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Introduction:-

We shall study the "stability" of thenon-linear"dynamical system™ by using the technique of "linearization” to
transform the non-linear "dynamical system" to be aan approximate "linear dynamical system" and by using the
theorem or the corollary for linear systems we find the "stability conditions™" of the systems. In [1] Arrowsmith and
Place are gave the method of linearizationfor(non-linear)"dynamical system"in two dimensions, we develop this
method for the system of three dimensionsand finally we reached to the public non-linear "dynamical system"for n
dimension with examples to clarify this technique. The "linearization method"ofa "dynamical system" needs first to
find the non-zero "fixed points" that satisfies the non-linear "dynamical system", second wefind the "Jacobian
matrix"and substitute the "fixed points" in the "Jacobian matrix" [2],[3]third wefind the eigenvalues of a "linear
system” and apply the stability conditions to know the stability forthe non-linear "dynamical systems"and
finally,wegave examples to explain this technique.

Thefundamentalsconceptsfordynamical Systems
Definition2.1: The linear "homogeneous dynamical system™" with steady coefficients of n dimensional satisfies the
equations that:
v dXx
X1 :d_tl: a X, +..+ay,X,

; dxl’] - - .
X, ZT =a,X +..+a,X,, which isdenoted by X = A.X
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a - . . 8y Xy

Where , A _ DX — are the steady coefficients matrix for the"linear system"”, where

ay . . . a,| X,

a; eR; Vi, j =1,..., nare areal constant, and X is vertical vector [3],[7],[8],[9].

Definition2.2: The "Jacobian matrix"fordefinition (2.1) is denoted by J(Xl,..., Xn) that is defined asthe nxn
matrix, consisting of all the first-order partial derivatives forthe functions[ X ..., X,..., Xn]T , With respect to the
dependent variable [X; ;... Xj .., X, I’

That is meaning that:

ij

B {6Xi :l;Vi’ j =1,...,n, orequivalently we have that

oX;
(oX, Xy
Oxy OX,,
J (Xl,..., Xn) = | ’ | ' ' | [1]’[2]1[3]1[4]1[10]
X, X,
L axl ' . . . 6Xn [ [ G Xn)

Theorem: The stability forthe linear systems [4],[5],[6]
Let A, and A,be the eigenvalues forsteady coefficients matrix A of definition (2.1) in two dimensional linear
system that

+dX
1=d—t1=aX1+bX2
+ dX
X, = dt2 = cx, +dx,

Where, ad —DbC % O, then the trivial critical point (0,0) satisfies that:
1- Asymptotically stable while the real portion of the eigenvalues /Tl and /12 are both negative.
2- Stable but however not asymptotically stable when the real portionof the eigenvalues /11 and 12 are both
zero.

3- Unstable if either the eigenvalues 4, or /4, are both positive.
From the theorem we can get immediately the next corollary.

Corollary: Stability for the public case of (linear) systems [5],[6]
Ifﬂl , /12 A, are the eigenvalues for the steady coefficients matrix A of n dimensional linear system such that:

X =AX; A| =0.
Then, the trivial critical point (0,0) satisfies that:
1-  Asymptotically stable when the real portion of the eigenvalues /11 ,/12 A, are both negative;
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2- Stable but however not asymptotically stable when the real portion of the eigenvalues ﬂl , /12 A, are both
zero and the critical point is center.
3- Unstable if either any eigenvalues 4,, 4, 1, are positive.

Results:-

(Derivationofthelinearization Near Fixedpoint)

The linearization near fixed point of three dimension system

The dynamical system(non-linear)with a "fixed point" in three dimension that:

X = X(X),X = (X, X,,X;) € R®

can written as the form:

X1 =ay,X +a,%, + 33X, + gy (X, Xy, X3)

X2 = Ay Xy + 85X, + 8y X5 + gz(Xv oY Xs) 1)

X3 =agX + 83X, + 83X + G5(X, X, X3)

Where, g; (X, X,, X3); Vi =1,2,3are any non-linear functions and we have that;
[0, (%, %, %)/ T] = 0;Vi=12,3as [ =X +X; + X, >0.
Since Lim, ,[9, (X, X,, %)/ r]=0;Vi=12.3

Then the "linear system" of equations (1) is that:

X1 = a; X +a;,X; +a;5X,

X2 =8y, X +8,)X, +ay3%;(2)

X3 =a5X + 35X, +a3X,
The equations system (2) is called the "linearization"for the equations system (1).

Let (¢, 7n,y)be fixed point for the(non-linear) dynamical system that satisfy ).( = X (X) = 0O, define the
other's variables such that:

Vi=X%—¢ >X =Y, +¢
Yo =X, —n 2> X=Y,+N@)

Ys=X3—y > X3 =Y+
Then substitutethenew variables of the equations system (3) in theequations system (1) such that:

Vi =% = X, (X, %o, X3) = Xi (Y, + &, Y, +77, Y3 +7);i =123 (4

Where, Xl, Xz, X3 are component functions of the function X .

Let we define that Yi(y]_y y21 y3) = Xi(xj_;Xz’Xg) = Xi(y1+é’1 y2 +771 y3 +7)1| :1;213(5)

Finally, ¥ =Y, (Y1, Y2, ¥3), 1 =1230r y =Y (Y) 4
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If the component functions Xi(X11X21X3);i =1,2,3are continuous differentiable in some of the
neighborhood ofthe fixed point &.,n,7) then we have that:

Xi (X, X0, %) = Xi(&m,7) + (% —4’) (é“ 17,7)+ (X, —77) (é“ 17.7)

o @)
+ (X, —7)87‘(4“,77,7) + R (X, %y, %)

3
Since (£, 77,7) is a "fixed point” for non-linear "dynamical system” which satisfy ).( =X (>_<) = 0O, then
X, (&, n,7)=01=123.

Byusing the equations (3)that: Y =X~ é’ : Y2 =X =1, Ys =% =7,

Also, the remainder functions Ry (X, X, Xg);Vi =1,2,3are satisfies that:
Lim, o {Ri (X, X,, %)/ r}=0;1=123 (g)

Where, I = \/(X1 —{)2 +(X, —77)2 + (X, —;/)2 .

Therefore the equations system (7) becomes as that

Yi=Y; axl (( m7y)+ 6x2 (4 my)+ 6x3 (§ m7)
Yo=Y a (CM) yz 2(4777) (CM)
©)

a 3 3

yg— ¥ (&) + (4 my)+ a—xs(é,w)

Since

a'n—axl(é/’m?/)'atz—axz (4/177!7)’313 ox, (/8%

a21=%(§,f7,7),a22=%(C,n,7),a23=@(—2(4,77,y)
0%, OX, OX,

(10)

6)(13(4/777) 185 = 8X23(§777) 1853 = :(47777)

Therefore the dynamical system is (linear) such that:

Y1 =80 Y1 T8, +a5Y,

Yo =8y Y HayYy, TaxsY; (1)

Ys=8yY, tayY, tagY;
Or, equation (11) is written as the form
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oX, oX, oX,
OX, OX, OX,

. _ a
Y =AY , where o 2 o oX, oX, OX, (12)
' A=la, a, ay|=
OX, OX, OX4
83, 8z 8y X, oOX, oOX,

i OX, OX, OX, decmn

The linearization near fixed point of n dimension system
Let we have a (non-linear)dynamical system with fixed point in dimension that: X = X ()_(), X = (X, X, ) €R"

can written as the form:

X1 =a,X +..+a,X, +09,(X,..s X;)

(13)

Xn=a,X +..+a,X, +9,(X,.... X;)

Where, ;(X;,..., X,); Vi=1,..., Nare any non-linear functions and we have[g;(X,..., X,)/r]—>0 as

r=yx+.+x* >0.

Then the "linear dynamical system" of the equations (13) is that:

X1=a, X +..+a,X,

(14)

Xn=a,X +..+a,X,

The equations system (14) is called the linearization for (non-linear) dynamical system(13), let ((1,..., ;n) is fixed

point for(non-linear) dynamical system of the equations system (13) which satisfy that: ).( =X ()_() =0,
define the new other’s variables such that:

ylle_gl—)xlzyl+§l
as)
.yn :Xn_é’n _)Xn :yn+§n

Then, substitute above newvariablesof the equations (15)in the equations system (13) such that:

Vi =% = X, (X0 X,) = Xi (Y, + S0 Yy &, )51 =100, N (16)
Where that Xl,---, Xn are component functions of the function X .

Let us define that Y; (Y1, Yn) = X (%0 X)) = Xi(Yy + &1 Y + 60 )51 =10

Finally, y =Y (Ypeen ¥Yo) i =10 o y =Y (y) 19
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If the component functions Xi(Xl,---, Xn);i =1,..., Nare continuous differentiable in some of the

neighborhood ofthe fixed point (51, é/) then we have that:

Xi(X1’ " n) X, (4/1’ ,§)+(X _4/1) I(gp ’g) (X _4/2) I(é/li ,é/)
Since,

"'+(Xn_gn)%(é,l’""é/n)—kRi(xli""xn) (19)

({l,...,é’n) is fixed point for the (non-linear) dynamical system which satisfies that

X (& &) =0:Vi=1.,n .

Byusing the equations (15)that: Yi =% - gl ..... Yo =Xy =G
Also, Ri (Xl,---, n) are the remainder functions that satisfies Limr—>0{Ri (Xl,..., Xn) / r} =0 (20)

Where, I =\/(X1 —C) (X, =4

Therefore, the equations system (19) becomes as the form:

. oX, X,
= _— . n +..+ n_ 1"y 5
Yi=Y1 8X1 (gl C ) y 6Xn (4/1 é/ )

(21)
. oX oX
=i (G Ca) et Yy — (& 6)
X, OX,
Since
_ Ky _ X,
e (C1s G )oeens B o (S9N
(22)

X, X,
” (P e ox (erney

Then a dynamical system is to be(linear) such that:

Yi=aY, T+ a,Y,

(23)

yn = anlyl ot ann yn
Or, equation (23) is written as the form
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[ oX, oX, |
a,, a,, ox, | ox,
Y =AY, where 5 _ _ (24)
a,; ... a,, oxX, oX,
L 0%, X gy
Examples

In this paragraph, we gave two examples to expound how to obtain the "fixed points" for the (non-linear) suggest
"dynamical system"by using the linearization technique in order to get(linear) system andfoundits stability.

Example(1):
The (non-linear) suggest dynamical system in three dimension as below

Xy = Xy (X, X, %) = en — X,

Xy =X, (X, X5, Xg) ==X + XX,

Xy = X3(X1,X2, Xs) =X—%

Then, by solving above non-linear dynamicalsystem, we get that only one fixed point that is (£, 77, 7) = (-1,1,1) .
For finding the linearized for the(non-linear) system nearlya fixed point, we need aJacobian matrixnear fixed point

(&, n,7) =(=1,11) thatis:

gt g™ 1 0 1 0 0
I X X) =%, -1 x, 0 =0 -1 0|=A|A=-1=0
0 -1 1 0 -1 1
(-1,11)
1 0 0Ofvy,
Therefore, the linearization near fixed point (—1,1,1) is that: Y = AY ={0 -1 0 Yy, |, Or, we have that a
0 -1 1y,
(linear) system such as:
Yi=WY1
Yo ==Y,
Ys=—Y>+Y;

For the stability,the eigenvalues 4, =1 , 4, =1 , 4, = -1, of matrix A.

Then the fixed point (—1,1,1) of thesuggested(non-linear) system is unstable by using the (corollary). We also used
matlab program (program (1)) for this example to achieve the numerical result.

Example(2):
Considerthe suggestdynamical system that is non-linear in three dimension such that:

Xl = Xl(X17X2’ X3) = _Xlz + X5
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Xz = Xz(Xw Xy, X3) :_X22 + X5

X3 = Xs(Xv Xy, X3) = Xl_Xg

Then, by solving above system, we get that two real fixed points that are(¢y,7,,7,) = (L11)

(§2.1,7,) =(1-1)) .

For finding the linearized of thesuggesteddynamical system near fixed point, we need the "Jacobian matrix"near
fixed points:

-2x, O 1
J(X, X, %) =] 0  —2X, 1
1 0 -3x

The Jacobian matrix near the fixed point (¢, 77;, 7;) = (LL1) is that:

2% 0 1 2 0 1
J(X, %, %)= 0 -2x, 1 =0 -2 1|=A.and
10 -3¢),, |1 0 -3
-2 0 1
A=|0 -2 1|=-100. Therefore the linearization near (1,7, 7,) =(@LY) is  that:
1 0 -3
2 0 1Ty,
Y=AY=|0 -2 1 Y, |, Or we have that a (linear) system such as:
1 0 -3y,
y1:_2y1+y3
y2:_2y2+y3
Y: =Y, —3Y;

For the stability all the eigenvalues for the above matrix A are that 4, =-2.0000 , A, = -1.3820 ,
A, = -3.6180.

Then, by the (corollary) the fixed point (£7,77;, ;) = (LL1) of the system is to beasymptotically stable.

The Jacobian matrixnear fixed point (£, 77,, 7,) = (L,—11) is that:

-2x, 0 1 -2 0 1 -2 0 1
I, %, %) =| 0 —-2x, 1 ={0 2 1|=A, and we have [A=/0 2 1|=10%0,
1 0 -3x way L1 0 -3 1 0 -3
-2 0 1|y
Therefore, the linearization near fixed point (¢5,77,,7,) = (L,—11) is that: Y. =AY=|0 2 1 Yo |
1 0 -3y,

Or, we have that a (linear)
system such as:
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Y1 :_2y1+y3
Y2 =2y2+y3
Ys =Y, —3Y;

For stability the eigenvalues 4, = 2.0000, 4, =-1.3820, A; =-3.6180f0rmatrix A.

Therefore, (£,,77,, 7,) = (L,—11) is unstable fixed pointby the (corollary).
We used matlab program (program (2)) for this example to achieve the numerical result.

Conclusion:-

1- We can find the stability for(non-linear)dynamical system of three and n dimensions by using the linearization
technique.

2- The stability conditions of (linear)system that getting from the (non-linear) dynamical system depends on the
(theorem) or the (corollary), (the all values of the eigenvalues for the matrix A).

3-We apply the technique of linearization to find the stability for(non-linear)dynamical system in three dimensionin
two examples.
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