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INTRODUCTION

In 2000, Ezeilo [5], proved two instability theorem for the fourth order nonlinear differential equation without
delay
x® 4+ a% 4+ g(x,%, % )% + h(x)% + f(x,%,%%) = 0
And

While Tunc in 2009, [2], gave two instability theorems to fourth order nonlinear differential equation with a variable
delay t(t)
() + ar%(0) + g (x(t — 7(©)), ~, %(t — (1) ) % + hx(O)X(®) + £ (x(t = 7(©)), ~, %(t — (1)) ) x(t) = 0
And
x4 () + p((6), 1(1)) + q (x(t = 7(6)), ~+, ¥(t — 7(£)) ) %(t) + azk(t) +a,x(t) = 0

Also Tunc [4], in 2011 introduced new instability theorems to fourth order nonlinear differential equation with
constant delay of the form

x® + (@)% +g (X, x(t —1),-,x® x® (¢t — r)) %+ 0(%) +f(x(t—1)) =0

And in (2013) Tunc [3], gave sufficient condition for instability of the zero solution of a vector nonlinear differential
equation of fourth order with constant delay of the form:

X® + AX + H(X)X + GOX + F(X(t—1)) =0
In this paper, we study a two types of fourth order nonlinear delay differential equation with a variable delay, the
first type is of the form

196


http://www.journalijar.com/

ISSN 2320-5407 International Journal of Advanced Research (2015), Volume 3, Issue 8, 196-202

X® + o)X+ QX XL XXX +yX) +0 (X(t - t(t))) =0-(1)
Where X € R", t(t) is a variables delay, ®,Q are continuous n X n-symmetric matrix functions, y: R" - R",
®: R" - R",with y(0) = ®(0) = 0 are continuous for all X € R?
And the second type is

X® + F (X, X(t = (), ~, X0, %(t - (®) ) X© +
G (x(t),x(t —1(0), -, X(®),X(t - r(t))) X +H (X(t - r(t))) +¥ (X(t)) +AX(t) = 0-+(2)

Where X € R", 1(t) is a variables delay, A is a constant symmetric n X n matrices, F and G are continuous n X n-
symmetric matrix functions, H: R® - R", ¥: R" - R",with H(0) = ¥(0) = 0 are continuous for all X € R"and the
primes in(1,2) denote differentiation with respect to t,t € R*. And we obtain some conditions of instability of the
zero solution using the Lyapunov- krasovskii functional approach.
First we write equations (1) and (2) in systems form as follows:

X=Y,Y=Z27=W

X® =W = -0(@Z)W - QXX Y,ZWZ—y(Z) — () + f Jo(Y())Z(s)ds -+ (3)

t—1(t)
And

X® =W = —F (X(®),X(t = 1(©), YO, Y(t — 2(®)), -+, W), W(t — (1)) ) W
= 6(XO,X(t = (), YO, Y(t = 1(©), -, W), W(t — 2(1)) ) Z — H(Y) - ¥(Z) — AX

t

+ f I (Y())Z(s)ds -~ (4)
t—1(t)

Where Jo(Y),],, (Z),]y (Z) and J;(Y), denote the linear operator form ©(Y), y(Z),¥ (Z) and H(Y) to Jeo(Y) =
90; _ (9% _ (2% — (i) 5=
()3, ~(£2) 0= () mir0 = ()= 12

Where (y1,y2 - ¥n), (Z1,22 -+, 20), (Wp v, -, v, ), (W1, ¥y -+, W,) and ,(hy, hy -+, hy, are the components of
Y,Z,y,¥,, and H respectively.

The instability of solutions for the vector differential equation with variable delay of fourth order has not been
discussed by any authors to the best of our knowledge and this paper is considered the first to discussed this topic.
The symbol (X,Y) is used to denote the usual scalar product for any pair X,Y in R", that is, (X,Y) = X, x; y; ;
thus (X, X) = ||1X]|2, and 4;(A4),i = 1,2 ---,n, are the eigenvalues of the real symmetric n X n matrix A.
1-  Preliminaries:

In order to introduce the main theorem we used the followings lemma
Lemma (2.1): (Bellman 1997) [1]

Let A be a real symmetric n X n matrix and

a>1(4)=a>0, i=12-,n

where a’ and a are constants.

Then

a'(X,X) = (AX, X) = a(X,X),
a*(X,X) = (AX, AX) = a(X, X).

Remark:
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To prove the instability of the zero solution we use Lyapunov function V = V(X,Y,Z, W) which have to
satisfy the following three krasovskii properties [6]: (K1) In every neighborhood of (0, 0, 0, 0), there exists a point
(¢, &1, 1) such that V (¢, &,1, 1) > 0; (K2) the time derivative V along solution paths of systems (3),(4) are positive
semi-definite; and (K3) the only solutions of the systems (3), (4) which satisfies V(t) = 0,t > 0 is the trivial
solution (0, 0, 0, 0).

Remark:

In order to guarantee the existence of the solution we assume that:
Consider the general autonomous delay differential system with finite delay:
x =F(x), % = x(t+0) -r<6<0,t=0
Where r = 0, F: G —» R" is a continuous and maps closed and bounded sets into bounded sets where G is an open
subset of C = C([—r,0], R") with [|¢|| = max_.<|d(s)| ,¢ € C. If x:[-r,A) > R" is continuous,0 < 4 < oo,
then for each t in [0, A), X, in C is defined by:
x:(s) = x(t+s) —-r<s<0,t=0

It follows from these conditions on F that each initial value problem:
x = F(x), X, =26E€EG,
has a unique solution defined on some interval [0,A),0 < A < oo. This solution will be denoted by x(¢)(.) so that

Xo(¢) = 0.
2-  Main Result
The main result of this paper is the following two theorems:

Theorem (3.1):

Beside the basic assumptions of the @, Q, y and @ that appear in equation (1) we assume that there exist a
constant a, a;,a, and b such that following the conditions are hold:
a< (oY) <b  HQXYZW <-a, %(,@)<-a

If
2V) + ap

Then the zero solution of equation (1) is unstable.

Proof:
We define the Lyapunov function V =V (X,Y,Z,W) = V(X(¢t),Y(t),Z(t), W(t)) as follows

1 1 0 t
V=(WZ)+ I(SQ(SZ)Z, Z)ds + f(@(SY),Y)dS - f J-IIZ(G)II2 do ds
0 0 —1(t) t+s

Where X is a positive constant show that in the end of the proof, and
_0 " IZ(®)]12 do ds is non negative where s is a real variable. Hence the hypothesis of theorem (3.1) and
1(t) Jt+s

OY) = [, Jo(8Y)YdS
1 1 1 1 1 a
f (O(Y), Y)ds = f f (51J0 (815, V)Y, Y) dd,d 5, = f f (3yaY, V)d3,d; = 5 1YI1?
0 0 0 0 0
V(0,€,0,0) > §||e||2 >0

The property (K1) of krasovskii property is verifies for all sufficiently small €
Now derive V with respect to time and using system (3):
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t

V =—(®2)W,Z) — (Q(X,Y,Z,W)Z,Z) — (y(2),Z) — (O(Y),Z) + ( j]@(Y(s))Z(s)ds,Z)+(CD(Z)W,ZH—(G)(Y),Z)

t—(t)
t

(W, W) — AIZI%® + (1 - #(0)A f 1212 ds

t—1(t)
Since
d 1 1 1
= J (©(8Y),Y)dS = J 8o (8Y)Z,Y)dS + J (©(8Y), Z)ds
0 1 0 1 0
d
= J5$(®(6Y), Z)d5+oj(®(5Y), Z)Yds
= 506V, DI} = (O, 2)
And
1 1 1 1
d
= f (6D(82)2,7)d5 = f (5D(SZ)W, Z)dS + f 821, (82)ZW, 7)d5 + f 8(0(52)Z, W)d5
dtO 0 0 0
1 1
d
= Of (5D(SZY)W,Z)d6 + Of 555 (60(57)W, 7)d5
= 3(OBLW, 2)|, = (©(Z)W,Z)
And
¢ [ gotr)zexism = -tz|| [ jolre)zeras
t—1(t) t—t(t)
> —|1ZIlb Z(s)|| ds
t—!(t)
>-lzlb [ lzolds
t—1(t)
> S0l -5 [ lzeiRds
t—1(t)
And
0 t t
d
5 | Jiz@iras as =121 - a -y [ 1z as
—t(t) t+s t—1(t)
Now
. b b o[ , t
V20,2 W22 - w0121 -5 [ 121 ds = mOIZI? + @ -1 [ 121 ds +w,w) - w2, 2)
t—t(t) t—t(t)

. b b
VW W)+ 082+ 00,0 - SN2 + (- 10)A-3) [ 122 ds - alZIP

t—1(t)
t

V=W, w)+ (az +a; — (g + A) T(t)) 1Z11? + ((1 —t(t))A - g) f 1Z(s)II* ds

t—(t)

199



ISSN 2320-5407 International Journal of Advanced Research (2015), Volume 3, Issue 8, 196-202

Let (1 — (1)) > ,and A ==>

Then
. b b
- _ (b D 2
V> (az +a; <2 + 2) T(t)> Z1|
V> (a; +a; — bi®)I1Z]12
If
+
sup t(t) < 2T
0<t=wo b

then V > 0 which satisfies the property (K2) of Krasovskii, on the other hand, V = 0 ifand only if Z=0=Y =
X =W for all t = 0, thus the property (K3) of Krasovskii is satisfies, so we conclude that the zero solution of
equation (1) is unstable.

Now the second main result is:

Theorem (3.2):

Beside the basic assumptions of the F, G, ¥ and H that appear in equation (2) we assume that
there exist a constant a;, by, b, 8 and a such that:

a<k(n(Y®))<a, A@W>b  K(e@)<-b

And 1, (F (XX (e~ (), -, WD, W(t — r(t))))2 + (G (XX (= (©), -, WD, W(t — t(t)))) <=5
If
+ by

0
sup 1(t) <
0<t=o 1

then the zero solution (2) is unstable.
Proof:

We consider the Lyapunov function
Vi =ViX,Y,Z, W) = V; (X(b), Y(1), Z(t), W(t)) as follows
0 t
V) = (W,Z) + (AX,Y) — f f||z(e)||2de ds + f(H(&Y),Y)da

—1(t) t+s
Where A is a positive constant which will be determined in the end of the proof, and s is a real variable such that

0 t 2 . .
I . Jir IZ(0)1I7 d6 ds is non negative.
Hence the hypothe5|s of theorem (3.2) and H(Y) = f Ju (8Y)Ydd

11
f (H(3Y),Y)ds = f f (8,)11 (8,8,Y)Y, Y)d5,d5, > f f (5,aY, Y)ds,ds, = %IIYIIZ
0 00

v(0,€,0,0) = llell* >0
The property (K1) of krasovskii property is verifies for all sufficiently small €
Now derive V with respect to time and using system (4) we get:
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Vi = (W, W) — (F (X(0,X(t — 2(©)), -+, W), W(t — 2(©) ) W, Z) — (G (X(B), X(t = (), -, W(O), W(t = (D)) ) 2, 2)

— (H(Y), Z) — (AX, Z) — (¥(2),Z) + (AY, Y) + (AX, Z) — M(OIIZII? + (1 — () )A f ||z((e))||2 de
t—1(t)
t

(Y, Z) + ¢ j I (Y(9))Z(s)ds, 2)
t—1(t)

By using that

t

f I (Y())Z()ds

t—1(t)

t

( f]H(Y(s))Z(s)ds,Z)Z—”Z“

t—1(t)

t

j Z(s)

t—t(t)

t
ds > —[IZlla, f 12(s)llds

t—1(t)

> —||Zlla,

t
a a
>-Selzr -3 [ ioieas

t—1(t)

Now

Vi 2 (W, W) — (F (X(O,X(t — (®)), -, WO, W(t = (1)) ) W, Z) = (G (X, X(t = 1(©), -, W(B), W(t — 2(1)) ) Z,Z)

— @), 2)+ ) - 2oz -3 [ 1261Pds - @zl

t—1(t)
t

+(=tn | la(@)]’ ao
Let (1—%(0) =5, and A =>a, tﬂs(.tn)g the hypotheses of theorem (3.2)
Then
S ||W - %F (X®,X(t = 1(®), -, W), W(t - (1)) Z”2
- %(F (X, X(t = 7(®), -, W©), W(t = 2(©)) 2, F (XO,X(t = 2(®)), -+, WD), W(t - (1)) 2)

—(G (X(t),x(t —1(0), -, W), W(t — r(t))) 7,7) — %r(t)nznz + b(Y,Y) + by(Z,Z) — az—lr(t)lllez
Vi = (8 +b)IIZII?> — a;z(®IZI1?

+ by

sup 1(t) <
0<t=o 1

then V; > 0 which satisfies the property (K2) of Krasovskii, on the other hand, V=0 ifand only if X=Z =0 =
Y = W for all t > 0, thus the property (K3) of Krasovskii is satisfies, we conclude that the zero solution of equation

(1) is unstable.
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