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INTRODUCTION

The univalent functions theory is old and quite wide topic in a complex analysis . As is known that the oldest
complex tools in this aspect are: Koebe one quarter theorem and koebe distortion theorem hence shall focus on
the role of each them in an examine the inner boundary of Q ( be a bounded simply domain) through finding a
constant K > 0, which considers as a special tool for restriction the diameter of given domain.

This work is related closely with similar lemma * which is quite known in polynomial approximation theory
and has an important role to find conditions on Q € C (and w > 0 be a measurable function defined on Q which led
to HP(Q,dA) =12 (Q,dA)?, foreachp,1 <p <o , we referto [9], [10] and [11] for further more details.
Definition (1) (Harmonic measure) [8]

Let Q be a bounded, open domain in n —dimentional Euclidean space R" , n > 2, and let dQ denote the boundary
of Q. Any finite real- valued continuous function f on 9Q, f: 3Q — R corresponds to a unique function u(x) on the
closure Q of the region, is called a solution of the Dirichlet problem, if

i. uisacontinuous on Q.

ii. wuisaharmonicin Q, thatis Au =0in Q.

i, ulpo=f

A solution of the Dirichlet problem wu corresponding to the continuous boundary function f, is called a harmonic
extension of £, let us call it, u|; = u(f).

'For interested reader, we refer to [11] as a more convenient reference
2 HP(Q, dA)- space consists of all the functions, that can be approximated arbitrarily in the L (), dA)-norm by a
sequence of polynomials; L? (Q, dA)denotes the class of all the functions in L? (Q, dA)which are holomorphic in €.
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If the point x € Q is assumed to be fixed, then by Riesz representation theorem® wu(f) defined on the compact set
C.(Q) there exists a unique Borel measure u(x) at the point x on Q, define u, € C.(Q)" by

w () = [ £ ducn ),

forall fin C, (€2), and the measure u(x, <) is called the Harmonic measure.
In particular, if the solution of the Dirichlet problem wu corresponding to a Boral measurable E < 0Q with the
boundary data
(1 if ¢€E,

f‘XE‘{o if ¢eE.
such that f = 1 that is, f takes the value 1 on the part E of dQ and f = 0 on the remaining dQ such that, this
solution is called the harmonic measure of E, and is denoted by u(x, E; Q) .
For much extra information about harmonic measure, we refer to [1], [6] and [15].
Theorem ( Koebe One-Quarter theorem) [5]
The range of every function of class S* contains the disk {w: |w]| < i}.
Lemma (1) [3, 9]
Let E be a compact subset of the plane having connected complement and let g € L(E,dA), for some g > 1. If
g" = 0 identically in C\E then g"(z,) = 0 at every point z, € dE where

lg(2)|

ElZ_Zol

dA < .

Lemma (2) [2,3]
Let E be a compact set with connected complement and let g € L(E,dA), for some 1<q<2.1If g" =0
identically in C\E and ¢ is a point of E° ( the interior of E) at a distance §(z) = % from 9E then

) !
19" < C{g7(5,)8 log(3) + [rqw) 9@ da|
|z—¢a|<48

where g*(¢,) = sup, (nr?)~! fz_§|<r|g(Z)IdA is the Hardy- Littlewood maximal function, I', (&) is equal to 10g%

according to whether g = 2 or g < 2 and, C is a constant depending only on g and the diameter of E.
Lemma (3)°
There exist positive constants K; and K,, depending only on §(¢~(0)), such that
1-1¢@)] 4 1-1¢ )]
5 <[pT @ <K, OB
where ¢~1(0) =z, and ¢ maps a simply connected domain Q conformally onto unit disk D
Now, our starting point in this research paper with Theorem (2) and then we indicate how this theorem can be
used to produce other results.

K

Main results

Theorem (1)

Let ¢ be a conformal mapping of a simply connected domain Q onto the unit disk D then there is a constant K
depending only on the modulus of z in Q such that

1-|p(2)| < K\/H for some z € Q.
Proof
Let Q be a bounded simply connected domain, and ¢ be a conformal map defined as follows:
¢: Q- D (w]| < 1).
So, the inverse function
Y=¢1:D-Q

Apply Distortion theorem Koebe to the inverse function 1 = ¢~ (w), to obtain that
¢~ (w) € S, normalized by the conditions ¢~1(0) = 0,and (¢~1)'(0) = 1.
Then, for w € D;

® A straight-forward proof of Riesz representation theorem (cf. [16])

% Class S of functions ¢ holomorphic and univalent in the unit disk D = {z: |z| < 1}, normalized by the conditions
$(0) =0 and ¢ (0) = 1.

* A proof of Lemma can be found in ([14] pp.21-22).
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wl B wl
T wpE =P Wl=sg e
Fix w, € D, then
o~ (w,)| < _ ol e een v e e (1)
a= w2

Fix z, € Q. Then apply Koebe one-quarter theorem in order to show that the range of the function ¢'(w) € S
contains the disk {¢1(W): |1 (W)| < 17} c Q° suchthat z, ¢ {¢‘1(w): lp~t(w)| < 1:} which implies

12| =5 N Qe ©)

Equation (2) can therefore be written as follows:

2,1 2 11($7)'(0)] in Q by condition (¢~1)'(0) = 1.

We can assume that w, € D isthe image of —1, thatis; ¢(—1) = w,.
By taking the inverse of both sides , we obtain

_ _ _ |¢‘1_(w0)| =l (3) _
Distortion theorem which represents by equation (1) will now be applied to obtain
_ (W, | lwol1( ™) (0)]
1= w,)| = = — 5
L (1 - 1w, (1 —1Iw, D)
1< 'W“(lll(_‘lf’w l))z(O)l < :‘lli‘l’llwl‘;lz by equation (2)
Since, z, and w,are arbitrary points, this implies that
4|z||w| Clz| Clz|
1= 7 < 2 2
A-1wh* A-=Iwh* A-le@D
Hence,

(1-lp@)D?* < Clz|

Finally, we obtain

1- 1@ <Klz|m

Theorem (2)
Let ©Q be a bounded simply connected domain, whose boundary is a class C® Jordan curve. If ¢ is a conformal
map of Q to the unit disk D(Jw|<1), then
JI1¢1P dxdy < oo, forall p <2.
Proof
We shall assume that z, € Q, and ¢(z,) = 0. It can then be inferred from the co-area formula®.
Let ¢ be a conformal mapping of Q (simply connected domain) onto the open unit disk D(z: |z<1), that is;
¢: Q — D with M be a measurable subset of D.

Let g(z): B € Q - [0,0), where B = {z € Q:|¢(z)| = r} be a measurable function defined on the measurable set

B in Q, as the following
XB(2)

(2) =71 Q - [0,)
T @)
where xp,y: B € Q — {0,1} is the characteristic function.
_ { 1 if z€B,
XB(Z) - 0 lf 7 e B.

Because we have to calculate the integral over B and we know that 0 <r <1 so, y; = 1,z € B such that

1
XB() , XB(2)
; dxdy = ; do | d
L 101 axer=] (e 7 )

1
ﬂgdx = Of (L:{zegw(zn:r}@ " ds) ar

Now we have

® A straight-forward proof of this assertion is in [13].
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1
ﬂg|¢'|” dxdyzof<L={zes1:|¢(z)|=r}W% a ds) ar

:fo1 (IB={ZEQ:|¢(Z)|:r} |¢l|p ' ds) dr
= lo 7 ;™ dsy ar

=fy 2nrlg " ar

By Lemma (3) we have |¢| < € —=

1-19|

ok so let us assume that 6(z) = |z| such that

1
f |¢’|p dx dy =f 2717‘|<;b’|p_1
¢ 1 Y -1
1—r)P~
Sf 2nr % dr
0 |z|p—1
In theorem (1) we deduced that (1 — |¢]) < K; +/|z| which implies
K, 1
<
2P (1= )?e D
1 (1-r)r1t 1 (1-r)r 1t
j(; anlledrSf 2nr md

1
= J 2nr (1 —r)~ @D dr,
0

Hence,

when —(p—-1)+1>0=>p<2.m
Theorem (3)

Let E be a compact subset of the plane having connected complement, D € E be a connected domain, let g" be a
Cauchy transform of a function g , where g € LY(E,dA) for some 1 < q < 2, if g" (2) is an identically zero in
C E and there exist a non-decreasing sequence dD; in D then

lg" ()]
fau ( el ) dy; existsand is finite on D;
Let D be a connected domain D € E . Fix arbitrary point & € D and assume u be the harmonic measure on D

representing ¢.

Draw D; be a non- decreasing sequence such that ¢ € D; foralliand UD; fillup D .

Given g € L1(E) , then g" vanishes identically’ in the complementary of E since the integral g with any
polynomial in H? (E,dA) is equal to zero, so |g"(&¢)| is bounded in E at Euclidean distance (see lemma (2)) that
is; |g"(&)| is bounded in D.

Hence, multiply and divide |g"(z)| by /8(z) where §(z) = dis(z,dD;) = |z| this yields the identity below:
19" @IYlzl log /T2 + log lg" (@)
Vlzl \/I z|

. @]
loglg (2)| =logylz| + log
Vlz|

Integrate the last quantity over dD; with respect to harmonic measure dy; this will imply,

: 19" @)
f log 9" () |du; = j tog /T2l du+ | 1o d
aD; aD; aD; Jlz|

log

Here, we will pay particular attention to the second integral.
As known in ( pp . 145 [3] ) that,

lg" ()| lg" ()|
] du; [T ¢
fani og h L <faDi ¥ i 4)

It is known in measure theory®

" we refer the reader to see (pp.119 [2])
® For interested reader we refer to [7] and definition () in appendix B.
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Cd [ | ‘@l 19" (@)
;d_xjfamg ; J:31)2:6"1(‘9 Z)

lg (Z)I)
J-BDL']'Z vV ||
Hence, we have

L2 (gt )an=f, Dy (ge)ance [, > o

ij=1 1—1

...(5)
This implies that
1Fp 2 ¥ (42 ane| < 1, 19" 19 ()| 1l + 1, |2 7Ch" @D )

Now we have to define a Green function which is a harmonic function on D; and remove the disk |z — &| <
r, from D; such that we get the disk |z—¢&| <7, in D; ; has a smooth boundary will lead to generate
harmonic function on D; with singularity (pole) at £ . In this case should be define the harmonic function

dy; = % |dz| and let Let ¢, be a conformal map of D; onto unit disk D = {w: |w| < 1} with ¢;(&) =0,
and as clear y; = ¢, which satisfies the following:

a. |VG;| < C|¢;| onD,.

b. |[¢i| =c@ - w).

Applying Hélder inequality to estimate I; as follows:

1
I = " \Y dy;
: jaDi 9" @) <\/W> i
1
= ")V [ —=) |vG,|da
LD;'“" @) (W)' |
1
7 1 LAY
< "9 dA V|—=]|VG;| dA
<<LD£|g| ) <faDi’ < |z|> )
1

= llg’l < | S v( J|1z_|> vG, pdA)E,

1 14
Ipsc4f v( )VG dA
! oo/l \Jlz2l /"
CJ v( ! )p||VG||pdA
an | \Jzl l

- 1 P
<af o' <|1 |>

=6 f o )
Hap it A=

1

¢, [ﬂ]
0

1

hence we obtain

P
dA

—3p+3

such that when —3p + 3 > 0, thisimpliestop < 1.
It is a consequence of Halder inequality® and Calderén-Zygmund theorem on the continuity of singular integral
operators, cf.[10] & (pp.564 [4]), that

® For further information about the role of Halder inequality
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v( |gA(z)|)‘
L= ==y
: faDi = [
- [ g ‘M dA
ap; 1zl

1
ve; | P
<G <f dA)
ap; 1/ 1z
p—2
<G fD,|fi||¢,| |¢:|° da by inequality (a)
= - —— dA by inequality (b)

WISt |y P2 (1-lwl)

_ o la=ny
=G5, 0
when 2—-p>0 =p<2

Finally, the quantity
faDi (M) dy; existsand is finite on aD; &

|z|
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