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Introduction:-

At present, the nonlinear generalization of classical field theory remains one of the possible ways to overcome the
difficulties of the theory, which considers elemetary particles as mathematical points. In this approch,
elementaryparticles are modeled by soliton-like solutions of corresponding nonlinear equations [1]. The soliton is a
regular solution of nonlinear differential equationswith localized energy density, a bounded total energy and stable.
It is widely present in many branches in pure science and used for differents purposes. The concept of soliton is
thoroughly dealt in a series of papers. A.H. Taub has defined the characterics of inhomogenous plane-symmetric
metric of the space-timein [2, 3]. Thus, considering plane-symmetric metric of the space-time under the form:

ds? = e?'dt? — e?*dx?—e?P(dy?+dz?)

where the metric fuctions goo = e??,g,; = —e?“andg,, = g3 = —e®Pare time independent, plane-symmetric
solutions have been obtained in a series of articles [4,5]. The authors, in all these activities, investigated the
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influence of nonlinear terms in the nonlinear fields equations. They also examined the role of the proper
gravitational field of elementary particles by solving Einstein's and spinor field equations in the flat space-time. Let
us emphasize that the obtained solutions are singular to the metric considered because the components of Riemann-
Christoffel tensor are limited but the total charge Q and the total spin S;diverge.Later, spherical symmetric soliton-
like solutions to the nonlinear spinor filed equations in General Relativity Theory have been obtained in series
remarkable papers [6, 7, 8]. It is demonstrated that the solutions obtained possess a finite value of total charge and
total spin. These results confirm the importance of the metric and its geometric properties in the configuration of
the structure of elementary particles by soliton model in General Relativity Theory. The symmetries of the
gravitational field plays an important role in general relativity. Its importance in the the theory of general relativity
has been dealt with byKatzin, Lavine and Davis in a series of papers. An excellent review on fundamental symmetry
of the space-time of the general relativity defined by the vanishing Lie derivative of the Riemann curvature tensor
may be found in [9]. Then, for details literature on groups of curvature collineation in Riemannian space-times,
which admit fields of parallel, refer to [10]. As for the applications of Lie derivative to symmetries, geodesic
mappings and first integrals in Riemannian spaces, see [11] and references therein.

The purpose of the paper is to obtain the spherical symmetric solitons in microcosmof spinor field in general
relativity, taking into account the owngravitational field of elementary particles.

This paper is organized as follows. First, in section 1, we briefly did the literature review on soliton. Section 2 is
instented for the model and fundamental equations. Thus, applying the variational principle and usual algebraic
manipulations, we established the fundamental equations. The nonlinearity in the spinor field lagrangian is given by
an arbitrary function of the invariant I;=Is — Iowhere Is = (yy) %and I, = (iyy°y)2. Section 3 deals with the
results through the fundamental solutions. The section 4 addresses to the discussion. To this end, we have chosen a
concrete form of nonlinear terms in the lagrangian density. In the same section, we proved thecontribution of the
nonlinearity in the configuration of the geometrical structure of elementary particles. Lastly, Section 5 presents
concluding remarks and future work.

Lagrangian, Metric, Basic Fields Equations:-

In the present analysis, the lagrangian of the self-consistent system of spinor and gravitational fields is defined as
follows:

R i ,— —_ —
L=+ 5 W' Vy — Vgyty) —miy+ Ly (1)

where R is the scalar curvature, k = EZITG is Einstein's gravitational constant, G is Newton's gravitational constant
and c is the speed of light in the vacuum.Ly = H(l;) is an arbitrary function of the invariant
functionIrcorresponding to the real bilinear formly = T, T+ = (WG“"w)gwgvﬁ(\T/G“Bw). Ly is the nonlinear term of

the spinor lagrangiancharacterizing theself-interaction of the spinor field. The following paragraph deals with the
metric of the space-time used in this manuscript.

In this paper, instead of the static plane-symmetric metric chosen in [12], we opt for the staticspherical symmetric
metric defined in the pseudo-riemannian varieties by the following expression:

ds?=e?’dt2-e2*dE* — e2P(dB*+sin?(0)de?). )

The signature of the metric is (+1, -1, -1, -1) and the velocity of light is chosen to be unity in natural unities (c=1).
The metric functions a, p and y are time and coordinates angular 6 and ¢ independent. They depend only on the

variable & = % where r stands for the radial component of the static spherical symmetric metric defined above. They
obey the harmonic coordinates condition in the form:

@ =2B©) +v©. O

The following paragraph deals withthe Einstein’s equations, the spinor field equations and the energy-momentum
tensor. From the lagrangian (1), through the variational principle and usual algebraic manipulations, we obtain the
components of Einstein's tensor and the spinor field equations for the functions y and v in the metric (2) under the
coordinate condition (3) as follows:
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. Gf=eT2(2p —2yp — B%) —e = —kT]
(4)Gi=e 2*(2py +p*) — e ?P= —kT{, ()
Gi=e (B’ +y" — 2yp — B*) = —«T§, (6)
G} = G3, TF=T3.(7)
As for the nonlinear spinor field equations, we have:
AV, —my+ 2520y 2ip 25y = 0 (8)
alt alp
iV, gy" +my — 2520 + 2iP2 g5 =0 (9)
alt alt
The corresponding energy-momentum tensor of the spinor fieldis:
Ty = 3 8" (WY, Vow+ Wy, Vv — Vv — Vv, v) — 8)Ls,.. (10)
From the spinor field equations(8) and (9), the expression of Lg, may be written under the form:
1_,. 1,.o — —
Lsp = SW(iv"V,y — my) — = (iV,gy" +miyp)y + H(S, P),

=—ZIS§TZ—ZIPST':+H(S, P) =—21T§T'1+ H(S, P). (11)
With the expression (11), the nontrivial components of the energy-momentum tensor are:
T9=TZ=Tj= —Lg, = ZITSTI: —H(S,P). (12)
i, — d0H
T} =5 @r'Vaw = Vigy'v)+2lr - —H(S,P). (13)

In (8)-(10), V, denotes the covariant derivative of spinor field. As defined in [13], V, is connected to the functions
vy and v as follows:
a — ay
Vo =5 - T or ViV =g+, (14)
where T',(§) denotes the spinor affine connection matrices. The general expression of TI',(¢) is given bythe
following equality:
1 (o]
FH(E) = ngp(aueg eg_rﬁc),yﬁ,y ) (15)
In (15) y°denotes the Dirac's matrices in curved espace-time. It is linked to the Dirac's matrices 7° in flat space-
time by :
0 S0 .1 —az1 2 —p=2 3 e Py
V@ =e, v O =Ty (@) =ery and y*(&) = —— (16)
The Dirac's matrices 7° in flat space-time are chosen as in [14, 15].
The relations (15) and (16) lead to :
To = —2e 2%y, 1120, T =2 P73?7' BTy = 2 (e P77 sin + 7°77cosd) (17)
Accordindg to the Einstein's convention, from (16) and (17), we have :
Y, = —% (e‘“a’?l + YZe‘Bcote).(18)
Substituting (14) and (18) into (8) and (9), the spinor field equations may be rewritten as follows
ie"yt (85 + %o{) v+ %VZe‘B\ycote — (m = D)y —iG(S,P)y°y = 0, (19)

ie=oy1 (9 + 1 ) ¥ + L7PePcotd + (m — D) + iG(S, Py = O, (20)
where
D(S,P) = 25% , G(S,P)= ZP% (21)

We get the set following of equat_ions from (19), setting w(&) = V5(£);6 = 1,2,3 and 4:

V'y + 50V, — 5" PV,cotd + ie"(m—D)V; + GV = 0 (22)
V'3 +5 0V + " PVyc0th + ie’(m—D)V, + Ge®V, = 0 (23)
V'z + 5 0Vy — 2 e PV,c0t0 — ie“(m—D)V; — GV = 0 (24)
V1 +2a'V; — e PV cotd — ie*(m—D)V, — Ge®V, = 0 (25)

Let us emphasize that the resolution of the system of equations (22)-(25) consists to determine D(S,P), G(S,P), S and
P as functions of e*®. The previous set of equations has allowed to define the system of equations of the invariant
functions S= Wy, P = i yy>yand R = 7 71y. The following section deals with the results.
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Results:-
By summing the set of equations (22)-(25), we get:
S +a'S—2Ge“R = 0 (26)
R+ aR + 2(m—D)e*P — 2Ge”S = 0 (27)
P+dP+2(m—D)e*R=0 (28)
The system of equations (26)-(28) has general solution:
P —R? 452 = be @ = — 2 (29)

b being a constant.
Let us study a massless particle case (m=0), without losing of the generality. In order to simplify theset of equations
(26)-(28), let us consider:

Py(&) = e*P (§) ; So() =e"S (&) and Ro(8) = e"R (£)(30)
We find
S'o —2Ge"Ry =0 (31)
R’y — 2DePy — 2Ge®Sy = 0 (32)
PIO - 2De°‘R0 =0 (33)
The first integral of the system equations (31)-(33) is:
P —R%+SZ =bg, (34)

by is integration constant
Multiplying respectively (31) and (33) by D(S, P) and G(S,P). Then, by summing the results, we obtain

D(S,P) §',=G(S,P) P’ (35)
From (21) and (30), the expression (35) leads:
SoS'o = PoP’o(36)
The first integral of the equation (36) is:

SZ —PZ = by, 11 (&) = S? — P? = by e 249)(37)
From (34) and (37), weget :
Poz = Sg - bl, R% = ng - b1 - b() (38)
Taking into account (38), the equation (31) becomes:
Bo =42 4¢+b,, b, = const. (39)

dI
[(253-b1-b0)(S3-b1) T

The obtained solutionmay be expressed by elliptic functions in the general case of the arbitrary constantsb, and b;.
In the sequel, we study the particular case where by + b; = 0. To this end, we consider b, as a negative or positive
constant.

. For b, = —a3 < 0, we have :
= _3—0 = _a—() —(1(&)
S0(® sinh [agVZA(8)] ’ 5@ sinh [a0VZAQ@)] © (40)
with
A®) =4[Sdi+by, b, = const. (41)
T
Then, we deducethat :
Py(&) = ag coth[agV2A(8)],  P(&) = ay coth[aV2A(E)] e (42)
The expression of the functions D(S, P) and G(S, P) are given by:
——— 28 @i
D(S’ P) sinh [agVZA(9)] € dit (43)
G(S, P) =2a, coth[agVZA(§)] e« T2 (44)
T
. For b; = a; > 0, we obtain directly:
So@) = ————x, S() = ———=——=e ") (45)

- coshla1v2A(©)]’ - cosh[a1vVZA(E)]

Py(&) = ia, tanh[aV2A(8)],  P(§) = iay tanh[a,V2A(§)] e ¢ (46)

In these conditions, we get the general forms of the functions D(S, P) and G(S, P), depending on the arbitrary
function H (Ir) as follows:
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L ——— i
D(S’ P) cosh[alx/f/l(f)]e dir (47)

G(S, P) =2a; tanh[a;V24(§)] e*® ZTHT (48)
Let us remark that knowing the explicit analytic form of the arbitrary function H(I;), we can determine the exact
form of the function A(&) and write S(£), P(€), D(S,P) and G(S,P) as functions of e*).
Taking into account the spinor field in the form (21) and the conjugate one, we obtain the following expression for
the component T} of the energy-momentum metric tensor from (13):

T{ =mS(§) — H(Iy) (49)
The paragraph to follow deals with the resolution of Einstein's equations. In this purpose, with the equalityT{ = T2,
the difference (g) — (;) leads to the following expression:

B’ =y = e+ (50)

The equation (50) can be transformed into a Liouville equation. For details, see [16] and references therein.

The general solutions of the equation (50) are:
M

ﬁ(f)=¥(1+%)lnm:(l +%)y(€) (1)

L P

A and M being unknown integration constants.
The function T possesses the following form:

~sinh[h(§ + §)],h > 0
T(h§+&) = (§+&), h=0  (53)
%sin[h({ +&)], h<O
where h and & are integration constants.

Taking into account (51) and (52), we find from the harmonic coordinate condition (3), the following expression of

the metric function a($):

_M(3_ 2\, M
a(§) = 2 (2 T A) In ATZ(h,§+$1)(54)

It then follows that:

B = () a@; v(©) = (75;) 2(©)(E5)

4+3A

Introducing the results (49) and (55) into (5), the component 1 of Einstein tensor G becomes:
1 u
02 = GO 2a [, T57e — k(ms — H(I))| (56

(@)? =55t e? e (mS — H(Ir)) | (56)

hence
= =+ +&), & = const(57)
@30) o ([ 2l
me e —k(mS —H(IT))]
Using the expression (37), we can pass from the metric function a (&) to the invariant function I (¢):
b 1dl

e®®) = \/% , da= _EI_TT(58)

Inserting (58) into (57), one gets the general following solutions:
f = = 428808 (e ) (59)

244 — 7 \/342+84+4
JIr {(;[,Tl)4+3A—K[(m9—H(1T))]}

The general solutions (59} depend on the arbitrary function H(Iy). Thus, setting a concrete form of the
function H(Iy), from (59), we can determine the invariant functionl;(¢). Then, knowingl(§), we can find the
metric function a(§) from (37), the functions B(§) and y(¢) from (55). Let us remark that at this step, we can
clearly obtain G(S, P) and D(S, P) as functions of the metric function a($), using the relation (46) or (48).
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Note that from the relation I; = b;e~2%¢), we can study the regular properties of the obtained solutions. We can
verify the localisation of the energy density and the energy per unit invariant vqumeTé’\/E. Finally, we can find
the total energy of the spinor field and establish the localisation properties of the solutions. In the sequel, we analyze
the influence of the nonlinearity of the spinor field of the general solutions obtained previously for concrete
nonlinear terms.

Discussion:-
The principle aim, in thissection, is to show the importance of the nonlinearity of the spinor field in order to obtain
the regular solutions with bounded energy density and finite total energy (Soliton model). To this end, we choose
the nonlinear terms in the spinor field density lagrangian under the following polynomial form:
H(I;) = AI}, n > 1(60)

with A the parameter of nonlinearity and n the power of nonlinearity. Let us emphasize that we consider and
analyzeseparately the four cases: H(I;) =0,A#0andn=1, A#0andn>1, 1=-wi <0andn > 1.

e For H(I;) = 0, from (19), we obtain Dirac’s linear equation as follows:

ie~*y1 (65 + %a') Y+ %]729‘31,bcot9 — my = 0(61)
According to (59), by assuming that % =1, we get;
13(6) = byexp | LD (6p)

J342+84+4

From Iy = b;e=2%¢), we deduce :
(8+6A)

vy =— m (E + EO)(64)
According to (12),

T = 0(65)
The energy density is not localized in the case under consideration.
Let us note that in the linear case soliton-like solutions are absent. Therefore, the nonlinear terms in the nonlinear
field equations are very important in the formation of regular localized soliton-like solutions. Moreover, it is
necessary to introduce nonlinear terms that characterize the field interactions in the lagrangian. The similar results
are obtained in [4]. In the sequel, we deal with Heisenberg-lvanenko type nonlinear spinor field equation.

e For A # 0 andn = 1, we have Heisenberg-lvanenko type nonlinear spinor field equation as defined in [2]
under the following expression :

ie=y ™ (9 +2a') Y + S 72e Fpcott — my + 42 (WP) = 0(66)
Let us remark that the expression obtainedfor the invariant function I (&)is similar to the relation obtained in the

_(8+64) . (8+6A){/1+kAbq ... .
linear case, only now the constant Ny is replaced by the constant ————— “oatronr In these conditions, we get:
8+6A4),/1+kAb
17(8) = byexp [SEALE ¢ 1 )|, 67)
As for the metric functions, they are defined under the forms:
_ _ _ [@+34)1+kab,
a(®) = @) = - [“ERET ¢ 1 )| (69)

r© = - [ (¢ + 0] 69)
Our results prove that the metric functionsgy, = e?*©), g;; = —e?*©), g,, = —e?F&) g, = —e?FE5ing and the
invariant function I;(§) = b,e~2*®) are regular and bounded.
Substituting H (I7) = Al into (12), the energy density is given by:

T9E)=Abyexp | SERLED ¢ 1 5] (70)

According to (66), the distribution of the spinor field energy density per unit invariant volume is

N(&) = Abjexp [j;:m &+ 5‘0)] sinf.(71)
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The expression of the energy density T¢ defined by (70)is localized. From (71) the energy density per unit invariant
volume is localized too when e [0,€.]. Moreover, the total energy E = f(fc N(&)d ¢ is finite. Its finite quantity

. . Abysing |3A24+8A+4 Aéo\J1+KA Dby .
isdefined as follows E = —— [——exp | —-—r——— 1], for &, considered as null.
A 1reab; P | aazrsara $o

Let us remark that the obtained solution describes a nonlinear spinor field configuration with regular localized
energy density T (€), finite total energy E and regular metric functions. Thus, the equation (66) possesses a soliton-
like solution. In the sequel, we deal with the generalization corresponding to 1 # 0 and n > 1.

e ForA+#0andn > 1, we have
2
1

- (72)

IT(E) = (4+34)
JkAbysinh m(n—l)(f‘*'fo)

With the conditionb; = a? > 0, we deduce from (37) and (72) the expression of the metric function a (&) as
follows:

a(é) =1In aa — (73)
[,klalsmh \/%(n 1)(5‘*’50)]

Taking into account (55) and (73), we get

B(&) = In] = T 1 (74)
[/klalsmh 3;42+j:;+ (n— 1)(5‘*’50)]
)
v =(75) 4 . {09
d [kraZsinh (42*5’:) (n- 1)(§+§0)] )
The energy density is definedby:
nz—nl
T9(§) = A@2n — 1) 3 (76)
a%lksinh[\/%(n 1)(5"'{0)]
Let us establish the expression of the energy density per unit invariant volume. For this purpose, using (76), we find
2n
=
1
£ =12n-1) e exp[v(§)]sind.(77)
/ %;Lksm/z[m(n 1)(§+§0)]
where
( B
_ (8+54 ai l
v() = (4+3A)l ! T (78)

(4+34)
u /klalsm/z W(n 1)($+§0)] J

The soliton-like solutions do not exist when the nonlinear term is chosen under the form H(Iy) =AI}, A #
0and n > 1. Indeed the invariant function/;(§) — o and the energy density TO(§) — o when & — 0.
Nevertheless, the metric functions are regular and the metric is stationary. Our results carried out that this form is
not appropriated in order to obtain soliton model.

e Forl=-w} <0, from(59), we obtain the expression of the invariant function as follows:
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2
n—1

- (79)

Iy () =
kwga%cosﬂ[i\/%(n—l)(fﬂ’o)

From the expression (79), we note that the invariant function I(&)is continuous and bounded whenée[0, &.].
Considering the expressions (37), (55) and (79), we deduce the expressions of the metric functions as follows:

( )
a(®) = ln{ = —_ ?(80)
C ) n—1
d /kwga%cosﬁ[7?4213;+4(n—1)(§+§0)] )
Taking into account (55) and (8), we get:
)
I I
B = tn 2 - 8
i -1
u /kw%a%cosﬁ[\/%(n—l)(f+fo) J
( )
@ = () n] ( 1) - }(82)
4+3A
k[ kwoalcos/z Nerurryym (Tl 1)(€+s‘0)] J
As for the energy density of the spinor field, we have
2n
-1
T§(§) = —wf(2n — 1) - (83)
(4+34)
st/z ,73A42+f:A+4("—1)(5+50)]
The energy density per unit invariant volume is
1 .
F® = i D) e e e el @leiney
01 V342484 +4 0

Since the function I7(&)is continuous and bounded when &e [0,£.], hence the energy density T (f) and the energy
density per unit invariant volume T (¢),/3 _g are limited. In this case, the total energy E = fo f(&)dé&is finite.
Therefore, these solutions are soliton-like solutions and can be used in order to describe the configuration of

elementary particles. Let us define the functions A(§), S(&), P(&),D(S,P) and G(S,P) as functions of e*©), By
doing so, from (48), we have:

2ne—a(@)
D(S,P) = nez (4+34) \
kalcosﬁ[alx/fA(f)]cosﬁ [\/m(n—l)(f+$0)]
—a(()
G(S,D) __ 2ntan /[a1VZA(E)]e (86)

(4434)
)
As for thefunctions, S(é)andP(§), their expressions obtained in (46) and (47) are valid. By virtue of (41) and (79),
we have:

kalcos/z2

__ 4n 342 +8A+4 (4434) _
A©) = = At | LB (- 1)+ 5)|+b, (87)
The set equations (22)-(25) has the following solutions:
V(&) = [A eK1IENE) 4 4,ek2AE) 4 A,ek3(OAE) 4 4, 0ks@E)] g™ 20 (88)
V(&) = _[A eks©AE) 4 A k6 (OAE) 4 4 ek7@©AE) 4 4 eks(f)A(a]e——a((O (89)
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V(&) = $[Alek1(f)/1<s) + A;ek3©OAE@) _ g, k2 (OAE) _A4ek4(§)/1(§)]e—%‘1((f)’ (90)
1
1
V,(6) = ﬁ[,qseks(f)/l(f) + A,e" 7O — A oke©AE) _ ggeka©4E)]e2(© (91)

where Ay, A,, A3, Ay, As, Ag, A; and Ag are integration constants. For details about the determination of the
analytic formsof the functionsV; (&), refer to [7] and references therein.
Let us find the charge density and the chronometric invariant spin tensor. Using solutions (88)-(91), as we consider
the field configuration to be a static one, the spatial components j1, j2andj? of the spinor currentj* = y* vanish.
The non-null component j°is defined as follows:

jO =F(A©®)).e e . (92)
The component j° leads to the determination of the charge density of spinor field that has the following
chronometric-invariant form:

|
p(§) = (joj*)2 = F(A(9)).e7*(93)
The total charge of the spinor field is:
Q = [;* (&) 3, dz.(94)
Let us consider the spin tensor. As defined in [10], we have:
S = 2 Plyia + oyl (95)

Taking into account the expression (95), we write explicitly the component S¥%° (i, k = 1, 2, 3) of the spatial
densityof spin vector as follows:

gik0 — i\'_’{yo ok + Gikyo}w — %‘T/YO oKy (96)
The components of the tensor S-are given by:
512,00 — 0’513,0 =0, 5230 — %VB’YOGZ?’V;,G_Q (97)
Let us define the chronometric invariant spin tensor. To this end, using the equality (97), we have:

1
SZ30 = (Sy30.5%%0)2 = F(A(&)).e7*(98)
Finally, we obtain the projection of spin vector S; on &axis.

Si = [ F(A©).e 350 (99)
From (93), we conclude that the charge density is localized when & € [0, &c]as well as the charge density unit

invariant volumep(&),/3_g. Thus, the total charge of the spinor fieldis bounded. Then, according to (93) and (98),

the expression for chronometric invariant tensor of spin Sffl'ocoincides with the charge density p(&) one. Therefore,

the conclusion made for p(&)and Q will be valid for S3;°andS;. Moreover, S islocalized and S, is limited.

Concluding Remarks:-

In the present research work, we obtained the exact static spherical symmetric solutions to the nonlinear spinor field
and Einstein’s equations. We investigatedin detail equations with power and polynomial nonlinearities. The obtained
solutions are regular with localized energy densityand finite total energy. In addition, the total charge Q and the total
spinS; are also finite. The forthcoming paper will deal with interaction spinor and scalar fields equations in
gravitational theory.
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