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Introduction
Suppose Y.a, is an infinite series with sequence of partial sums {s, } where s,, is defined by s, = ay + a; + - + a,.
Also, let u, = na,. Let o, denotes the n** Cesaro means of order 1 of the sequence {s,} and t, denotes the n'"
Cesaro means of order 1 of the sequence {u,, }.

In Order to appreciate the work already done in this field, we require the following definitions:
Definition 1.1 The series Y. a,, is said to be absolutely summable (C, 1) of order k or simply summable |C, 1], if

(cf, [3])

ﬁ=1 nk-1 |0-n - Gn—llk <o (11)
Since t, = n(a, — g,_1)(cf. [5]) , condition (1.1) can also be written as ,

et <o (1.2)
Let (p,,) be a sequence of positive real numbers such that
Pn = 211/[:0 by — ©,asn — © (P—l =P-1= 0 ) (13)
The sequence-to-sequence transformation

1

T, = EZS:O DyvSy (1.4)

Defines the sequence (T,,) of the Riesz means or simply (N,p,) mean of the sequence (s,) generated by the
sequence of coefficients (p,).
Definition 1.2 The series Ya,, is said to be summable |N,p, |, k = 1,if (cf. [4])
k
i ] Il <o (L5)

In the special case p, = 1, for all values of n, |N, p,, |, summability is same as |C, 1],
summability. Let (6,,) be any sequence of positive constants.
Definition 1.3The series Ya,, is said to be summable |N,p,, 6, |, k = 1,if (cf. [6])

§=1 gr}f_llTn - Tn—llk <o (16)
2. Results already proved.
Refer the results concerning the relationship between |N, p,, |, summability and |C, 1], summability.
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Theorem 2.1 (cf. [1]) Let (p,,) be a sequence of positive real constants such that, as n — oo,
0) np, =0(F) (i) B =0(p,) (2.1)

If Ya, is summable |C, 1], then it is also summable [N, p,|,, k = 1.

Theorem 2.2 (cf. [2]) Let(p,) be a sequence of positive real constants such that it satisfies the condition (2.1). If
Ya, is summable |N,p, |,, then it is also summable |C, 1], k = 1.

Theorem 2.3 (cf. [2]) Suppose(p,,) is a sequence of non-negative real constants such that B, = X7 _op, # 0, B, =
o, as n — oo, and that (2.1) holds. Then summability|C, 1|, is equivalent to summability [N, p, |, k = 1.

3. Main result

We now state our main theorem which is an extension of Theorem 2.3 with simple set of conditions.

Theorem 3.1Let (p,,) be a sequence of positive real numbers such thatP, = »7_op, # 0, B, = «,asn — «, and
that it satisfies condition (2.1). Let (8,,) be any sequence of positive real numbers satisfying following conditions

n=0(6,) (3.1)
1=0GD) 3.2)
;’ 08, (3.3)
6, =0 (,,) (3.4)

Then summability|C, 1, is equivalent to summability |N,p,, 6, |, k = 1.
Proof of Theorem 3.1
We first establish that |N,p,,, 0,1, < |C, 1], (k = 1).

We have T, = %ZLO pisi

:é XioPi oo Oy

= o S0 @y Ty

:% "o(B, —P,_1a, (P_; =0, by convention)
Consider, AT,y =T, — Ty

1 1 _
:E :/l=0(Pn - Pv—l)av - ng:a(i’n—1 - Pv_l)av

1

_ 1
- [Pn—l _E] Zg:l Pv—lav
— _Pn n__p
= — q1a
o PpPn_1 v=14v-1%y
1
pn ATn 1= Zgzlpv—lav
n
Pp_1P _
npl 71l ZATn 2= Zg:% Pv—lav
n
P Pp_
Hence, a, = ﬁATn_1 —p:_j AT,_,, n=1. (3.5)

It may be easily seen that (3.5) also holds for n=1, since in this case P_; = 0.

By t,,, we denote the nt" (C,1) mean of the sequence (na,) i.e. t, = 111?23:1 va,
Since, by (3.5) a, = ::—VATV_l YN
v -1
1 P, Pv,
SO tn = n_+1 n 1V(_ATV 1~ ZATV 2)
1 Pn 1 Py—
= m = 1V_ATv 1+(n11) n-17" V= vy ZATv 2
n— P_v _ Pv—l nPn
= pred D R AP G2V ATV 1} F AT,
=m{2n 1_ATV 1[VP _(V+1)Pv 1]} ( +1)p ATn—l
Since vB,—(v+1)P,_;=vP, — (v + 1)(P —-p,)=wWw+1p, — P,
1 Pn
We have, tn = — (EV2d - AT, [+ Dp, = R+ ATn !
Py
_mzv=1(v + 1)ATv—1 - _Zn i ATv 1t n +1)p AT, 4
= tnl + th + tn3 (Say)

To prove the theorem, by Minkowski’s inequality it is sufficient to show that
1
sty [ <o for r=123.
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Now by applying Holder’s inequality, we have
k
S I = S |2 Sntl v + DAT, |

k
—_ym+11 n— 1"+1
=z VAT,
Zn—Z n n+12 v—1

= 0(1) Z:ln—-'—l nk+1 {Zn—l VlATv—l |}k

=0(1 m+1 1 n—1.,k AT k n—11 k-1
( )Z v= 1V | v— 1| nzv=1

= 0(1)2"”1 Vo1 VEIAT, |

1
= 0(H XN 1Vk|ATv 1|k rﬁ}ﬂﬁ

1
= 0(D) XV, vHIAT, 4]~
= 0() T, Ve AT, "
= 0(1) X1 07 1IAT, 41*  (By(3.1)
= 0(1)as m—oo.
Again, by applying Holder’s inequality, we have

zm+11 |t |k _ Zm+11 —_yn! 1Pv AT |k
n2 v—1

n

n+1

o {Z”-“”—VlATV 1)
sy L [P] AT, ¢ x (Lt 1}1{_1
- 0(1)2@1% = NG

IA

IA

m by k kym+1 1
= 0(1)21/: _] |ATV 1| m=v+1,2

= o [2] Liar, ¢
= 0T, 0f —IAT, ¥ (By(3.2)and (3.3))

= 0(1) XL, 057 1AT, 4 |*
= 0(1) asm-ow
Finally, by applylng Holder’s 1nequal1ty, we have

k
m 1 nkPy
= ;ltn3| n= 1 n l(n+1)py, n—1|
= 0, 2 [2] IaT, ¢
= 0TI O IAT, LI (By(32)and (33)

= 0(1) as m > o
Therefore from above estimates, we finally arrive at the conclusion that
m=1% [ty [¥ = 0(1)as m—soo, forr=1,2,3.
S0 Yy It ¥ < o0
Hence Ya, is summable |C, 1],
Conversely, we shall now establish the following inclusion:|C, 1|, < |N,p,,, 0, |, k =1

1 1
We have Tn = ZZ?:O bvSy = EZ:}:O(Pn - Pv—l)av' (36)
Therefore T, — Ty = Pn’;:_l n_P,_ia, = Pn’;:_l n_ P_vva,. (3.7)
By applying Abel’s partial summation summation formula to the sum Y»*_; P, _;v~'va,, we get

Zg=1 Pv—lv_lvav = n_l{Pv 1V_1 - Pv (V + 1)_1}21;:1 iai + Pn—ln_1 Z?=1 iai

= S0P, v = By + By - B (v + DT + D, + Pt
= 2Hop, v+ RV + DT+ D, + Pty
= 217/1;1 bV _1(V+ l)tv +21/:1 Pv V_ltv +Tpn—1tn

Referring (3.7), we get

Tn - Tn—l = Pnz:’:_l Z:/l;% _(V + 1)V_1pv v

nivlpt, + [n+1]
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= tnl + th + tn3r (Say)

To prove the theorem, by Minkowski’s inequality, it is enough if we show that

Yo 08t |

<o, for r=1,2,3.

Now by using Holder’s inequality, we have
k-1
Zn 05 e lF = 0 X (2) el (By (3.4))

Again consider,

Zm+1 ek lltnzlk

Finally, we have

M OE sk

Therefore by (3.8), we get
m=1 97,1(_1 |tnr Ik

IA

1 P —1v+1
e {T 1)

k-1
m+1_ Pn n—1 k 1 n—1 }
0(1) n=2 PpPp_1 v=1 pvltvl X {Pn—l v=1Pv

k 1 p
0(1)231 1pv|t | :1"=+v+1P Pn
ntn

Jeshyimt-li AL

-1

0zl lF By (21)

=0(1) as m-w

k-1
=0 () ol By (E4)
= oz () -1Pv-1|tv|}k
= 0 - Sl By @O

— 0(1)2m+1 Pn — | |k { 1 n—1 }k—l
B n=2 p Py_1 v= 1pV ty Pry v=1Dvy

= 0(1) Z;n 1pv|t | Z;n+vl+1p P
= 0T 2l I

= 0(1)Zz"=1vltv|" (By (2.1))
= 0(1)as m = .

= o) (”)"_1|tn3|k
= oz (&) 7 [ 2
= 026 ¢

= 0 It.l*  (By(21))

= 0(1) as n — oo,

= 0(1) as m-> o, forr=123.

Which completes the proof of the theorem.

Remark. It may be noted that condition (2.1) is being discarded from the proof of the first part of the theorem.

(3.8)

Flett (cf. [7]) has shown that |C, al, = |C,Blx, @ = 1,8 = a,a > —1. Following corollary is a direct consequence

of a result due to Flett.

Corollary 3.1|N, p,,,6, |, € IC,Bl,, B=1, k=>1.
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