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introduce a mapping to describe the gravitational interactions and
reflections on quantum scale and the frequency-dependent operator to
depict the GWs/gravitons scattering. Accordingly, the gravitational
fluctuation fields, i.e., GWSs, can be decomposed as the gravitoelectric
fields and  gravitomagnetic  fields, arising  from the
gravitoelectromagnetism due to the orbital motion of compact NS
binaries, which can be unified as the gravitoelectric fields, because of
their mutual induction. Because frequencies of GWs depend on both
geometry and mass-density of the sources, we divide the calculations
into geometric effects and mass effects. It is found that the dependence
of gravitational Casimir energy arising from the quadruple moments on
the GWs frequencies mainly give expressed to the post-Newtonian
expansion coefficient. While the mass variation induced dependence on

GW frequencies scales as ®° in low-frequency GW sources, which
reflects the temperature dependence of gravitational Casimir energy in
wide inspiraling NS binaries.

Copy Right, 1JAR, 2022,. All rights reserved.

Introduction:-

One of nontrivial properties of the nonzero vacuum energy is the Casimir effect [1,2]. It originates from the
corrections to the spectrum of zero point fluctuations of the electromagnetic field, when the plates are brought into
close distance, and manifests the attraction between two neutral, parallel metallic plates [3]. Such effect between
atoms at asymptotically large distances relates to the polarizability of the atoms [4]. It was later extended to account
for the fluctuating fields between dielectric macroscopic bodies [5], which was generalized to include magnetic
effects between two spheres [6]. The long-range interactions between polarizable systems [7] demonstrate that, even
though the quantum in nature, the Casimir effect gives rise to nontrivial influence between macroscopic bodies. The
Casimir effects between macroscopic objects depend on shape and material [8,9], which appears through
susceptibility to current fluctuations [10] and relates to their scattering [11].

However, the electromagnetic field is of course not the only field that gives rise to Casimir effect, and the
contributions to such quantum effects from any field should be nontrivial [12-14]. The quantum fluctuations arising
from mass and mass currents in weak gravitational fields contribute to gravitational Casimir energy in a slightly
curved spacetime background [15-18]. The gravitational Casimir effect (GCE) modifies the long-range gravitational
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interactions by an interaction potential varying with the distance as r’ [19], when a mass distribution appears, and
results in additional dissipation to the gravitational bound systems, such as wide inspiraling neutron star (NS)
binaries [20]. The additional attractive interactions between two compact objects in gravitation induced inspiraling
NS binaries [18] may accelerate the orbital decay and subsequently modify the frequencies of gravitational waves
(GWs) [20]. In this work, we investigate how the GCE relates to the frequencies in low-frequency GW sources, i.e.,

inspiraling NS binaries with wide separation of R ~10°m

Throughout the paper, we use the natural units ¢ =1,G =1, =1 in our calculations and just write them out in the
final results. The metric signature is defined to be diag(-1,1,1,1). Greek indices £,V take values from 0 to 3, while

Latin ones I, ] take values from 1 to 3.

Scenario:-
The dynamics of wide inspiraling NS binaries in the weak-field limit can be described by

s2 = _(1+% h°®)dt? + 2h,dtdx’ + (1—% h®)dx'dx!,

= 1
where we work in the harmonic gauge, and hyv = hﬂv—znﬂvh. The fluctuating fields obey the linear Einstein

field equation,
O hﬂv = —167ZTW, (2

under Lorentz gauge ﬁﬁ” =0, where T , behaves as the source of f_l
r| r )

In the near zone (A >>r > R) of slowly spiral-in NS blnarles, the Newtonian gravitational potential can be
expanded as [21]

(F, P = 4jd”' P 3)

M dx Qux'x!
C=— (gt ) @)
I‘ r
Here, M = J.T°°d3l7 gives the total mass of the source, and the dipole moment d, = J.Tooxid3f describes the
. .y . M dx .
displacement of the centre of mass from chosen origin. The first two terms — +——— denote the static part of
r r

_ Q.
gravitational field. While the GWs hij~—IJ arise  from the reduced quadruple moment
r

QIJ ITOO(X X ——R 0; )dSF. Based on close formal analogy between Newton's law of gravitation and

Coulomb's law of electrlcity, the linear Einstein field equation (2) is referred to as gravitoelectromagnetism (GEM)
[22-24]. The Newtonian solution of the gravitational field can be alternatively interpreted as a gravitoelectric field,
and a rotating mass current gives rise to a gravitomagnetic field. Accordingly, the Newtonian potential of an NS
binary can be analogously written as a gravitoelectric scalar potential, while the spiral-in orbital rotation of two
massive stars causes a gravitomagnetic vector potential. As consequence, we relate the gravitoelectric scalar
potential and the gravitomagnetic vector potential to the fluctuating fields,

h%=4®.,h" =-20,,, (5)
M .
with ® == and @, =—

#, respectively. The term involving quadruple moments in the potential (4)

associates with N, which can be divides into the gravitoelectric field hijE and the gravitomagnetic field hij'-vI :

I]’
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Consequently, we are allowed to describe the gravitational interactions in inspiraling NS binaries as the couplings
between gravitoelectric field hijE and the gravitomagnetic field hi?" . In light of the Schwinger's source theory [25],

the fluctuating gravitoelectric charge and gravitomagnetic current densities p(F), J (F) result in the GCE,
[Dy, (f),®E(f')]=J.d3fGo(f,f')[j(F'),p(F')], (6)

1 e
| 3 |I’ > and @ denotes the frequency of GWs.

I_; 2
-V+w

where Gy (T, T") = <

unified description for dynamics:-

In compact NS binaries, the two stars A" and “"B" gravitationally related by interactions and reflections, and thus
the gravitational Casimir interaction between two objects involves mechanical response [20]. Although the two
objects in an NS binary orbit with each other on the binary plane and move closer and closer in a spiral way, we can
treat the orbital motion as periodic orbits with radial shrink, by considering the very small radial decay on an

observable time comparing with the cosmological coalescence time because of the wide separation of 10°m.
Because of the periodically orbital motion, the gravitational reflection in the binary system should be symmetrical.
In order to express the reflection symmetry of the gravitational bound binary system on quantum scale, we apply a

mapping H:A—Band H(r,0,0)=(R—r,0,9), which is unitary and defined as . Th

HhijE"VI (r) = hijE"vI [H(F)]e gravitational connection between stars A" and “B" due to the gravitational
interactions and reflections in an inspiraling NS binary, which results in loses of orbital binding energy and release

of GWSs, can be characterized as frequencies of GWs. Consequently, we introduce a positive and bounded 3
operators,

2
()

v

x(®), ()

/ =
ME 14 CUZZ((U)GOAB/OBA

to describe the propagations and scattering of GWs/gravitons [26] that depends on their frequencies. (@)
appearing in the Ri operator (7) is the frequency-dependent gravitational susceptibility, which bridges the sources

h.
and fluctuating fields via T; =;((a))hi'jE =—;((a))a)2§. Therefore, the gravitational dynamics of the NS

A

binaries on quantum scale can be expressed by the mapping H and Ri operator, %B = I:I§AI:I . The fluctuating

fields hijE (r) and hiJM () iteratively induce each other during the whole spiral-in orbital motion, according to

E T~ E M & E 1~ ) E
hB‘ij = HhA,ij’hA,ij :\5BhA'ij = H\SAH+hA'ij,... (8)

M
At the initial state of the binary, the gravitational potential of the system is the Newtonian one @ = —F. So, the

initial fluctuating field plays a role of the static gravitoelectric field hi?(f) = h;ij (F) . With the spiral-in orbital

motion, the mass current produces an gravitomagnetic field, in analogy with that an electrical current induces the
magnetic field. Subsequently, an iterative induction between gravitoelectric field and gravitomagnetic field occurs,

hY () :%VxhﬁE(F), he (1) = ik [ G, (7, 1)I (), ©

where Kk is the wave number of GWs. According to Eqg. (9), we can unify the gravitoelectric fields and
gravitomagnetic fields and uniformly describe the totally induced fluctuating fields as the gravitoelectric fields,

he (F) = ik j dr'G, (F,7")J (F"), (10)
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where the gravitomagnteic current density J (F") gives expression to the gravitomagnetic fields hi'jvI . Therefore,

the action, describing the GCE in inspiraling NS binaries arising from the couplings between the gravitoelectric field
and the gravitomagnetic current, can be written as,

SEIY = [dr3(F)hf (7)+ [drdr 3" ()G, (. P)I(F).

Dependence on GWfrequencies:-

The characteristic frequencies of GWs radiated from inspiraling compact binaries have been well predicted, which
depend on the mean mass density of the sources. Based on the potential (4), the mass of the sources also depends on
the geometry due to the multiple moments, which appears variations. In order to investigate the dependence of GCE
on GW frequencies, we calculate the contributions to the gravitational Casimir energy from two points of view, i.e.,
the geometric-dependent contributions and that resulting from mass variations. Because the geometric-dependent
contributions come from the quadruple moment, we, enlightened by the spirit of Dewitt's approach [27], decompose

the unified fluctuating fields into three parts,
—k E hTTQijt//k (). @2
ij

i ()

Here, the scalar field y, (') is independent of the polarizations and gives expression to the allowed modes of the
outgoing solutions of GWSs, which represents the combination of " (F) and " (F) on a twice interval [18,27].

h'™ is responsible for the two independent polarizations, "plus" and "cross”, of allowed modes for the unified
fluctuating fields in transverse-traceless (TT) gauge, which have no any contributions to the GCE. Based on the
decomposition Eq.(12), we are allowed to compute the geometrically resultant effects, i.e., the effects associating
with the quadruple moment Qij , and the contributions from the outgoing propagations of GWs that depends on the
mass variations, respectively.

Geometrical effects -- In order to compute the contributions to gravitational Casimir energy from the quadruple
moment, we express currents and field strengthes in Eq.(11) as quadruple moments by transforming the variables

from currents and fields into quadruple moment and scalar field, and then we perform quantization. Accordingly, the
effective action arising from the gravitational quadruple moment can be extracted,

ST [Qy]= 1 Y IQ;HwQu +Q T Q]
ij ki

where H, and 3, are the matrices of operators H and 3 that describe the gravitational interactions in

r
quantum framework. Hijkl depends on (E)n according to post-Newtonian expansions of gravitational radiation in

compact binaries. According to the observations of wide inspiraling NS binaries and performing dimensional
analysis, we obtain the contributions to gravitational Casimir energy arising from the quadruple moment,

1 e . ian A
Qll —_ _ 1~y e~
ECas‘z,,Io doIndet@—HSH*3)

1

E+---) (14)

- _l(ﬁ(o)i?+ﬂ(a))i9+ﬂ(0)ﬁ(a’)
Vs R R

hert& g,
~— C - ,
T R7§ n(R)

where C, is the post-Newtonian expansion coefficient. In the second line, we introduce the susceptibility tensor of

gravitational quadruple moment /3, (@) = ij: dtei“’t<[Qij (1),Q, (0)]>, and £(0) ~ M . For the completeness

of the results, we write out 7 and C obviously in the last line in Eq.(14).
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Mass effects -- The contributions to gravitational Casimir energy from the mass density depend on frequencies of
released GWs via the scalar field , () (org,) in Eq. (12). The corresponding effective action can be written as

1 dw .
Slg, 1= [dr [V +0'a(F 0)lg, (9
The gravitational dielectric function &(F,®) of GEM sources in action (15) is defined according to the
gravitational susceptibility y(w), ie., &(F,®w)=1+ y(®). in which the gravitational susceptibility y(®)

depends on the mass density of the GW sources [10]. The frequency-dependent gravitational susceptibility gives rise
to changes of gravitational Casimir energy,

ECEas E

2(@) Elﬁo

- j Indet[1+a);((a))(V2+a))] (16)

= j it In det[1+ @y (@)G, (F,F)],
where y — 0 denotes the physical cutoff at high frequencies.

In order to investigate the interactions on quantum scale in gravitationally bound NS binaries, we quantize the
propagator of the gravitational interactions in Eq. (16), by considering (1+ a)zgg(a))GO) as the mapping operator

H . Accordingly, the change of gravitational Casimir energy is written as
1+0* )G 3,68
CaS _,[ n det & ~BA 2 BB | (17)
3:G, 1+ 0" 4G,
It turns out that the diagonal elements contain contributions that don't depend on the relative positions of two star
components, i.e. the self-currents induced contributions, which come from the quadruple moments and have been

computed in the part of geometrical effects. Therefore, we subtract the diagonal contributions to the determinant,
which are not sensitive to the binary separation, which yields

1 3,60
EY = I—Inde{ o Alo j (18)

where 3 GAB GBA is a trace class operator without any cutoffs, by considering the positive and bounded 3
operators and the exponential decay of G(fB/ B4 Therefore, the determinant is regularized and rigorously well

defined for low-frequency GWs of @ ~ 10™* —1Hz , which contributes to convergent gravitational Casimir energy.

In inspiraling NS binaries, the orbital separation appears to be durative decay, which makes the systems behave as
mixers of GW frequencies. In the mixed space-frequency representation, the propagations of fluctuating fields obey

<(h00)2> = i “ 2m

rim,), (19

where @, = 2/mk, T, (n=0,£1,%2,...) are Matsubara frequencies in the fluctuation dissipation theorem, and T is
1
VxVxo’[1+ y(0)]

the temperature, D(T, ?',ia)n)=<F| |F> is the temperature Green's function of the

dw
gravitational field. Consequently, we have IZ——)ZH @, in Eq. (18), and the corresponding gravitational
T

Casimir energy depends on GWs frequencies according to the order of

EM ~ Za) (20)
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Conclusion and Remarks:-
We compute the dependence of gravitational Casimir energy on the GW frequencies in wide inspiraling NS binaries,

with separation 0f10°m . The mass current, caused by orbital motion of massive stars in compact NS binaries, gives
rise to GEM, which allows us to describe the gravitational fluctuation fields as gravitoelectric and gravitomagnetic
fields. In order to investigate the gravitational interactions and reflections between two objects on quantum scale, we
introduce a mapping H and the frequency-dependent scattering operator J . Accordingly, the mutual induction
between gravitoelectric fields and gravitomagnetic fields, due to the orbital motion, allows us to unify them and
uniformly describe as the gravitoelectric fields. Because the GWs frequencies depend on both geometry and mass-
density of the sources, we divide the calculations into geometric effects and mass effects. It is found that the
dependence of gravitational Casimir energy arising from the quadruple moments on the GWSs frequencies mainly
give expressed to the post-Newtonian expansion coefficients. While the mass variation induced gravitational

Casimir energy depends on GW frequencies scaling as a)r? The gravitational susceptibility (@) caused by the
GEM sources depends on the mass density of the objects, which is considerable for low frequencies [10]. The mass

. o . . AM 4 .
density of the compact objects tightly relates to its temperature T , according to V ~ —(kBT) [19]. So, it

remarks that the dependence of gravitational Casimir energy arising from the mass variation on the GW frequencies
reflects the temperature dependence of GCE, which scales as ES,, ~T*°.
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