e*sinx + e?* sin2x + -+ 4+ e™ sinnx =
2x
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2Ly, + 0,Ky, — 2e01%x
K? = K2(kx) = =2 14%‘ ,
- (87 — 2001y, + 0001 Kyy — 26,e01K*
k 4D ’
Qleelkx - 290K2k - gllk

. . 4D '

Z akI(kx) = Z akl, = Re ;(aep")k =

=1 k=1
a"*(Lypi Iy + 0111 Ky + 00K Ky 1) — a* 1,y — a?e® +al,
B ate®1* — a2l + 6,K;) + 1 ’

+2 n+1
n k _\n kp _— n x\k _ @' T Knt1l1—Kiln+1)—a" T K41 +aky
1 a"K(kx) =)r_1aK, =Im))}_,(aeP =
Zk—l ( ) Zk—l k Zk—l( ) azeglx_a(211+91K1)+1

Ik'Kkz

Example 9.
2
Letfy=1,6,=0,D=2-6,=-1<0,v=D =1,I; = cosx, K; = sinx. Then

a2 sin nx —a" 1 sin (n+1)x+a sin x

yn_ aksinkx =
Similarly, we can find the sum of cosines

a?—2a cos x+1

n+2

n k _a cos nx —a™*1 cos (n+1)x—a cos x+1
Zk:l a* cos kx = a2—2a cos x+1 '
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