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This paper deals with soliton-like solutions as model in order to 

describe the configurations of elementary particles through the 

interaction of their fields in general relativity. To this end, we have 

obtainedexact sphericalsymmetric soliton-like solutions to the 

nonlinear spinor field equations, taking into account the proper 

gravitational field of elementary particles. The nonlinear terms in the 

spinor field lagrangian are given by an arbitrary function LN  depending 

on the invariant IT = S2 − P2  with 𝑆 = ѱ ѱ andP = iѱ γ5ѱ. It is shown 

that, under certain choice of the nonlinear terms in the spinor 

lagrangian, the solutions are regular with a localized energy density, 

limited total energy only if m=0 (m is the mass parameter in the spinor 

field equations). In addition, the total charge and the total spin are 

bounded. The solutions to Heisenberg-Ivanenko nonlinear equation 

have been also obtained.Let us emphasize that Heisenberg-

Ivanenkononlinear spinor field equation possesses soliton-like 

solutions. Later, the influence of the nonlinear terms in the formation of 

the fields configurations with limited total energy have been examined. 

We noted that, in linear case, the obtained solutionsare regular 

andhaving an unlimited energy density. Nevertheless, exact solutions, 

including soliton-like configurations existin flat space-time. 

 
Copy Right, IJAR, 2020,. All rights reserved. 

…………………………………………………………………………………………………….... 

Introduction:- 
At present, the nonlinear generalization of classical field theory remains one of the possible ways to overcome the 

difficulties of the theory, which considers elemetary particles as mathematical points. In this approch, 

elementaryparticles are modeled by soliton-like solutions of corresponding nonlinear equations [1]. The   soliton is a 

regular solution   of nonlinear differential equationswith localized energy density, a bounded total energy and stable. 

It is widely present in many branches in pure science and used for differents purposes. The concept of soliton is 

thoroughly dealt in a series of papers. A.H. Taub  has defined the characterics of inhomogenous plane-symmetric 

metric of the space-timein [2, 3]. Thus, considering plane-symmetric metric of the space-time under the form: 

ds2 = e2γdt2 − e2αdx2−e2β(dy2+dz2) 

where the metric fuctions g00 = e2γ, g11 = −e2αandg22 = g33 = −e2βare time independent,  plane-symmetric 

solutions have been obtained in a series of articles [4,5]. The authors, in all these activities, investigated the 
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influence of nonlinear terms in the nonlinear fields equations. They also examined the role of the proper 

gravitational field of elementary particles by solving Einstein's and spinor field equations in the flat space-time. Let 

us emphasize that the obtained solutions are singular to the metric considered because the components of Riemann-

Christoffel tensor are limited but the total charge Q and the total spin S1diverge.Later, spherical symmetric soliton-

like solutions to the nonlinear spinor filed equations in General Relativity Theory have been obtained in series 

remarkable papers [6, 7, 8]. It is demonstrated that the solutions obtained possess a finite value of total charge and 

total spin.  These results confirm the importance of the metric and its   geometric properties in the configuration of 

the structure of elementary particles by soliton model in General Relativity Theory. The symmetries of the 

gravitational field plays an important role in general relativity. Its importance in the the theory of general relativity 

has been dealt with byKatzin, Lavine and Davis in a series of papers. An excellent review on fundamental symmetry 

of the space-time of the general relativity defined by the vanishing Lie derivative of the Riemann curvature tensor 

may be found in [9]. Then, for details literature on groups of curvature collineation in Riemannian space-times, 

which admit fields of parallel, refer to [10]. As for the applications of Lie derivative to symmetries, geodesic 

mappings and first integrals in Riemannian spaces, see [11] and references therein. 

  

The purpose of the paper is to obtain the spherical symmetric solitons in microcosmof spinor field in general 

relativity, taking into account the owngravitational field of elementary particles. 

 

This paper is organized as follows. First, in section 1, we briefly did the literature review on soliton. Section 2 is 

instented for the model and fundamental equations. Thus, applying the variational principle and usual algebraic 

manipulations, we established the fundamental equations. The nonlinearity in the spinor field lagrangian is given by 

an arbitrary function of the invariant IT=IS − IP where IS = (ѱ ѱ)
 2

and IP = (iѱ γ5ѱ)2.   Section 3 deals with the 

results through the fundamental solutions. The section 4 addresses to the discussion. To this end, we have chosen a 

concrete form of nonlinear terms in the lagrangian density. In the same section, we proved thecontribution of the 

nonlinearity in the configuration of the geometrical structure of elementary particles. Lastly, Section 5 presents 

concluding remarks and future work. 

 

Lagrangian, Metric, Basic Fields Equations:- 
In the present analysis, the lagrangian of the self-consistent system of spinor and gravitational fields is defined as 

follows: 

L=
R

2k
+

i

2
 (ѱ γμ∇μѱ − ∇μѱ γμѱ) − 𝑚ѱ ѱ+ LN  (1) 

where R is the scalar curvature,  𝑘 =
8πG

c4  is Einstein's gravitational constant, G is Newton's gravitational constant 

and c is the speed of light in the vacuum. LN = H(IT)  is an arbitrary function of the invariant 

functionITcorresponding to the real bilinear formIT = TμνTμν =  ѱ σμνѱ gμαgνβ ѱ σαβѱ .   LN  is the nonlinear term of 

the spinor lagrangiancharacterizing theself-interaction of the spinor field. The following paragraph deals with the 

metric of the space-time used in this manuscript. 

 

In this paper, instead of the static plane-symmetric metric chosen in [12], we opt for the staticspherical symmetric 

metric defined in the pseudo-riemannian varieties by the following expression: 

 

ds2=e2γdt2-e2αdξ
2 − e2β(dθ

2
+sin2(θ)dφ

2
).                                                      (2) 

 

The signature of the metric is (+1, -1, -1, -1) and the velocity of light is chosen to be unity in natural unities (c=1). 

The metric functions α, β and γ are time and coordinates angular  θ and φ independent. They depend only on the 

variable ξ =
1

r
 where r stands for the radial component of the static spherical symmetric metric defined above. They 

obey the harmonic coordinates condition in the form: 

 

α(ξ)  = 2β(ξ)  + γ(ξ) .    (3) 

 

The following paragraph deals withthe Einstein’s equations, the spinor field equations and the energy-momentum 

tensor. From the lagrangian (1), through the variational principle and usual algebraic manipulations, we obtain the 

components of Einstein's tensor   and the spinor field equations for the functions ѱ  and ѱ  in the metric (2) under the 

coordinate condition (3) as follows: 
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G0
0=e−2α(2β

′′ − 2γ′β
′ − β

′2
) −e−2β=  −𝑘T0

0                                                        

(4)G1
1=e−2α(2β

′
γ′ + β

′2) − e−2β=  −𝑘T1
1,                                                                          (5) 

 G2
2=e−2α(β

′′ + γ′′ − 2γ′β
′ − β

′2
) = −κT2

2,                                                                      (6) 

G2
2 = G3

3,   T2
2=T3

3.(7) 

       As for the nonlinear spinor field equations, we have: 

iγμ∇μѱ −mѱ+ 2S
∂H

∂IT
ѱ – 2iP

∂H

∂IT
γ5ѱ = 0                                    (8) 

i∇μѱ γμ +mѱ − 2S
∂H

∂IT
ѱ  + 2iP

∂H

∂IT
γ5ѱ  = 0   (9)                           

The corresponding energy-momentum tensor of the spinor fieldis: 

Tμ
ν =

i

4
gμρ(ѱ γ

μ
∇νѱ+ ѱ γ

ν
∇μѱ − ∇μѱ γ

ν
ѱ − ∇νѱ γ

μ
ѱ) − δμ

ν LSP
. (10) 

From the spinor field equations(8) and (9), the expression of  LSP
  may be written under the form: 

LSP
=

1

2
ѱ (iγμ∇μѱ − mѱ) −

1

2
 (i∇μѱ γμ +mѱ )ѱ + H(S, P), 

                                         =−2IS
∂H

𝜕IS
−2IP

∂H

𝜕IP
 +H(S, P) =−2IT

∂H

∂IT
 + H(S, P).                (11) 

With the expression (11), the nontrivial components of the energy-momentum tensor are: 

T0
0= T2

2=T3
3= −LSP

= 2IT
∂H

∂IT
−H(S,P).                     (12) 

T1
1 =

i

2
 (ѱ γ1∇1ѱ − ∇1ѱ γ1ѱ)+2IT

∂H

∂IT
−H(S,P).                  (13) 

In (8)-(10),  ∇μ denotes the covariant derivative of spinor field.  As defined in  [13], ∇μ is connected to  the functions 

ѱ and ѱ  as follows: 

∇μѱ =
∂ѱ

∂ξ
μ − Γμ𝜓                 or                ∇μѱ =

∂ѱ 

∂ξ
μ +Γμ                                             (14) 

where Γμ(𝜉)  denotes the spinor affine connection matrices. The general expression of Γμ(𝜉)    is given bythe 

following equality: 

Γμ(𝜉) = 
1

4
gρμ(∂μeσ

b ea
ρ
−Γμσ

ρ )γδγσ                                                    (15) 

In (15)   γδdenotes the Dirac's matrices in curved espace-time. It is linked to the Dirac's matrices  γ δ in flat space-

time by : 

γ0(ξ) = e−γγ 0,    γ1(ξ) = e−αγ 1,γ2(ξ) = e−βγ 2        and γ3(ξ) =
e−βγ 3

sin θ
   (16) 

The Dirac's matrices  γ δ in flat space-time are chosen as in [14, 15]. 

   The relations (15) and (16) lead to : 

Γ0 = −
1

2
e−2βγ 0γ 1γ′, Γ1=0,   Γ2 =

1

2
e−β−γγ 2γ 1β′,Γ3 =

1

2
(e−β−γγ 3γ 1β′sinθ + γ 3γ 2cosθ) (17) 

Accordindg to the Einstein's convention, from  (16) and (17),  we have : 

γμΓμ = −
1

2
 e−αα′γ 1 + γ 2e−βcotθ .(18) 

Substituting (14) and (18) into  (8) and (9), the spinor field equations may be rewritten as follows 

       ie−αγ−1  ∂ξ +
1

2
α′ ψ +

i

2
γ 2e−βψcotθ −  m − D ψ − iG(S, P)γ5ψ = 0,        (19) 

 

  ie−αγ−1  ∂ξ +
1

2
α′ ψ +

i

2
γ 2e−βψ cotθ +  m − D ψ + iG(S, P)γ5ψ = 0,                             (20) 

where 

D(S,P) = 2S
dH

dIT
 ,                          G(S,P)= 2P

dH

dIT
 (21) 

We get the set following of equations from (19), setting ψ(ξ) = Vδ(𝜉);δ = 1, 2, 3 and 4: 

V′4 +
1

2
α′V4 −

i

2
eα−βV4cotθ + ieα(m−D)V1 + GeαV3 = 0                                                        (22) 

V′3 +
1

2
α′V3 +

i

2
eα−βV3cotθ + ieα(m−D)V2 + GeαV4 = 0                                                        (23) 

V′2 +
1

2
α′V2 −

i

2
eα−βV2cotθ − ieα(m−D)V3 − GeαV1 = 0                                                       (24) 

V′1 +
1

2
α′V1 −

i

2
eα−βV1cotθ − ieα(m−D)V4 − GeαV2 = 0                                                       (25) 

 

Let us emphasize that the resolution of the system of equations (22)-(25) consists to determine D(S,P), G(S,P), S and 

P as functions of eα(ξ).  The previous set of equations has allowed  to define the system of equations of the invariant 

functions S= ψ ψ, P = i ψ γ5ψand 𝑅 = ψ γ 5γ 1ψ. The following section deals with the results. 
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Results:- 
By summing  the set of equations (22)-(25), we get: 

S′ + α′S − 2GeαR = 0 (26) 

 R′ + α′R + 2(m−D)eαP − 2GeαS = 0             (27) 

  P′ + α′P + 2 m − D eαR = 0                                                             (28)      
       The system of equations (26)-(28) has general solution: 

                P2 − R2 + S2 = be−2α ξ = −
𝑏

g11
 , (29) 

b being a constant.                                     

Let us study a massless particle case (m=0), without losing of the generality. In order to simplify theset of equations 

(26)-(28), let us consider: 

P0 ξ = eαP (ξ) ;              S0 ξ = eαS (ξ)       and R0 ξ = eαR (ξ)(30) 

We find  

  S′0 − 2GeαR0 = 0       (31) 

R′0 − 2DeαP0 − 2GeαS0 = 0                                                                  (32) 

P′0 − 2DeαR0 = 0                                                                     (33) 

The first integral of the system equations (31)-(33)  is : 

P0
2 − R0

2 + S0
2 = b0 ,                                    (34) 

b0 is integration constant 

Multiplying respectively (31) and (33) by D(S, P) and G(S,P). Then, by summing the results, we obtain  

 

D(S, P) S′
0
= G(S, P) P′

0
(35) 

From (21) and (30), the expression (35) leads: 

 S0S′0 = P0P′0(36) 

The first integral of the equation (36) is: 

S0
2 − P0

2 = b1,                       IT ξ = S2 − P2 = b1e−2α ξ (37) 

From (34) and (37), weget : 

P0
2 = S0

2 − b1,                R0
2 = 2S0

2 − b1 − b0                (38) 

Taking into account (38), the equation (31) becomes: 

    
dS 0

 (2S0
2−b1−b0)(S0

2−b1)

= 4 
dH

dI T
dξ + b2, b2 = const.                                               (39) 

The obtained solutionmay be expressed by elliptic functions in the general case of the arbitrary constantsb0  and b1. 

In the sequel, we  study the particular case where b0 +  b1 = 0 . To this end, we consider b1as a negative or positive 

constant. 

 For b1 = −a0
2 < 0, we have : 

S0 ξ = −
a0

sinh  a0 2Λ ξ  
 ,     S ξ = −

a0

sinh [a0 2Λ ξ ]
e−α(ξ)                                       (40) 

with      

Λ ξ = 4 
dH

dIT
dξ + b2  ,           b2 = const. (41) 

Then, we deducethat : 

 

P0 ξ = a0 coth a0 2Λ ξ  ,       P ξ = a0 coth a0 2Λ ξ  e−α(ξ)                       (42) 

The expression of the functions D(S, P) and G(S, P) are given by: 

D(S, P) = −
2a0

sinh  a0 2Λ ξ  
e−α(ξ) dH

dIT
                                                           (43) 

 

 G(S, P) =2𝑎0 𝑐𝑜𝑡𝑕 𝑎0 2𝛬 𝜉  𝑒−𝛼(𝜉) 𝑑𝐻

𝑑𝐼𝑇
                                                (44) 

 For 𝑏1 = 𝑎1 > 0, we obtain directly: 

𝑆0 𝜉 = −
𝑎1

𝑐𝑜𝑠𝑕 𝑎1 2𝛬 𝜉  
 ,     𝑆 𝜉 = −

𝑎1

𝑐𝑜𝑠𝑕 𝑎1 2𝛬 𝜉  
𝑒−𝛼 𝜉 (45) 

 

𝑃0 𝜉 = 𝑖𝑎1 𝑡𝑎𝑛𝑕 𝑎1 2𝛬 𝜉  ,       𝑃 𝜉 = 𝑖𝑎1 𝑡𝑎𝑛𝑕 𝑎1 2𝛬 𝜉  𝑒−𝛼(𝜉)(46)    

In these conditions, we get the general forms of the functions D(S, P) and G(S, P), depending on the arbitrary 

function 𝐻(𝐼𝑇) as follows: 
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D(S, P) = −
2𝑎1

𝑐𝑜𝑠𝑕 𝑎1 2𝛬 𝜉  
𝑒−𝛼(𝜉) 𝑑𝐻

𝑑𝐼𝑇
   (47) 

 

G(S, P) =2𝑎1 𝑡𝑎𝑛𝑕 𝑎1 2𝛬 𝜉  𝑒−𝛼(𝜉) 𝑑𝐻

𝑑𝐼𝑇
 (48) 

Let us remark that knowing the explicit analytic form of the arbitrary function 𝐻(𝐼𝑇), we can determine the exact 

form of the function 𝛬 𝜉  and write 𝑆 𝜉 , 𝑃 𝜉 , D(S,P)  and G(S,P) as functions of 𝑒𝛼(𝜉). 

Taking into account the spinor field in the form (21) and the conjugate one, we obtain the following expression for 

the component 𝑇1
1 of the energy-momentum metric tensor from (13): 

    𝑇1
1 = 𝑚𝑆 𝜉 − 𝐻(𝐼𝑇)  (49) 

The paragraph to follow deals with the resolution of Einstein's equations.In this purpose, with the equality𝑇0
0 = 𝑇2

2, 

the difference   
0
0
 −  

2
2
  leads to the following expression: 

𝛽′′ − 𝛾 ′′ = 𝑒2𝛽+2𝛾 (50) 

The equation (50)   can be transformed into a Liouville  equation. For details, see [16] and references therein. 

The general solutions of the equation (50) are:  

𝛽 𝜉 =
𝑀

4
 1 +

2

𝐴
 𝑙𝑛

𝑀

𝐴𝑇2 𝑕, 𝜉 + 𝜉1 
=  1 +

2

𝐴
 𝛾 𝜉                                                       (51) 

   𝛾 𝜉 =
𝑀

4
𝑙𝑛

𝑀

𝐴𝑇2 𝑕,   𝜉+𝜉1 
    (52) 

A and M being unknown integration constants. 

 The function T possesses the following form: 

𝑇 𝑕, 𝜉 + 𝜉1 =  

1

𝑕
𝑠𝑖𝑛𝑕 𝑕 𝜉 + 𝜉1  , 𝑕 > 0

 𝜉 + 𝜉1 , 𝑕 = 0
1

𝑕
𝑠𝑖𝑛 𝑕 𝜉 + 𝜉1  , 𝑕 < 0

  (53) 

where h and  𝜉1are integration constants. 

Taking into account (51) and (52), we find from the harmonic coordinate condition (3), the following expression of 

the metric function  𝛼(𝜉): 

     𝛼 𝜉 =
𝑀

2
 

3

2
+

2

𝐴
 𝑙𝑛

𝑀

𝐴𝑇2 𝑕,𝜉+𝜉1 
(54) 

It then follows that: 

    𝛽 𝜉 =  
2+𝐴

4+3𝐴
 𝛼 𝜉  ;     𝛾 𝜉 =  

𝐴

4+3𝐴
 𝛼 𝜉 (55) 

Introducing the results (49) and (55) into (5), the component   
1
1
  of Einstein tensor 𝐺𝜇

𝜈 becomes:  

     𝛼′ 2 =
 4+3𝐴 2

3𝐴2+8𝐴+4
𝑒2𝛼  𝑒

−4−2𝐴

4+3𝐴
𝛼 − 𝑘 𝑚𝑆 − 𝐻(𝐼𝑇)   (56) 

hence 

    
𝑑𝛼

 4+3𝐴 

 3𝐴2+8𝐴+4
𝑒𝛼  𝑒

−4−2𝐴
4+3𝐴 𝛼

−𝑘 𝑚𝑆−𝐻(𝐼𝑇)  

= ± 𝜉 + 𝜉0  ,   𝜉0 = 𝑐𝑜𝑛𝑠𝑡(57) 

Using the expression (37), we can pass from the metric function 𝛼 𝜉  to the invariant function 𝐼𝑇 𝜉 : 

    𝑒𝛼 𝜉 =  
𝑏1

𝐼𝑇
 ,        𝑑𝛼 = −

1

2

𝑑𝐼𝑇

𝐼𝑇
(58) 

Inserting (58) into (57), one gets the general following solutions: 

    
𝑑𝐼𝑇

 𝐼𝑇   
𝐼𝑇
𝑏1
 

2+𝐴
4+3𝐴

−𝜅  𝑚𝑆−𝐻(𝐼𝑇)   

= ±2
 4+3𝐴  𝑏1

 3𝐴2+8𝐴+4
 𝜉 + 𝜉0      (59) 

 

The general solutions (59} depend on the arbitrary function 𝐻(𝐼𝑇).  Thus, setting a concrete form of the 

function 𝐻(𝐼𝑇), from (59), we can determine the invariant function𝐼𝑇 𝜉 . Then, knowing𝐼𝑇 𝜉 , we can find the 

metric function 𝛼(𝜉) from (37), the functions 𝛽 𝜉  𝑎𝑛𝑑 𝛾 𝜉  from (55).  Let us remark that at this step, we can 

clearly obtain G(S, P) and D(S, P) as functions of the metric function 𝛼(𝜉), using the relation (46) or (48).   
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Note that from the relation 𝐼𝑇 = 𝑏1𝑒
−2𝛼(𝜉), we can study the regular properties of the obtained solutions. We can 

verify the localisation of the energy density and the energy per unit invariant volume𝑇0
0 3−𝑔 . Finally, we can find 

the total energy of the spinor field and establish the localisation properties of the solutions. In the sequel, we analyze 

the influence of the nonlinearity of the spinor field of the general solutions obtained previously for concrete 

nonlinear terms. 

 

Discussion:- 
The principle aim, in thissection, is to show the importance of the nonlinearity of the spinor field in order to obtain 

the regular solutions with bounded energy density and finite total energy (Soliton model).  To this end, we choose 

the nonlinear terms in the spinor field density lagrangian under the following polynomial form:  

     𝐻 𝐼𝑇 = 𝜆𝐼𝑇
𝑛 ,        𝑛 > 1(60) 

with 𝜆  the parameter of nonlinearity and n the power of nonlinearity. Let us emphasize that we consider and 

analyzeseparately the four cases:  𝐻 𝐼𝑇 = 0, 𝜆 ≠ 0 𝑎𝑛𝑑 𝑛 = 1,    𝜆 ≠ 0 𝑎𝑛𝑑 𝑛 > 1,    𝜆 = −𝜔0
2 < 0 𝑎𝑛𝑑 𝑛 > 1. 

 For 𝐻 𝐼𝑇 = 0, from (19), we obtain Dirac’s linear equation as follows: 

    𝑖𝑒−𝛼𝛾−1  𝜕𝜉 +
1

2
𝛼 ′ 𝜓 +

𝑖

2
𝛾 2𝑒−𝛽𝜓𝑐𝑜𝑡𝜃 − 𝑚𝜓 = 0(61) 

  According to (59), by assuming that 
2+𝐴

4+3𝐴
= 1, we get ; 

     𝐼𝑇 𝜉 = 𝑏1𝑒𝑥𝑝  
 8+6𝐴  𝜉+𝜉0 

 3𝐴2+8𝐴+4
 .  (62) 

From 𝐼𝑇 = 𝑏1𝑒
−2𝛼(𝜉), we deduce : 

     𝛼 𝜉 = 𝛽 𝜉 = −
 8+6𝐴 

 3𝐴2+8𝐴+4
 𝜉 + 𝜉0 (63) 

     𝛾 𝜉 = −
𝐴

 3𝐴2+8𝐴+4
 𝜉 + 𝜉0 (64) 

According to (12),  

      𝑇0
0 = 0(65) 

The energy density is not localized in the case under consideration. 

Let us note that in the linear case soliton-like solutions are absent. Therefore, the nonlinear terms in the nonlinear 

field equations are very important in the formation of regular localized soliton-like solutions. Moreover, it is 

necessary to introduce nonlinear terms that characterize the field interactions in the lagrangian. The similar results 

are obtained in [4]. In the sequel, we deal with Heisenberg-Ivanenko type nonlinear spinor field equation. 

 

 For 𝜆 ≠ 0 𝑎𝑛𝑑 𝑛 = 1, we have Heisenberg-Ivanenko type nonlinear spinor field equation as defined in [2] 

under the following expression : 

   𝑖𝑒−𝛼𝛾−1  𝜕𝜉 +
1

2
𝛼 ′ 𝜓 +

𝑖

2
𝛾 2𝑒−𝛽𝜓𝑐𝑜𝑡𝜃 − 𝑚𝜓 + 4𝜆(𝜓 𝜓)𝜓 = 0(66) 

Let us remark that the expression obtainedfor the invariant function 𝐼𝑇 𝜉 is similar to the relation obtained in the 

linear case, only now the constant 
 8+6𝐴 

 3𝐴2+8𝐴+4
 is replaced by the constant 

 8+6𝐴  1+𝑘𝜆𝑏1

 3𝐴2+8𝐴+4
 . In these conditions, we get:  

    𝐼𝑇 𝜉 = 𝑏1𝑒𝑥𝑝  
 8+6𝐴  1+𝑘𝜆𝑏1

 3𝐴2+8𝐴+4
 𝜉 + 𝜉0  . (67)     

As for the metric functions, they are defined under the forms: 

    𝛼 𝜉 = 𝛽 𝜉 = − 
 4+3𝐴  1+𝑘𝜆𝑏1

 3𝐴2 +8𝐴+4
 𝜉 + 𝜉0  ,                      (68) 

     𝛾 𝜉 = −  
𝐴 1+𝑘𝜆𝑏1

 3𝐴2+8𝐴+4
 𝜉 + 𝜉0  .  (69) 

Our results prove that the metric functions𝑔00 = 𝑒2𝛾(𝜉), 𝑔11 = −𝑒2𝛼(𝜉), 𝑔22 = −𝑒2𝛽(𝜉), 𝑔33 = −𝑒2𝛽(𝜉)𝑠𝑖𝑛𝜃 and the 

invariant function 𝐼𝑇 𝜉 = 𝑏1𝑒
−2𝛼(𝜉) are regular  and bounded. 

Substituting 𝐻(𝐼𝑇) = 𝜆𝐼𝑇 into (12), the energy density is  given by: 

    𝑇0
0 𝜉 =𝜆𝑏1𝑒𝑥𝑝  

 8+6𝐴  1+𝑘𝜆𝑏1

 3𝐴2+8𝐴+4
 𝜉 + 𝜉0  .  (70) 

According to (66), the distribution of the spinor field energy density per unit invariant volume is  

    𝛺 𝜉 = 𝜆𝑏1𝑒𝑥𝑝  
𝐴 1+𝜅𝜆𝑏1

 3𝐴2+8𝐴+4
 𝜉 + 𝜉0  𝑠𝑖𝑛𝜃.(71) 
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The expression of the energy density 𝑇0
0 defined by (70)is localized. From (71) the energy density per unit invariant 

volume is  localized too  when  𝜉𝜖  [0,𝜉𝑐]. Moreover, the total energy 𝐸 =  𝛺 𝜉 𝑑
𝜉𝑐

0
𝜉 is finite. Its finite quantity 

isdefined as follows  𝐸 =
𝜆𝑏1𝑠𝑖𝑛𝜃

𝐴
 

3𝐴2+8𝐴+4

1+𝜅𝜆𝑏1
𝑒𝑥𝑝  

𝐴𝜉𝑐 1+𝜅𝜆𝑏1

 3𝐴2+8𝐴+4
− 1 , for 𝜉0  considered as null. 

 

Let us remark that the obtained solution describes a nonlinear spinor field configuration with regular localized 

energy density  𝑇0
0 𝜉 , finite total energy E and regular metric functions. Thus, the equation (66) possesses a soliton-

like solution. In the sequel, we deal with the generalization corresponding to 𝜆 ≠ 0 𝑎𝑛𝑑 𝑛 > 1. 

 For 𝜆 ≠ 0 𝑎𝑛𝑑 𝑛 > 1, we have 

   𝐼𝑇 𝜉 =  
1

 𝑘𝜆𝑏1𝑠𝑖𝑛𝑕 
 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0   

 

2

𝑛−1

(72) 

 

With the condition𝑏1 = 𝑎1
2 > 0, we deduce from (37) and (72) the expression of the metric function 𝛼 𝜉  as 

follows: 

   𝛼 𝜉 = 𝑙𝑛

 
 
 

 
 

𝑎1

  𝑘𝜆𝑎1
2𝑠𝑖𝑛𝑕 

 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0   

1
𝑛−1

 
 
 

 
 

(73) 

Taking into account (55) and (73), we get: 

   𝛽 𝜉 = 𝑙𝑛

 
 
 

 
 

𝑎1

  𝑘𝜆𝑎1
2𝑠𝑖𝑛𝑕 

 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0    

1
𝑛−1

 
 
 

 
 

(74) 

   𝛾 𝜉 =  
𝐴

4+3𝐴
 𝑙𝑛

 
 
 

 
 

𝑎1

  𝑘𝜆𝑎1
2𝑠𝑖𝑛𝑕 

 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0   

1
𝑛−1

 
 
 

 
 

(75) 

The energy density is definedby: 

   𝑇0
0 𝜉 = 𝜆 2𝑛 − 1  

1

 𝑎1
2𝜆𝑘𝑠𝑖𝑛𝑕 

 4+3𝐴 

 3𝐴2 +8𝐴+4
(𝑛−1) 𝜉+𝜉0  

 

2𝑛

𝑛−1

(76) 

Let us establish the expression of the energy density per unit invariant volume. For this purpose, using (76), we find 

  𝑓 𝜉 = 𝜆 2𝑛 − 1  
1

 𝑎1
2𝜆𝑘𝑠𝑖𝑛𝑕  

 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0  

 

2𝑛

𝑛−1

𝑒𝑥𝑝 𝑣 𝜉  𝑠𝑖𝑛𝜃.(77) 

where 

   𝑣 𝜉 =  
8+5𝐴

4+3𝐴
 𝑙𝑛

 
 
 

 
 

𝑎1

  𝑘𝜆𝑎1
2𝑠𝑖𝑛𝑕  

 4+3𝐴 

 3𝐴2 +8𝐴+4
(𝑛−1) 𝜉+𝜉0   

1
𝑛−1

 
 
 

 
 

(78) 

The soliton-like solutions do not exist when the nonlinear term is chosen under the form   𝐻(𝐼𝑇) =𝜆𝐼𝑇
𝑛 ,   𝜆 ≠

0 𝑎𝑛𝑑  𝑛 > 1. Indeed the invariant function𝐼𝑇 𝜉 ⟶ ∞ and the energy density 𝑇0
0 𝜉 ⟶ ∞ when 𝜉 ⟶ 0. 

Nevertheless, the metric functions are regular and the metric is stationary. Our results carried out that this form is 

not appropriated in order to obtain soliton model. 

 For 𝜆 = −𝜔0
2 < 0, from (59), we obtain the expression of the invariant function as follows: 
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    𝐼𝑇 𝜉 =  
1

 𝑘𝜔0
2𝑎1

2𝑐𝑜𝑠𝑕  
 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0   

 

2

𝑛−1

(79) 

 

From the expression (79), we note that the invariant function 𝐼𝑇 𝜉 is continuous and bounded when𝜉𝜖[0, 𝜉𝑐]. 

Considering the expressions (37), (55) and (79), we deduce the expressions of the metric functions as follows: 

 

    𝛼 𝜉 = 𝑙𝑛

 
 
 

 
 

𝑎1

  𝑘𝜔0
2𝑎1

2𝑐𝑜𝑠𝑕  
 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0   

1
𝑛−1

 
 
 

 
 

(80) 

Taking into account (55) and (8), we get: 

   𝛽 𝜉 = 𝑙𝑛

 
  
 

  
 

𝑎1

   𝑘𝜔0
2𝑎1

2𝑐𝑜𝑠𝑕  
 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0    

1
𝑛−1

 
  
 

  
 

(81) 

   𝛾 𝜉 =  
𝐴

4+3𝐴
 𝑙𝑛

 
 
 

 
 

𝑎1

  𝑘𝜔0
2𝑎1

2𝑐𝑜𝑠𝑕  
 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0    

1
𝑛−1

 
 
 

 
 

(82) 

As for the energy density of the spinor field, we have 

   𝑇0
0 𝜉 = −𝜔0

2 2𝑛 − 1  
1

 𝑘𝜔0
2𝑎1

2𝑐𝑜𝑠𝑕  
 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0  

 

2𝑛

𝑛−1

(83) 

The energy density per unit invariant volume is  

  𝑓 𝜉 = −𝜔0
2 2𝑛 − 1  

1

 𝑘𝜔0
2𝑎1

2𝑐𝑜𝑠𝑕  
 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0   

 

2𝑛

𝑛−1

𝑒𝑥𝑝 𝑣 𝜉  𝑠𝑖𝑛𝜃(84) 

Since the function 𝐼𝑇 𝜉 is continuous and bounded when 𝜉𝜖  [0,𝜉𝑐],  hence the energy density 𝑇0
0 𝜉  and the energy 

density per unit invariant volume 𝑇0
0 𝜉  3−𝑔 are limited. In this case, the total energy 𝐸 =  𝑓 𝜉 𝑑

𝜉𝑐

0
𝜉 is finite. 

Therefore, these solutions are soliton-like solutions and can be used in order to describe the configuration of 

elementary particles. Let us define the functions 𝛬 𝜉 , 𝑆 𝜉 , 𝑃 𝜉 , D(S,P) and G(S,P) as functions of 𝑒𝛼(𝜉). By 

doing so, from (48), we have: 

   𝐷 𝑆, 𝑃 =
2𝑛𝑒−𝛼( 𝜉 

𝑘𝑎1𝑐𝑜𝑠𝑕  𝑎1 2𝛬 𝜉  𝑐𝑜𝑠𝑕 2 
 4+3𝐴 

 3𝐴2 +8𝐴+4
(𝑛−1) 𝜉+𝜉0  

(85) 

 

    𝐺 𝑆,𝐷 = −
2𝑛𝑡𝑎𝑛𝑕  𝑎1 2𝛬 𝜉  𝑒−𝛼( 𝜉 

𝑘𝑎1𝑐𝑜𝑠𝑕
2 

 4+3𝐴 

 3𝐴2+8𝐴+4
(𝑛−1) 𝜉+𝜉0  

   (86) 

As for thefunctions, 𝑆 𝜉 𝑎𝑛𝑑𝑃 𝜉 , their expressions obtained in (46) and (47) are valid. By virtue of (41) and (79), 

we have:  

   𝛬 𝜉 = −
4𝑛 3𝐴2 +8𝐴+4

𝑎1
2𝑘(𝑛−1)(4+3𝐴)

𝑡𝑎𝑛𝑕  
 4+3𝐴 

 3𝐴2 +8𝐴+4
(𝑛 − 1) 𝜉 + 𝜉0  +𝑏2  (87) 

The set equations (22)-(25) has the following solutions: 

  𝑉1 𝜉 =
1

4 𝑏1
 𝐴1𝑒

𝑘1 𝜉 𝛬 𝜉 + 𝐴2𝑒
𝑘2 𝜉 𝛬 𝜉 + 𝐴3𝑒

𝑘3 𝜉 𝛬 𝜉 + 𝐴4𝑒
𝑘4 𝜉 𝛬 𝜉  𝑒−

1

2
𝛼( 𝜉 

 ,                (88) 

  𝑉1 𝜉 =
1

4 𝑏1
 𝐴5𝑒

𝑘5 𝜉 𝛬 𝜉 + 𝐴6𝑒
𝑘6 𝜉 𝛬 𝜉 + 𝐴7𝑒

𝑘7 𝜉 𝛬 𝜉 + 𝐴8𝑒
𝑘8 𝜉 𝛬 𝜉  𝑒−

1

2
𝛼( 𝜉 

 ,               (89) 
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  𝑉1 𝜉 =
1

4 𝑏1
 𝐴1𝑒

𝑘1 𝜉 𝛬 𝜉 + 𝐴3𝑒
𝑘3 𝜉 𝛬 𝜉 − 𝐴2𝑒

𝑘2 𝜉 𝛬 𝜉 − 𝐴4𝑒
𝑘4 𝜉 𝛬 𝜉  𝑒−

1

2
𝛼( 𝜉 

,                 (90) 

  𝑉1 𝜉 =
1

4 𝑏1
 𝐴5𝑒

𝑘5 𝜉 𝛬 𝜉 + 𝐴7𝑒
𝑘7 𝜉 𝛬 𝜉 − 𝐴6𝑒

𝑘6 𝜉 𝛬 𝜉 − 𝐴8𝑒
𝑘8 𝜉 𝛬 𝜉  𝑒−

1

2
𝛼( 𝜉 

,                 (91) 

where 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5, 𝐴6, 𝐴7 and  𝐴8 are integration constants.  For details about the determination of the 

analytic formsof the functions𝑉𝛿  𝜉 , refer to [7] and references therein.  

Let us find the charge density and the chronometric invariant spin tensor. Using solutions (88)-(91), as we consider 

the field configuration to be a static one, the spatial components 𝑗1 , 𝑗2𝑎𝑛𝑑𝑗3 of the spinor current𝑗𝜇 = 𝜓 𝛾𝜇𝜓 vanish. 

The non-null component 𝑗0is defined as follows: 

  𝑗0 = 𝐹  𝛬 𝜉  . 𝑒−𝛼−𝛾  .                         (92) 

The component 𝑗0 leads to the determination of the charge density of spinor field that has the following 

chronometric-invariant form: 

  𝜌 𝜉 =  𝑗0𝑗
0 

1

2 = 𝐹  𝛬 𝜉  . 𝑒−𝛼 (93) 

The total charge of the spinor field is: 

     𝑄 =  𝜌 𝜉  3−𝑔
𝜉𝑐

0
d𝜉.(94) 

Let us consider the spin tensor. As defined in [10], we have: 

    𝑆𝜇𝜈 ,𝜀 =
1

4
𝜓  𝛾𝜀𝜎𝜇𝜈 + 𝜎𝜇𝜈 𝛾𝜀 𝜓   (95) 

Taking into account the expression (95), we write explicitly the component 𝑆𝑖𝑘 ,0 (i, k = 1, 2, 3) of the spatial 

densityof spin vector as follows: 

    Sik ,0 =
1

4
ψ  γ0σik + σik γ0 ψ =

1

2
ψ γ0σik ψ (96) 

The components of the tensor Sik ,0are given by: 

    S12,0 = 0, S13,0 = 0, S23,0 =
1

2
V δγ0σ23Vδe−α  (97) 

Let us define the chronometric invariant spin tensor. To this end, using the equality (97), we have: 

    SchI
23,0 =  S23,0 . S23,0 

1

2 = F  Λ ξ  . e−α(98) 

Finally, we obtain the projection of spin vector S1 on ξaxis. 

   S1 =  F  Λ ξ  . e−α 3−g
ξc

0
dξ      (99) 

 From (93), we conclude that the charge density is localized when ξ ∈  0, ξ
c
 as well as the charge density unit 

invariant volumeρ ξ  3−g . Thus, the total charge of the spinor fieldis bounded. Then, according to (93) and (98), 

the expression for chronometric invariant tensor of spin SchI
23,0

coincides with the charge density ρ ξ  one. Therefore, 

the conclusion made for ρ ξ and Q will be valid for SchI
23,0

andS1. Moreover, SchI  
23,0

islocalized and  S1 is limited.  

 

Concluding Remarks:- 

In the present research work, we obtained the exact static spherical symmetric solutions to the nonlinear spinor field 

and Einstein’s equations. We investigatedin detail equations with power and polynomial nonlinearities. The obtained 

solutions are regular with localized energy densityand finite total energy. In addition, the total charge Q and the total 

spinS1 are also finite. The forthcoming paper will deal with interaction spinor and scalar fields equations in 

gravitational theory. 
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