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This paper is dedicated to the three-dimensional numbers, i.e. associative-commutative hypercomplex
numbers as represented below [1]:

X = X1 +ij + kX3, (1)
where the base (1, j, k) is matched by the algebra with the multiplication table of the base units
2=k, k*=j u jrk=k-j=1. 2)
In matrix notation they become
1 00 010 0 0 1
1~ (0 1 0), j~ <0 0 1>, k~ (1 0 0>, 3)
0 0 1 1 00 010
then any number in the form (1) can always be written in matrix form, and conversely
X1 Xz X3
X = <x3 X1 xz). 4)
X2 X3 X1

We shall denote the associative-commutative hypercomplex numbers followed the law of multiplication of
the base units (2) by Cs. The algebra in Cj is an algebra which contains divisors of zero, namely, there are numbers
for which reciprocals are not available if the reciprocal is defined as:

XKoo = 1. i i ®)
Hence Xpec = xl—:m +j"3_;‘1"z + ka—zm, (6)
where A= A(xy, x5, x3) = det X=x3 + x5 + x5 — 3x,2x,3. @

For three-dimensional numbers which are not divisors of zero we obtain
1_ 1x* _ X* _ X" _ (2} —x223)+(x3—x1x2)j +(x3—x1x3)k (8)

X xx* |x13 A A !

where X* = (x% — x,x3) + (x — x;x,)j + (x2 — x;,3)k is an algebraic conjunction from Cs, and ||X]| = YA is a

modulus of X (or norm of X).

Using the properties of the determinants, we expand the determinant of X along a row:
A= x} +x3 + x5 — 3x1x,%3 = %(xl + x5 + x3)[(r1 = x2)% + (%1 — x3)% + (xp — x3)°]. C)]
Then a subset of zero divisors of C; consists of following subsets
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X1 —%x, =0
X1 +x; +x3 =0and {xl—x3 =0, (10)
xz—X3=0

Therefore, we regard in what follows
X=x1+x+x;#0and X =x(1+j+k)#0 (11)
Since the arithmetic average of three numbers is always greater than the geometric average, or equals to zero,

3 3 3
xjtx3+x3 3/°3.3.3
we have 1—=—= > /x7x5x3 = x1X,X3.
3 1X2X3 1X2X3

Thus a cube of the norm is available, and equals to || X|| = 3/A(xl‘xz,xg) > 0. The cube is positive if x;

coordinates x; > 0.

The problem on the characteristic vectors and characteristic values is considered in order to find two other
‘incomplete’ conjunctions. We write a characteristic equation of the matrix (4), and after finding the characteristic
values form ‘incomplete’ conjunction of X € C; as:

X =x, +jex, + kelxs,
X =x; +je?x, + kexs, (12)
_ —1+ix/§' 2 _ —1—i\/§, 2= _1

Next, we calculate the multiplication using the multiplication table of the base units
XXX = (g + jxy + kxg)[(xf — xpx3) +j (6 — x120) + k(xF — x1%3)] = %7 + x5 + x3 — 3x123 = [IX]|°. (13)
The last relation (13) shows that the algebraic conjunction is the result of the multiplication of two
‘incomplete’ conjunctions

where

and the norm of the three-dimensional number is defined as
3 —
[1X]] = VXXX. (15)
If we arrange a transition from the base (1, j, k) to the base S;, S,, S5, which objects are associated with basic
equations:

Si=3(1+j+k),
Sy =3 (1 +je + ke?), (16)
Sy =3 (1+je% +ke),
then Cayley multiplication table for the base (S;, S,, S3) simply will be
S2 =S,
Sn:S, =0,(mn=1,2,3andm # n). a7
Inverse relationship of the base units (1, j, k) with zero divisors is expressed by next relations:
1 = 51 + 52 + 53,
j =51 +€252 +53, (18)
k = Sl + SSZ + 8253,
Let us set the base (S;, S,, S3) is absolute and defined in Cs, where the antisymmetric form defined over the
field of complex numbers.

Exponent representation of the C; algebra number in the base (1, j, k)
Any number in the base (1, j, k) can be represented as:
X =x; +jx; +kx3
If exp(jar) and exp(kp) are expanded into next equations:
exp(ja) = A(a) + jB(a) + kC(a),
exp(jB) = A(B) + jB(B) + kC(B),

then any number from C; which x; > 0 can be represented as

) X = |IXllexpGa + kB) = X1 (a, B) + jl2(a, B) + kJ3(a, B)], (19)
where

Ji(a, B) = A(@)A(B) + B(a)B(B) + C(a)C(B),

J2(a, B) = A(@)C(B) + B(@)A(B) + C(a)B(B), (20)

Js(a,B) = A(@)B(B) + B(a)C(B) + C(a)A(B).

In turn
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A(t) = get +§e‘t/2msgt,
B(t) =§et+e_t/2 (—%cos?t+\%sin?t), (21)

oty oo (—loos B — Lo
C(t)—3e +e 2( Jcos—t ﬁsmzt).

Here t posses value of a or 8 variables. Real numbers a and £ by analogy with complex and double
numbers will be called argument of X € C5.

If we introduce a coordinate system (x, x,, x3) in the base (1, j, k) in the following manner

X1 =P]1(05'ﬁ)'x2 zpfz(a'ﬁ)ﬂ% =p]3(a,[3), (22)
we obtain two relations
x; + %, 4+ x3 = plJi(a, B) + J2(a, B) + J3(a, B) ] = pe™*F, (23)
x+x3+xd — 3xy203 = P33 (., B) + J3 (@, B) + J3(a, B)] = p* = IIXII?, (24)
because of Ji(@,B) + Jo(a, B) + J3(a, B) = e“*F, (25)
Ji(a, B) +J5(a.B) + )3 (e, B) — Ji(a, B) * Jo(a, B) —
—Ji(a, ) - J3(a, B) —]z(Cfr,ﬁﬁ) Ja(a,B) =e“F, (26)
Ji(a, B) =§e“+ﬁ +§e_a7605§(a—ﬁ), 27)
J(a,p) = %e‘”ﬁ - %e‘#cos [? (a—p)+ %] (28)
Js(@ ) = Leoth —2e™ 3 cos [ (a - p) - 1] (29)

and p = ||X]| is the norm of X € C3, then the value of p can be naturally called a modulus of the three-dimensional
number X.
The difference of ‘nodal’ parameters (a — ) defined from the next relation

tg 2 (a - ) = VA (30)
the sum is defined from (23)
a+pf=1Ln A tre (31)

x%+x§+x§’—3x1x2x3.

Hence, if p = ||X]|| = 1, then according to (19) we have X = J;(a,B8) + j,(a, B) + kJ3(a, B) .

The three-dimensional number J;(a,8) + jj,(a, B) + kJ;(a, B) is labelled as e¥ *F*  in other words, the
function e® *#k for any real numbers a and 8 defined by analogy with Euler formula

et = J1(a, B) + jl2 (@, B) + kJ3(a, B, (32)

where the base units j, k satisfy these relations j3 = 1, k3 = 1. Therefore we shall call them hyperbolic.

The function e/**k# posses usual properties of the exponential function, as if the numbers j, k were real
numbers. Note the major properties:

ela1tkBa . gjartkBz — oj(a1tar)+k(B1+h2) (33)
752;’1:2 ; = o @—a)+k(F1-F2), (34)
(efa+hB)" = eina+knB p = 0,41,42, ... (35)
Combining (32) and (33) we obtain Moivre formula for the three-dimensional number from Cs:
Ui(a, B) +jJ2(a, B) + kJs(a, I = J1(na,np) + jJ,(na,np) + kj3(na,np), (36)
in particular, for n = 2 we obtain
]l(zal ZB) = ]12(a! B) + 2]2(“1[;)]3(“1,8):
IZ(ZQ,ZB) :]g(a,ﬁ)+2]1(a,,8)]2(a,,8), (37)

J3(2a,2B) = J3 (@, B) + 2)1(a, ))3(a, B).
Using equations (33) and (34) we can easily obtain multiplication and division formulas for the three-
dimensional numbers from Cjin the exponential form:
XX, = pleja1+kﬁ1 .pzeja2+kﬁ2 — plpzel'(a1+a2)+k(ﬁ1+ﬁz) (38)
X1 _ p1ef VBT oy i —agy ki (B1-B3)
X, = ppeliriRT = 5, € AT (39)
It follows from (38) that the modulus of the multiplication of two three-dimensional numbers from C; equals
to the multiplication of the moduli of these two numbers
. X1 - Xo Il = Xy 11 - X, (40)
as |0ng as ||ej(a1—a2)+k(ﬁ1—ﬁ2)” =]13 +]23 +]33 — 3]1]2]3 =1.
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We can introduce a concept of a function on the set of three-dimensional numbers from Cs. Under the
exponential function we mean a series:
2 3
X =1+ X+ (41)
where X = x; + jx, + kx; is an arbitrary three-dimensional number. Then for the exponent of the arbitrary three-
dimensional numbers next expression will be correct
_ _ e¥ = e 11 (xz, x3) + jJ2 (X2, X3) + kJ3(x2,x3)]. I €73
We can associate the function of the three-dimensional variable with a derivative in the direction similarly to
their introduction in the algebra of double numbers. C; function analyticity means independence of its derivative in
the direction dF = F'dX and expressed by analogy of Cauchy-Riemann conditions for the three-dimensional
variable [2]:

df = FdX (43)
0 _ s 2h _ 0 _ 00 3 _0h _0n (44)
axl axz axg' axl axz BX3 ’ ax1 axz BX3 !

where f =fi+jfo +kf;, F=F, +jF, + kF; and dX = dx; + jdx, + kdx;. This set of equations represents
cross-impact between partial derivatives of function components and argument components. Specifically, the
requirement of the function differentiability f(X) = fi(xy, %2, x3) + jfo(x1, x5, x3) + kf3(x, %2, x3)  implies
additional conditions on the partial derivatives of f;, f, and f; functions.

Theorem 1. The function f(X) = fi(xq, x2,x3) +jfo(xq, x5, x3) + kf3(x1, x5, x3) is differentiable at
X =x; + jx; + kx ifand only if

1) fi, f» and f; functions are differentiable at (xq, x5, x3);

2) Cauchy-Riemann conditions (44) are satisfied at the point (x;, x,, x3).

Note. If the function is said to be differentiable in a domain it is analytic in the domain.

The Theorem 1 suggests the following definition.

Definition. If a set of functions of the three-dimensional variable satisfies conditions (44) they are called
analytic functions in Cs.
The Theorem 2 is true for Csanalytic functions.

Theorem 2. Suppose that f(X) = fi(x1, x2,x3) + jf2(x1, X2, x3) + kf5(x1, x2, x3) is differentiable at every
point of D domain. Then each component of the function

X)) =A=DfX=G(-HL+jlz=f)+k(fs-f)

A[fy (e, 22, %3) — f3(21, %2, %3)] = 0,
Alf; (eq, %2, %3) — f1 (31, %2, %3)] = 0,
Alf3(x1, %2, %3) — f2 (%1, %2, %3)] = 0.
Proof of the Theorem 2 follows from the Cauchy-Riemann conditions. The Theorem 2 implies that analytic
functions in C; contain harmonic functions and posses many properties similar to analytic functions in the complex
variable theory.

is a harmonic function, i.e

Cauchy’s theorem. Let a function @(X) be differentiable at finite simply connected region D, and let a
derivative @'(X) be continuous in S surface. Then an integral taken over a closed curve y in the S surface equals to
zero.

gﬁy d(X)dX = 0. (45)

Proof. If f = f; +jf, + kfs, then the function @(X) = (1 —j) - f(X) can be represented in the form
OX) =(fi — fz)+j(fo — fi) + k(f3 — f»), where dX = dx; + jdx, + kdx;. Thereafter
ﬁy D(X)dX = Ry (x1,x3,%3) + jR2 (X1, X2, x3) + kR3(x1, X3, X3),
where Ry (x1,%2,x3) = (fi — f2)dxy + (fs — fL)dx, + (f; — fi)dxs,
Ry (x1, %2, %3) = (f2 — f1) dxy + (fy — f3)dxz + (f3 — f)dx3,
R3(x1, x5, %3) = (fs — f2) dxy + (f — f1) dx; + (fi — f3)dxs.
Since the function @(X) has a continuous derivative in the S surface, then all first order partial derivatives of
fi, f> and f; functions are continuous in the S surface, and Cauchy-Riemann conditions are satisfied in this domain.
On account of Stock’s theorem
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R1(x1, %2, x3) = Ry(x1, X2, %3) = R3(xy,x,x3) = 0.
Hence gﬁy @(X)dX = 0, in particular,

Ry = %(ﬁ —f3)dx; + (fs — fR)dx, + (f; — fi)dxs =
! n n; n3

=6 | Yon, %o, o, |ds=
(fi—-f) (B—f) (L—-1f)

=#<%_%_%+%> dx,dx3 +

axz axz 8x3 6X3
0fi 0fsy 0f, Ofi
+#(a a—xg a—xl+a—xl>dx1d)€3 +

S
Ofs 92 _Oh  Ofs =
+ #S (axl axl axz + axz) dxlde - 0
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