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Introduction

Designing of curves and surfaces is very important topic of Computer Aided Geometric Design and computer
graphics. In recent years parametric representation of curves and surfaces with shape parameters has received a lot
attention. Trigonometric splines and polynomials have attracted wide spread interest within curve design; see [1, 3, 4,
5, 6, 7 ]. Han [5] presented a class of quadratic trigonometric polynomial curves with a shape parameter. The shape
of the curve was easily controlled by altering the values of shape parameter than the ordinary quadratic B-spline
curves. Bézier technique is one of the techniques of analytic representation of curves and surfaces that has received
wide acceptance as a important tool in CAD/CAM system. They are used to produce curves which appear reasonably
smooth at all scales. The quadratic trigonometric Bézier curve with single shape parameter was presented by Bashir
et al (see [2]). Qian et al (see [8]) described trigonometric Bézier curves and its applications to draw some shapes.
Shang and Benyue [9] presented Quasi cubic trigonometric bases and surfaces by their tensor product.

The Present work is organized as follows: In section 2, the basis function of the cubic trigonometric Bézier
curve with two shape parameters are established and the properties of the basis function have been described. In
section 3, rational cubic trigonometric Bézier curves and their properties are discussed. Section 4 is about shape
control of the curves by shape parameter. Section 5 includes the representation of ellipse and circle. In section 6, the
approximation of the rational cubic trigonometric Bézier curve to the ordinary rational cubic Bézier curve is
presented. In section 7, conclusion of the paper.

2. Cubic Trigonometric Bézier Basis Functions

In this section, definition and some properties of Cubic Trigonometric Bézier Basis Functions with two shape
parameters are given:

Definition 2.1 Let o, B € [-2,1], for t € [0,1] the following four functions are defined the cubic trigonometric
Bézier basis functions, with two shape parameters o and f3 :

Ro(t) = (1—sin~-t)? (1-asin > t) ,
Ry (t) = sin % t (1—sin % t) (2+a(1 — sin % ),
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R,(t) = cos%t (1- cos%t) (2+B(1 — cos%t) )
Rs(t) = (1— cos% t)?(1—p cos % t) (D)

If a = = 0, then the basis functions reduce to quadratic trigonometric polynomials.

Theorem 2.1 The basis functions (1) have the following properties:

(i) Nonnegativity: Ri(t)= 0, i=0,1,2,3

(ii)Partition of unity: ¥>_,R;(t) = 1

(iii) Monotonicity: For the given values of parameters a and {3, Ry(t) is monotonically decreasing and Ra(t) is
monotonically increasing.

(iv) Symmetry: R; (t; a, B) =R 3i(1-t;0,B), 1= 0,1,2,3

Proof:
() Forte[0,1] and a, B € [-2,1],
sin%t >0, (1- sin%t)z 0, (l—asingt) )= 0, (2+a(1 - sin%t) )=0 ,cos%t >0, (1- cos%t)z 0,
(1-p cosgt) )= 0, (2+B(1 — cosgt) )= 0. Itis obvious that Ri(t)= 0, i=0,1,2,3
(i) X3, Ry(t) = (1— singt)z (1—asin§t) + sin%t (1- sin%t) (2+a(1l — sin%t))
+ cos%t (1- cos%t) (2+B(1 - cos% t)) +(1- cos%t)2 (1-B8 cos%t) =1
(iii) Monotonicity of the functions is seen in Fig.1, the curves of the cubic trigonometric basis functions for a = =
—2 (blue solid lines) and for o = = 1 (red dashed lines).

3. Rational Cubic Trigonometric Bézier Curve
We construct the Rational Cubic Trigonometric Bézier curve with two shape parameters as follows:

Definition 3.1 Given the control points Pi(i=0,1,2,3) inR?or R® te[0,1] and a, P € [-2,1] , We define
the Rational Cubic Trigonometric Bézier Curve with two shape parameters as:

T(t) = ¥3_omiPiR; (¥) @
Yo miR;(t)
where Rj(t), (i = 0,1,2,3) are the basis functions defined in (1) and m; is scalar, called weight function. We assume
that m; > 0. If m; = 1, we get non-rational trigonometric Bézier curve, since the denominator is identically equal to
one. The curve defined by (2) possesses some geometric properties which can be obtained easily from the properties
of basis functions.

Theorem 3.1 The Rational cubic trigonometric Bézier curve has the following properties:
(i) End point properties
TO) =Py, TW)=P:  TO =23} —R] TQ)=27HH[P —P]

m3
If mp=mg=mand my=m, =2,then T(0)=2+a) [P, —P], T (1)=Q2+p) [P; — P,]
(if) Symmetry: Py, P, P;, P; and P;, P,, P;, By define the same curve in different parameterizations, that is
Tt; o, B; Py, Py, P, P3) = T(1—t; 0, B; B3, P>, P, By) te[0,1] and a, B € [-2,1]
(iii) Geometric Invariance: The shape of the curve (2) is independent of the choice of coordinates, i. e. it satisfies
the following two equations:
T(t; o, B; P +9q, P +q P +q, P +q) =Tt o B; B, P, P, B3) +
T(t; a, By 1:)O *q, Pl *q! PZ *(, l:’3 * q) = T(ta a, Bs PO, Plv PZ! P3)*q, te [0'1] and a, B € ['211]
(iv) Convex hull property: From the non negativity and partition of unity of basis functions, it follows that the
whole curve is located in the convex hull generated by control points.

4. Shape Control of rational cubic trigonometric Bézier Curve

The parameters a and [ controls the shape of the curve (2). In Fig.2, The rational cubic rigonometric Bézier Curve
T(t) gets closer to the control polygon as the values of the parameters a and B increases.In Fig.2, The curves are
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generated by setting the values of a, B as o = = -2(blue dashed lines), o = p = -1(green dashed lines), a = = 0.5(red
dashed lines), a = f = 1(black solid lines),

In Fig.3 the curves are generated by setting o = -2(blue dashed lines), o = -1(green dashed lines), a = 0.5 (red dashed
lines), a = 1(black solid lines) and p = -2.

In Fig.4 the curves are generated by setting B = -2(blue dashed lines), B = -1(green dashed lines), p = 0.5 (red dashed
lines), B = 1(black solid lines) and a = -1.

In Fig.5 the curves are generated by setting o =3 = -0.5 (red dashed lines), o= = -1 (blue solid lines), o =p = 0.5
(green dashed lines).

In order to construct a closed rational cubic trigonometric Bézier curve, we set P3=P;, my=m,=2and m3=m, = 3.
In Fig 6(a, b, ¢, d), The closed rational cubic trigonometric Bézier curve of altering the values of a and B at the same
time.

5. The representation of ellipse

Theorem 5.1 The basis function (2) have the following properties:
Let Py, P;, P,, P; are the four control points on the ellipse with semiaxes (av/2) and (b/v/2), by proper selection of

coordinates, their coordinates can be written in the form
a

ne() ne(D) () 50

then corresponding rational cubic trigonometric Bézier curve with the shape parameters o = =0 with m; =m,= m;
=my = % and local domain t € [0,4] represent arc of an ellipse with

x(t) = a(sin%t - cos% t)

y(®)= g(sin%t + cos%t -1) ?3)

Proof: Ifwe take a=pf=0and m; =m,= mz = m4:i

—a

— a
Py = ( Oa) P = ( b > Py, = (2) Py = (g) into (2), then the coordinates of rational cubic trigonometric
2 2

Bézier Curve are

x(t) = a(sin%t — cos%t)

b, . m T
y(t)—E(smEt +cos-t — 1)

2
2
This gives the intrinsic equation (%) + (Y(ﬂ,ﬁ) =1 (4)
W2)

It is an equation of ellipse. Fig.7(a) shows the ellipse.

Corollary 5.2: According to theorem(5.1), if a = 7.5, b = 12 then the corresponding rational cubic trigonometric
Bézier curve with the shape parameters o= =0 and local domain t € [0,4], represents arc of an circle. Fig.7 (b)
shows the circle.

6. Approximability
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Control polygons provide an important tool in geometric modeling. It is an advantage if the curve being modeled
tends to preserve the shape of its control polygon. Now we show some relations of the rational cubic trigonometric
Bézier curves and the rational cubic Bézier curves corresponding to their control polygons.

Theorem 6.1 Suppose Py, P;, P,, P; are not collinear; The relationships between rational cubic trigonometric Bézier
Yo om;P;iB; () ©)
Y3 om;B;(t)
where B, (1) =33, (7) (1 - e (6)
te[0,1], with the same control points P (i=0,1,2,3) and m; is scalar, called weight function, are as follows:
T(0) = B(0), T(1) = B(1),

10)-F = (6() - 7) ”

P*: (P1+P3)
2

curve T(t) (2) and rational cubic Bézier curve B(t) =

where with assumption o = p.

Proof : Let mp=mz;=1, m = my=2
Then rational cubic Bézier curve (5) will be of the form

(1-t)3 Po+6(1—t)2 tPy+6(1—t)t2Py+t3P
(1-t)3 +6(1—-t)2 t+6(1—t)t2+t3

B(t) =

by simple computation, we get

T() =P, = B(0), T(1)= P; =B(L)and
B (%) = (P +6P, + 6P, + Py)
B (%) — P'= Z(R-P —P+P) (8)

For u=[3andm0:m3:l,m1: m2:2

(1) _ (2—\/2—0-’(\/7—1))(130+ P3)+2(2\/§+a(\[2—1))(p1+ P,)
2 2(2+3\/7+a(\/§_1))

1 « _ (2+V2-a(v2-1))(Po—P1~P2 + P3)
T() -P= 2(2+3vZ+a(vz-1))

T(l)-p =T (1) pr)

2 - (2+3\/7+a(\/7—1))
Corollary 6.1 Whena == 46(;;%

curve, i.e. TG) =B (%)
Fig.8 shows the relationship between the rational cubic trigonometric Bézier curve and rational cubic Bézier curve.
The rational cubic trigonometric Bézier curve (blue dashed ) with shape parameter

_p_ 6-5V2
o= 4(v2-1)

, then rational cubic trigonometric Bézier curve is close to rational cubic Bézier

is analogous to the rational cubic Bézier curve (black solid).

7. Conclusion

In this paper, Rational cubic trigonometric Bézier curve with two shape parameters is presented for which all
geometric properties are similar to rational cubic Bézier curve. Due to shape parameters it is more useful to design
different shapes as compared to rational cubic Bézier curve. The curve exactly represents the arc of an ellipse and
circle under certain conditions.
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Fig.2 : The effect on the shape of rational cubic trigonometric Bézier curves with altering the values of o and §
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Fig.3 : The effect on the shape of rational cubic trigonometric Bézier curves with altering the values of o and p
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Fig.5 : Open rational cubic trigonometric Bézier curves with altering the values of o and

R

Fig.6(a) a=-1.5, p=-0.5  Fig.6(b) a=-0.5, p=0.5

Fig.6(c) 2=0.5,p=0.5 Fig.6(d) a=1,p=1
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Fig.8 The relationship between the rational cubic trigonometric Bézier curve and rational cubic Bézier curve
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