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Introduction:-

This article is placed within the framework of the study of the group Hom(A4, B)of the homomorphisms of two
abelian groups A and Bwhich constitutes the problem 30 of Laslo FUCHS posed in 1977. Let us consider that in the
group Hom(4, B), the abelian groups A and Bare finite abelian groups, then we obtain a special case of the problem
30 of Laslo FUCHS.

We consider the group Hom(4, B)of the homomorphisms of two finite abelian groups, we show that it is equal to
{0} if and only if the cardinals of groups A and B are coprime and the group Hom(A, B)=A if and only if 4 is
cyclic. In particular, if A and B are cyclic, we show that the group Hom (A4, B)is isomorphic to B if and only if the
cardinality of B divides that of A for all cyclic groups Aand B.

We will note by:

e 7 /n Zthe cyclic group of order n;

e A,the p-cyclic subgroup whose order is a power ofp;

e Hom(A, B): the group of the homomorphisms from group A to group B;
P(A) ={p e P:A, # 0};

o(a):the order of an element a € A;

: the direct sum

|A|: the cardinal of group 4;

N:the set of natural numbers;

P:the set of prime natural numbers;

Kerg: the kernel of the homomorphism ¢;

S3:the symmetric group of order 3;

The other notations are taken from [5] or introduced along the way.

Corresponding Author:- Ibrahima Sagno
Address:- Laboratory of Applied Mathematics (LABOMA), University Julius Nyerere of
Kankan, Republic of Guinea.

1125



http://www.journalijar.com/

ISSN (0): 2320-5407 Int. J. Adv. Res. 13(04), Apr-2025 1125-1128

2. Problem:

In works [3] and [4], we posed the following problems:

a) When is Hom(4, B) isomorphic to A or B?

b) Describe all abelian groups A such that Hom (4, A)=A.

3. Results and discussions

For two finite abelian groups 4 and B, we describe the following results.

Theorem 1. Let A be any group and B be an abelian group whose law is addition.

Then, (Hom(4, B), +) is an abelian group.

Proof. Indeed, let us define in (Hom(4, B), +) the following operation:

(¢ +B)(a) = ¢(a) + p(a),Va € A.

The operation + thus defined in (Hom(4,B),+) is associative and commutative. Any homomorphism ¢ of
Hom(A, B) admits an opposite —p of Hom(A4, B) such that (— <p)(a) = —¢p(a)Va € A.

There exists the zero homomorphism ey, (a,5) = @9 € Hom(A, B) such that (¢ + ¢y)(a) = ¢(a) + ¢¢(a) =
@(a),Va € A because @y(a) = ez.m

Lemma 1. [5] Let A be a finite abelian group of order n = p;'.p,> ...p;:". Then A is a direct sum of its p;-cyclic
subgroups whose order is a power of p;, (i = 1,2,...,k). m

Theorem 2. Let A andB be two finite abelian groups of order n and m respectively.

Then, Hom(A, B) = {0} if and only if nand m are coprime.

Proof.Indeed, by Lemma, we can noteA = A, bD..0o Ay

Vp; € P(A)and B = B, @ ...® B,,,Vp; € P(B) with P(A) = {p; € P: A, # 0} where 4,
are p; —cyclic subgroups whose order is a power of p;(i = 1,2,...,k),P(B) = {pj € P:Bpj * O}Where Bpj are

t!

p; —cyclic subgroups whose order is a power of p; (j = 1,2, ..., t).
Note that |Ap1| = plal; -l |Apk| = p,‘:" and |Bp1| = pfl; -l |Bpt| = pff, which assures us of the fact that

~ -~ @
Hom(A,B) = Hom(A,, @ . ® Ay, B, ® . @B, ) =, 7 | o (Hom (4,,B,)).
_ ® @ _ _
So, Hom(A4,B) = {0} ieLkj€l tHom (Apqu,-) = {0}, Vp; € P(4),Vp; € P(B) &< Hom (Am'Bp,-) =

{0}vp;,p; € P(A)NP(B) & P(A)NP(B) =@ < (m,n) = 1.

Hence the integer n is coprime with m. m

Corollaryl. For any finite abelian group A of order p € P, there always exists a finite abelian group B # {0} of
order different from p such that Hom(4, B) = {0}.

Proof. Indeed, let B be a finite abelian group of order n = pf 1.pg 2 ...p,‘:k. Then the group B = B,, @ ... B,, for
all p; € P(B)where B, are p;-cyclic subgroups whose order is a power of p;(i = 1,2, ..., k) and |Bpi| = pf“' #=p. It
follows from this fact that

Hom(4,B) = Hom(A,B,, @ ..@® B,,) = Hom(4,B,,) @ ..® Hom(4,B,,) = {0}by application of theoreml.
]

Corollary 2. Let A and Bbe two finite abelian groups of order p and grespectively such that p # gqwith p,q € P.
Then, Hom(A,B) = {0}.m

Proposition. Let A and Bbe two cyclic abelian groups of order n and mrespectively.

Then, Hom(A, B) = Bif and only if m divides n.

Proof. Indeed, as A and Bare cyclic then A=Z/nZ and B =Z/mZ. Thus we obtain. Hom(4,B) =B <
Hom(Z/nZ,Z/mZ)=7Z/mZ < mdividesn. m

Examples.

WA=Z/2*2®Z/3*ZandB=2/47Z @ Z/3 Z, we have: Hom(4, B) = B.

DA=Z/3*Z@®Z/5ZandB =27/27Z @ Z/2Z, we have: Hom(A, B) = {0}.

Theorem 3. If A =53 the symmetric group of order 3 and B =Z/2Z the cyclic group of order 2, then
Hom(A,B) = B.

Proof. Indeed, let A = S3 = {41, B2, B3, Bs, Bs, Be} such that B; = (123), B, = (213),

Bs = (321), By = (132), fs = (231), Bs = (312) and B = Z/2Z = {0, 1}.

Then, eyom ap) = Po € Hom(4, B) and Kerg,=S;. Consider a homomorphism¢,; € Hom(A, B) where ¢;(f;) =
0, ©:1(Bs) =0, @1(Be) =0 with B5(1)=2,B5(2) =3,553) =1,B6(1) =3,6(2) =1,6(3) = 2. So,
Kerg1={p1, Bs, Be}-
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For any non-zero homomorphism ¢ (¢ # @), let Kerp={$3;} but this is impossible.

Hence Hom(A, B) = {y, ¢} and consequently, Hom(A4,B) = B.m

Theorem 4. Let A be a finite abelian group. Then the following statements are equivalent:

a) A is cyclic

b) A, is cyclic for all p; € P(A)

¢) Hom(4,A) = A.

Proof. a) = b). Indeed, if A is cyclic, then A = Ap, D ..o Apkwhere Api are cyclic groups for all i € {1,2, ..., k}
and p; € P(4) = {pi EP:A, # O}because any subgroup of a cyclic group is cyclic.

b) = ¢). Note that |Ap1| =p1t e |Apk| = p;:", which assure fact that

@
Hom(4,4) = Hom(4,, @ .. @ 4,,,4) = e@l K e 1, kHom (4, 45,)-

Note that Hom (Api'Apj) # {0} © i = jando(a;)divides p;",Va; € A, and o(g) divides pf’,Vai €4, but
o(a;)does not divide o(a;).

So.p(a)) = a; = ¢; =0 = ¢ = 0= Hom (A, 4,,) = {0}(i # j!11).

Now, let us show that Hom(Api,Api) = Ay,

Letgp € Hom(Api,Api)such that ¢(a) = b,Va,b € 4, . Itis clear that the equalityp(a) = bgives a homomorphism
@1 € Hom(Api,Api) such that ¢,(a;) = b; andp = ¢; © b = b;. It follows that |H0m(Api,Api)| = |Am| =
p;‘and therefore Hom(A,,, A, ) = A,, # {0}.

Therefore,
~. & o ~ @ ~ O ~
Hom(A,A) = | 5 o oy (Hom (4po4r,) = & gHom(Ap, 4p) = | 5 Ay, = A.
¢) = a). Supposing that
_ e @ _ @ e, . o
Hom(A,A) = | &\ & Hom (45.4,) =, | Hom(4,,4,) = 5] | Ay, = ABut A being finite then,

A=A, @ .0 A, where A, are cyclic for all € {1,2, ..., k}and consequently, A is cyclic. m
Corollary 3. For two cyclic abelian groups Aand B, we have the following implication:
Hom(A,A) = Hom(B,B) = A = B.
Proof. Supposing that Hom(A4, A) = Hom(B, B) and by application of the previous theorem 4, we can affirm that
Hom(A,A) = A and Hom(B, B) = B. Which leads us to the required conclusion. m
S

Conclusion:-
In this work, we studied the group of the homomorphisms of finite abelian groups in general and that of cyclic
groups in particular.

For two finite abelian groups A and B, we have shown that Hom(A4, B) = {0}if and only if their cardinals are
relatively prime. If A and Bare also cyclic, we show that Hom(A, B) = Bif and only if the cardinality of group B
divides that of A.

We have also shown that, if the group 4 is arbitrary and # an abelian group, then the group Zom (A, £) is abelian.
In particular, we have established the case where 4 = S;and £ = 2 /2 7.

When is the group Aoz (A, ) isomorphic to the group # if Z is an abelian group and A is any group?
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