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This work develops the hom-algebra theory for anticenter-symmetric 

algebras by introducing the concept of a hom-anticenter-symmetric 

algebra. We give their bimodules, dual bimodules and matched pairs. 

The relation of the bimodules and matched pairs of hom-anticenter-

symmetric algebras between those of hom-Mock Lie algebras is 

discussed. Finally, we establish the Manin triple of hom-anticenter-

symmetric algebras. 
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Introduction:- 
Mock-Lie algebras are commutative algebras satisfying the Jacobi identity. These algebras have been introduced 

into the literature under various names (see [9] and [3]). Moreover, recently, in   [6], anticenter-symmetric Jacobi-

Jordan algebras, or simply anticenter-symmetric algebras, have been defined while verifying that bimodules, 

matched pairs, and Manin triples of these objects exist. These algebras belong to the category of Mock-Lie 

admissible algebras. 

 

Hom-algebra structures were first introduced in the quasi-deformation of Lie algebras of vector fields. In fact, the 

discreteness of vector fields as twisted derivations played a key role in the birth of hom-Lie and quasi-hom-Lie 

structures, where the Jacobi identity is twisted[8]. One aspect of quasi-deformation was the development of q-

derivations, compatible with order zero, later replaced by any σ-derivation. Among the first examples of q-quasi-

deformations, the exchange of derivations for σ-derivations, which are excellent twists in trying to avoid division, 

had been proven in Witt and Virasoro algebras, e.g. [1, 4, 5]. 

 

Quadratic hom-Jacobi-Jordan algebras, defined as hom-Jacobi-Jordan algebras with symmetric, invariant, and 

nondegenerate bilinear forms, have introduced and studied in [7]. Representations and the cohomology theory of 

hom-Jacobi-Jordan algebras were further explored in [2]. 

 

For the present work, the central objective is the study of the connection between bimodules and matched pairs of 

hom-anticenter-symmetric algebras and hom-Mock-Lie algebras, and the construction of Manin triples of. 
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This paper is organized as follows:  Section 2 defineshom-anticenter-symmetric algebras and their properties. 

Section 3 introduces the bimodules and matched pairs of hom-anticenter-symmetric algebras and studies their 

relationswith those of hom-Mock Lie algebras. In Section 4, we establish the Manin triples of the hom-anticenter 

symmetric algebras. Finally, Section 5 presents the concluding remarks. 

 

Main definitions and properties 

We give the basic definitions and properties of hom-anticenter-symmetric algebras. 

Definition 2.1𝐴 hom-anticenter-symmetric algebra is a triple (ℋ, 𝜇, 𝛼), such thatℋ is a vector space, 𝜇:ℋ⊗ℋ →
ℋ is a bilinear map, and 𝛼 ∈ 𝔤𝔩(ℋ) such that, for all 𝑥, 𝑦, 𝑧 ∈ ℋ 

𝛼(𝜇(𝑥, 𝑦)) = 𝜇(𝛼(𝑥), 𝛼(𝑦)), #(2.1)  
(𝑥, 𝑦, 𝑧)−1,𝛼,𝜇 = −(𝑧, 𝑦, 𝑥)−1,𝛼,𝜇 , #(2.2)  

With(𝑥, 𝑦, 𝑧)−1,𝛼,𝜇 : = 𝜇 𝜇 𝑥, 𝑦 , 𝛼 𝑧  + 𝜇 𝛼 𝑥 , 𝜇 𝑦, 𝑧  , which is called 𝛼-antiassociator associated to the 

product𝜇. 

In the sequel, as matter of notation simplification, we denote (ℋ, 𝜇, 𝛼) by (ℋ, 𝛼) or simplyby ℋ. 

The left 𝐿 and right 𝑅 representations of the bilinear product given on ℋ are defined by𝐿𝑥 𝑦 = 𝑥𝑦and𝑅𝑥 𝑦 = 𝑦𝑥, 

respectively ∀𝑥, 𝑦 ∈ ℋ. 

The adjoint representation ad : = 𝐿 + 𝑅 of the sub-adjacent Mock Lie algebra 𝒢(ℋ) of an anticenter-symmetric 

algebra ℋis defined as follows: 

ad:ℋ ⟶ 𝔤𝔩(ℋ)

𝑥 ⟼ ad𝑥 :ℋ ⟶ ℋ

𝑦 ⟼ 𝜇(𝑥, 𝑦) + 𝜇(𝑦, 𝑥): = [𝑥, 𝑦]

#(2.3)  

such that ∀𝑥, 𝑦 ∈ ℋ, ad𝑥(𝑦): =  𝐿𝑥 + 𝑅𝑥 (𝑦). 

Definition 2.2[7] A hom-Mock Lie algebra is a triple  𝔤, [, ]𝔤, 𝛼𝔤  consisting of a vector space 𝔤, an algebra 

homomorphism 𝛼𝔤: 𝔤 → 𝔤, and a symmetric bilinear map [⋅,⋅]𝔤: 𝔤 ⊗ 𝔤 → 𝔤 satisfying the following relation, for all 

𝑥, 𝑦, 𝑧 ∈ 𝔤 : 

 𝛼𝔤(𝑥), [𝑦, 𝑧]𝔤 𝔤 +  𝛼𝔤(𝑦), [𝑧, 𝑥]𝔤 𝔤 +  𝛼𝔤(𝑧), [𝑥, 𝑦]𝔤 𝔤 = 0. #(2.4)  

Definition 2.3 A representation of a hom-Mock Lie algebra ( 𝔤, [, ]𝔤, 𝛼𝔤 ) on a vector space 𝑉 with respect to 

𝜓 ∈ 𝔤𝔩(𝑉) is a linear map 𝜌: 𝔤 → gl(𝑉) such that for all 𝑥, 𝑦 ∈ 𝔤, the following relations: 

𝜌 𝛼𝔤(𝑥) ∘ 𝜓 = 𝜓 ∘ 𝜌(𝑥), #(2.5)

𝜌 [𝑥, 𝑦]𝔤 ∘ 𝜓 = −𝜌 𝛼𝔤(𝑥) ∘ 𝜌(𝑦) − 𝜌 𝛼𝔤(𝑦) ∘ 𝜌(𝑥)#(2.6)
 

are satisfied. 

Proposition 2.4 Let (ℋ, 𝛼) be a hom-anticenter-symmetric algebra. The following conditions are satisfied: 

 The anticommutator[𝑥, 𝑦]: = 𝑥𝑦 + 𝑦𝑥 defines a hom-Mock Lie algebra 𝒢(ℋ)𝛼 : = (ℋ, [ , ], , 𝛼). 

 The couple (ad: = 𝐿 + 𝑅, 𝛼) gives a regular representation of the sub-adjacent hom-Mock Lie algebra 

𝒢(ℋ)𝛼 . 

Proof.Let (ℋ, 𝛼, 𝜇) be ahom-anticenter-symmetric algebra. It is easy to see that the anticommutator[, ]𝜇  associated 

to 𝜇 is bilinear and symmetric on ℋ. For all𝑥, 𝑦, 𝑧 ∈ ℋ, we have: 

 𝛼(𝑥), [𝑦, 𝑧]𝜇  𝜇 +  𝛼(𝑦), [𝑧, 𝑥]𝜇  𝜇 +  𝛼(𝑧), [𝑥, 𝑦]𝜇  𝜇 = [𝛼(𝑥), 𝜇(𝑦, 𝑧) + 𝜇(𝑧, 𝑦)]𝜇

+ [𝛼(𝑦), 𝜇(𝑧, 𝑥) + 𝜇(𝑥, 𝑧)]𝜇 + [𝛼(𝑧), 𝜇(𝑥, 𝑦) + 𝜇(𝑦, 𝑥)]𝜇 = [𝛼(𝑥), 𝜇(𝑦, 𝑧)]𝜇
 

+[𝛼(𝑦), 𝜇(𝑧, 𝑥)]𝜇 [𝛼(𝑧), 𝜇(𝑥, 𝑦)]𝜇 + [𝛼(𝑥), 𝜇(𝑧, 𝑦)]𝜇 − [𝛼(𝑦), 𝜇(𝑥, 𝑧)]𝜇 + [𝛼(𝑧), 𝜇(𝑦, 𝑥)]𝜇
= 𝜇(𝛼(𝑥), 𝜇(𝑦, 𝑧)) + 𝜇(𝛼(𝑦), 𝜇(𝑧, 𝑥)) + 𝜇(𝛼(𝑧), 𝜇(𝑥, 𝑦)) + 𝜇(𝛼(𝑥), 𝜇(𝑧, 𝑦))

+𝜇(𝛼(𝑦), 𝜇(𝑥, 𝑧)) + 𝜇(𝛼(𝑧), 𝜇(𝑦, 𝑧)) + 𝜇(𝜇(𝑦, 𝑧), 𝛼(𝑥)) + 𝜇(𝜇(𝑧, 𝑥), 𝛼(𝑦))

+𝜇(𝜇(𝑥, 𝑦), 𝛼(𝑧)) + 𝜇(𝜇(𝑧, 𝑦), 𝛼(𝑥)) + 𝜇(𝜇(𝑥, 𝑧), 𝛼(𝑦)) + 𝜇(𝜇(𝑦, 𝑥), 𝛼(𝑧))

= {𝜇(𝛼(𝑥), 𝜇(𝑦, 𝑧)) + 𝜇(𝜇(𝑥, 𝑦), 𝛼(𝑧))} + {𝜇(𝛼(𝑦), 𝜇(𝑧, 𝑥)) + 𝜇(𝜇(𝑦, 𝑧), 𝛼(𝑥))}

+{𝜇(𝛼(𝑧), 𝜇(𝑥, 𝑦)) + 𝜇(𝜇(𝑧, 𝑥), 𝛼(𝑦))} + {𝜇(𝛼(𝑥), 𝜇(𝑧, 𝑦)) + 𝜇(𝜇(𝑥, 𝑧), 𝛼(𝑦))}

+{𝜇(𝛼(𝑦), 𝜇(𝑥, 𝑧)) + 𝜇(𝜇(𝑦, 𝑥), 𝛼(𝑧))} + {𝜇(𝛼(𝑧), 𝜇(𝑦, 𝑥)) + 𝜇(𝜇(𝑧, 𝑦), 𝛼(𝑥))}

= {𝜇(𝛼(𝑥), 𝜇(𝑦, 𝑧)) + 𝜇(𝜇(𝑥, 𝑦), 𝛼(𝑧))} + {𝜇(𝛼(𝑧), 𝜇(𝑦, 𝑥)) + 𝜇(𝜇(𝑧, 𝑦), 𝛼(𝑥))}

+{𝜇(𝛼(𝑦), 𝜇(𝑧, 𝑥)) + 𝜇(𝜇(𝑦, 𝑧), 𝛼(𝑥))} + {𝜇(𝛼(𝑥), 𝜇(𝑧, 𝑦)) + 𝜇(𝜇(𝑥, 𝑧), 𝛼(𝑦))}

+{𝜇(𝛼(𝑧), 𝜇(𝑥, 𝑦)) + 𝜇(𝜇(𝑧, 𝑥), 𝛼(𝑦))} + {𝜇(𝛼(𝑦), 𝜇(𝑥, 𝑧)) + 𝜇(𝜇(𝑦, 𝑥), 𝛼(𝑧))}

=  𝛼(𝑥), [𝑦, 𝑧]𝜇  𝜇 +  𝛼(𝑦), [𝑧, 𝑥]𝜇  𝜇 +  𝛼(𝑧), [𝑥, 𝑦]𝜇  𝜇 = 0.
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Then, for all 𝑥, 𝑦, 𝑧 ∈ ℋ, the following equality holds 

 𝛼(𝑥), [𝑦, 𝑧]𝜇  𝜇 +  𝛼(𝑦), [𝑧, 𝑥]𝜇  𝜇 +  𝛼(𝑧), [𝑥, 𝑦]𝜇  𝜇 = 0. 

 Hence,𝒢(ℋ)𝛼  is a hom-Mock Lie algebra. 

 

Remark 2.5 The hom-Mock Lie algebra 𝒢(ℋ)𝛼 : = (ℋ, [ , ], , 𝛼) defined in the Proposition 2.4 is called the sub-

adjacent hom-Mock Lie algebra of (ℋ, 𝛼), and (ℋ, 𝛼) is the compatible hom-anticenter-symmetric algebra structure 

on the hom-Mock Lie algebra 𝒢(ℋ)𝛼 . 

Bimodule and matched pair of hom-anticenter-symmetric algebras 

 

Definition 3.1 Let a hom-anticenter-symmetric algebra (𝓗,𝜶), a vector space 𝑽, two linear maps 𝒍, 𝒓:𝓗 → 𝖌𝖑(𝑽), 

and 𝝋 ∈ 𝖌𝖑(𝑽). The system(𝒍, 𝒓, 𝑽, 𝝋) is called bimodule of the hom-anticenter-symmetric algebra (𝓗,𝜶) if for all 

𝒙, 𝒚 ∈ 𝓗and 𝒗 ∈ 𝑽, 
𝝋 ∘ 𝒍𝒙 = 𝒍𝜶(𝒙) ∘ 𝝋,𝝋 ∘ 𝒓𝒙 = 𝒓𝜶(𝒙) ∘ 𝝋, #(𝟑. 𝟏)

𝒍𝜶(𝒙) ∘ 𝒍𝒚 + 𝒍𝒙𝒚 ∘ 𝝋 = −𝒓𝒚𝒙 ∘ 𝝋 − 𝒓𝜶(𝒙) ∘ 𝒓𝒚, #(𝟑. 𝟐)

𝒍𝜶(𝒙) ∘ 𝒓𝒚 + 𝒓𝜶(𝒚) ∘ 𝒍𝒙 = −𝒍𝜶(𝒚) ∘ 𝒓𝒙 − 𝒓𝜶(𝒙) ∘ 𝒍𝒚. #(𝟑. 𝟑)

 

For𝜶 = 𝐢𝐝, we  obtain the classicalanticenter-symmetric algebra structure on the semi-direct vector space 𝓗⊕𝑽 is 

given in [7].  

Proposition 3.2 Let (𝓗,𝜶) be a hom-anticenter-symmetric algebra, 𝑽 a vector space, 𝒍, 𝒓:𝓗 → 𝖌𝖑(𝑽) two linear 

maps, and 𝝋 ∈ 𝖌𝖑(𝑽). Then,(𝝋, 𝒍, 𝒓, 𝑽) is a bimodule of the hom-anticenter-symmetric algebra (𝓗,𝜶) if and only if 

(𝓗⊕𝑽,∗, 𝜶⊕ 𝝋) is a hom-anticenter-symmetric algebra, where ∗ and 𝜶⊕𝝋 are defined as follows: for all 

𝒙, 𝒚 ∈ 𝓗,𝒖, 𝒗 ∈ 𝑽, 
 𝒙 + 𝒖 ∗  𝒚 + 𝒗 = 𝒙𝒚 + 𝒍 𝒙 𝒗 + 𝒓 𝒚 𝒖,

 𝜶 ⊕𝝋  𝒙 + 𝒖 = 𝜶 𝒙 + 𝝋 𝒖 .
 

Proof. 

For all 𝒙, 𝒚, 𝒛 ∈ 𝓗and 𝒖, 𝒗,𝒘 ∈ 𝑽, using the relations (3.1), we have: 

(𝜶⊕ 𝝋)((𝒙 + 𝒖) ∗ (𝒚 + 𝒗))= (𝜶⊕𝝋) 𝒙𝒚 + 𝒍𝒙𝒗 + 𝒓𝒚𝒖 = 𝜶(𝒙𝒚) + 𝝋 𝒍𝒙𝒗 + 𝝋 𝒓𝒚𝒖 

= 𝜶(𝒙)𝜶(𝒚) +  𝝋 ∘ 𝒍𝒙 𝒗 +  𝝋 ∘ 𝒓𝒚 𝒖

= 𝜶(𝒙)𝜶(𝒚) + (𝒍 ∘ 𝜶(𝒙))𝝋(𝒗) + (𝒓𝜶(𝒚))𝝋(𝒖)

 

     = (𝜶(𝒙) + 𝝋(𝒖)) ∗ (𝜶(𝒚) + 𝝋(𝒗)). 
The antiassociator associated to the bilinear product ∗ gives: 

(𝒙 + 𝒖, 𝒚 + 𝒗, 𝒛 + 𝒘)−𝟏,𝜶⊕𝝋 = ((𝒙 + 𝒖) ∗ (𝒚 + 𝒗)) ∗ (𝜶⊕𝝋)(𝒛 + 𝒘)

+(𝜶⊕ 𝝋)(𝒙 + 𝒖) ∗ ((𝒚 + 𝒗) ∗ (𝒛 + 𝒘)) =  𝒙𝒚 + 𝒍𝒙𝒗 + 𝒓𝒚𝒖 ∗ (𝜶(𝒛) + 𝝋(𝒘))

+(𝜶(𝒙) + 𝝋(𝒖)) ∗  𝒚𝒛 + 𝒍𝒚𝒘 + 𝒓𝒛𝒗 = (𝒙𝒚)𝜶(𝒛) + 𝒍𝒙𝒚𝝋(𝒘) + (𝒓 ∘ 𝜶(𝒛)) 𝒍𝒙𝒗 + 𝒓𝒚𝒖 + 𝜶(𝒙)(𝒚𝒛)

+𝒓𝒚𝒛𝝋(𝒖) +  (𝒍 ∘ 𝜶(𝒙)) 𝒍𝒚𝒘 + 𝒓𝒛𝒗  = ((𝒙𝒚)𝜶(𝒛) + 𝜶(𝒙)(𝒚𝒛))

+ 𝒍𝒙𝒚 ∘ 𝝋 + (𝒍 ∘ 𝜶(𝒙)) ∘ 𝒍𝒚 𝒘 +  (𝒓 ∘ 𝜶(𝒛)) ∘ 𝒍𝒙 + 𝒍 ∘ 𝜶(𝒙)𝒓𝒛 𝒗 +  𝒓∘ ∘ 𝜶(𝒛)𝒓𝒚 + 𝒓𝒚𝒛 𝒖 = (𝒙, 𝒚, 𝒛)−𝟏,𝜶

+  𝒍𝒙𝒚 ∘ 𝝋 + (𝒍 ∘ 𝜶(𝒙)) ∘ 𝒍𝒚 𝒘 +  (𝒓 ∘ 𝜶(𝒛)) ∘ 𝒍𝒙 + (𝒍 ∘ 𝜶(𝒙)) ∘ 𝒓𝒛 𝒗 +  (𝒓 ∘ 𝜶(𝒛)) ∘ 𝒓𝒚 + 𝒓𝒚𝒛 𝒖.

 

Also, we have: 

(𝒛 + 𝒘, 𝒚 + 𝒗, 𝒙 + 𝒖)−𝟏,𝜶⊕𝝋 =(𝒛, 𝒚, 𝒙)−𝟏,𝜶 +  𝒍𝒛𝒚 ∘ 𝝋 + (𝒍 ∘ 𝜶(𝒛)) ∘ 𝒍𝒚 𝒖 +  (𝒓 ∘ 𝜶(𝒙)) ∘ 𝒍𝒛  

 +(𝒍 ∘ 𝜶(𝒛)) ∘ 𝒓𝒙 𝒗 +  (𝒓 ∘ 𝜶(𝒙)) ∘ 𝒓𝒚 + 𝒓𝒚𝒙 𝒘.
 

Using the relations (3.2) and (3.3), we have: 

(𝒙 + 𝒖, 𝒚 + 𝒗, 𝒛 + 𝒘)−𝟏,𝜶⊕𝝋 + (𝒛 + 𝒘, 𝒚 + 𝒗, 𝒙 + 𝒖)−𝟏,𝜶⊕𝝋 = (𝒙, 𝒚, 𝒛)−𝟏,𝜶 + (𝒛, 𝒚, 𝒙)−𝟏,𝜶

+  𝒍𝒛𝒚 ∘ 𝝋 + (𝒍 ∘ 𝜶(𝒛)) ∘ 𝒍𝒚 +  (𝒓 ∘ 𝜶(𝒛)) ∘ 𝒓𝒚 + 𝒓𝒚𝒛  𝒖 +   (𝒓 ∘ 𝜶(𝒛)) ∘ 𝒍𝒙 + (𝒍 ∘ 𝜶(𝒙)) ∘ 𝒓𝒛  

+  (𝒓 ∘ 𝜶(𝒛)) ∘ 𝒍𝒙 + (𝒍 ∘ 𝜶(𝒙)) ∘ 𝒓𝒛  𝒗 +   𝒍𝒙𝒚 ∘ 𝝋 + (𝒍 ∘ 𝜶(𝒙)) ∘ 𝒍𝒚 +  (𝒓 ∘ 𝜶(𝒙)) ∘ 𝒓𝒚 + 𝒓𝒚𝒙  𝒘

=𝟎.

 

Hence, (𝝋, 𝒍, 𝒓, 𝑽) is a bimodule of the hom-anticenter-symmetric algebra (𝓗,𝜶) if and only if the equations (3.1), 

(3.2), and (3.3) are satisfied. 

We denote the hom-anticenter-symmetric algebra (𝓗⊕𝑽,∗, 𝜶⊕ 𝝋) by 𝓗⋉𝒍,𝒓
−𝟏,𝜶,𝝋

𝑽 or simply by 𝓗⋉−𝟏 𝑽. 

 

Example 3.3 Let (𝓗,𝜶) be a hom-anticenter-symmetric algebra. (𝑳, 𝑹,𝓗, 𝜶)is a bimodule of (𝓗,𝜶). 
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Lemma 3.4 Let (𝝋, 𝒍, 𝒓, 𝑽) be a bimodule of a hom-anticenter-symmetric algebra (𝓗,𝜶). Then, we have: 

 (𝝆 = 𝒍 + 𝒓,𝝋) is a representation of the sub-adjacent hom-Mock Lie algebra 𝓖(𝓗) associated to (𝓗,𝜶); 

 For any representation (𝝆,𝝍), with 𝝆: 𝓖(𝓗) → 𝖌𝖑(𝓖(𝓗)), of the underlying hom-Mock Lie algebra 

(𝓖(𝓗), 𝜶) of the hom-anticenter-symmetric algebra (𝓗,𝜶), the triple (𝝆, 𝟎, 𝝍) is a bimodule of (𝓗,𝝍); 

 The hom-anticenter-symmetric algebras 𝓗⋉𝒍,𝒓
−𝟏,𝜶,𝝋

𝑽 and 𝓗⋉𝒍+𝒓,𝟎
−𝟏,𝜶,𝝋

𝑽 given by the bimodules (𝒍, 𝒓, 𝝋) and 

(𝒍 + 𝒓, 𝟎, 𝝋), respectively, have the same sub-adjacent hom-Mock Lie algebra given by the semidirect sum 

𝓖(𝓗) ⋉𝒍+𝒓
−𝟏,𝜶,𝝋

 V of the hom-Mock Lie algebra (𝓖(𝓗), 𝜶) and its representation (𝒍 + 𝒓, 𝜶, 𝑽) as: [𝒙 +

𝒖, 𝒚 + 𝒗] = [𝒙, 𝒚] + (𝒍 + 𝒓)(𝒙)𝒗 + (𝒍 + 𝒓)(𝒚)𝒖, ∀𝒙, 𝒚 ∈ 𝓗,𝒖, 𝒗 ∈ 𝑽. 

Proof. 

Let (𝝋, 𝒍, 𝒓, 𝑽) be a bimodule of a hom-anticenter-symmetric algebra (𝓗,𝜶). For all 𝒙, 𝒚, 𝒛 ∈ 𝓗and 𝒖, 𝒗,𝒘 ∈ 𝑽, we  

have : 

 (𝒍 + 𝒓)(𝜶(𝒙)) ∘ 𝝋 = 𝒍(𝜶(𝒙)) ∘ 𝝋 + 𝒓(𝜶(𝒙)) ∘ 𝝋 = 𝝋 ∘ 𝒍𝒙 + 𝝋 ∘ 𝒓𝒙 = 𝝋 ∘ (𝒍 + 𝒓)(𝒙). 

(𝒍 + 𝒓)([𝒙, 𝒚]) ∘ 𝝋 = (𝒍 + 𝒓)(𝒙𝒚) ∘ 𝝋 + (𝒍 + 𝒓)(𝒚𝒙) ∘ 𝝋 = 𝒍(𝒙𝒚) ∘ 𝝋 + 𝒓(𝒙𝒚) ∘ 𝝋 + 𝒍(𝒚𝒙) ∘ 𝝋

+𝒓(𝒚𝒙) ∘ 𝝋 = (𝒍(𝒙𝒚) + 𝒓(𝒚𝒙))𝝋 + (𝒍(𝒚𝒙) + 𝒓(𝒙𝒚))𝝋 = −(𝒍 ∘ 𝜶(𝒙)) ∘ 𝒍(𝒚) − (𝒓 ∘ 𝜶(𝒙)) ∘ 𝒓(𝒚)

−(𝒍 ∘ 𝜶(𝒚)) ∘ 𝒍(𝒙) − (𝒓 ∘ 𝜶(𝒚)) ∘ 𝒓(𝒙) = −(𝒍 ∘ 𝜶(𝒙)) ∘ 𝒍(𝒚) − (𝒓 ∘ 𝜶(𝒙)) ∘ 𝒓(𝒚) − (𝒍 ∘ 𝜶(𝒚)) ∘ 𝒍(𝒙)
−(𝒓 ∘ 𝜶(𝒚)) ∘ 𝒓(𝒙) − (𝒍 ∘ 𝜶(𝒙)) ∘ 𝒓(𝒚) − (𝒓 ∘ 𝜶(𝒚)) ∘ 𝒍(𝒙) − (𝒍 ∘ 𝜶(𝒚)) ∘ 𝒓(𝒙) − (𝒓 ∘ 𝜶(𝒙)) ∘ 𝒍(𝒚)

=−((𝒍 + 𝒓) ∘ 𝜶(𝒙)) ∘ (𝒍 + 𝒓)(𝒚) − ((𝒍 + 𝒓) ∘ 𝜶(𝒚)) ∘ (𝒍 + 𝒓)(𝒙).

 

Hence, (𝒍 + 𝒓,𝝋) is a representation of the sub-adjacent hom-Mock Lie algebra 𝓖(𝓗)𝜶 of the hom-anticenter-

symmetric algebra (𝓗,𝜶). 

 We know that(𝝆,𝝍) is a representation of 𝓖(𝓗)𝜶 and taking𝒓 = 𝟎, then the relations (3.1) and (3.3) are 

verified, and, in addition, we have, for all 𝒙, 𝒚 ∈ 𝓗, 

𝝆([𝒙, 𝒚]) ∘ 𝝍 = −𝝆(𝜶(𝒙)) ∘ 𝝆(𝒚) − 𝝆(𝜶(𝒚)) ∘ 𝝆(𝒙) 

which implies 

𝝆(𝒙𝒚) ∘ 𝝍 + 𝝆(𝜶(𝒙)) ∘ 𝝆(𝒚) = −𝝆(𝒚𝒙) ∘ 𝝍 − 𝝆(𝜶(𝒚)) ∘ 𝝆(𝒙). 
This is exactly the equation (3.2). 

 The anticommutator of the bilinear product defined as (𝒙 + 𝒖) ∗ (𝒚 + 𝒗): = 𝒙𝒚 + 𝒍𝒙𝒗 + 𝒓𝒚𝒖 is given by 

(𝒙 + 𝒖) ∗ (𝒚 + 𝒗) + (𝒚 + 𝒗) ∗ (𝒙 + 𝒖) = [𝒙, 𝒚] + (𝒍 + 𝒓)(𝒙)𝒗 + (𝒍 + 𝒓)(𝒚)𝒖 = [𝒙 + 𝒖, 𝒚 + 𝒗]. 
  

Definition 3.5 Let (𝓗,𝜶) be a hom-anticenter-symmetric algebra. The dual maps 𝒍∗, 𝒓∗ of the linear maps l, 

𝒓:𝓗 → 𝖌𝖑(𝑽) are defined, respectively, as: 

𝒍∗:𝓗 ⟶ 𝖌𝖑 𝑽∗ ,  𝒍𝒙
∗𝒖∗, 𝒗 : =  𝒖∗, 𝒍𝒙𝒗 ;                                                                 (3.4) 

𝒓∗:𝓗 ⟶ 𝖌𝖑 𝑽∗ ,  𝒓𝒙
∗𝒖∗, 𝒗 : =  𝒖∗, 𝒓𝒙𝒗 .                                                                (3.5) 

for all 𝒙 ∈ 𝓗,𝒖∗ ∈ 𝑽∗, 𝒗 ∈ 𝑽. 

 

Proposition 3.6 Consider(𝓗,𝜶) a hom-anticenter-symmetric algebra such that 𝜶𝟐 = 𝐢𝐝 and, 𝒍, 𝒓:𝓗 → 𝖌𝖑 𝑽 and 

𝝋:𝑽 → 𝑽,three linear maps, with𝑽 is a finite dimensional vector space. Then, the following statements are 

equivalent: 

 (𝒍, 𝒓, 𝝋, 𝑽)is a bimodule of 𝓗. 

  𝒓∗, 𝒍∗, 𝝋∗, 𝑽∗ is a bimodule of 𝓗. 

Proof. 

Consider a hom-anticenter-symmetric algebra (𝓗,𝜶) and two linear maps 𝒍, 𝒓:𝓗 → 𝖌𝖑(𝑽), with their dual maps 

𝒍∗, 𝒓∗ satisfying the relations (3.4) and (3.5). 

 On the one hand, let's suppose that (𝒍, 𝒓, 𝑽) is a bimodule of the hom-anticenter-symmetric algebra (𝓗,𝜶). 

For all 𝒙, 𝒚 ∈ 𝓗, 𝒗 ∈ 𝑽, and 𝒖∗ ∈ 𝑽∗, we have: 
  𝝋∗ ∘ 𝒓𝒙

∗ 𝒖∗, 𝒗 =  𝒓𝒙
∗𝒖∗, 𝝋(𝒗) =  𝒖∗, 𝒓𝒙𝝋(𝒗) 

=  𝒖∗, 𝝋 ∘ 𝒓𝜶(𝒙)𝒗 =  𝝋∗ 𝒖∗ , 𝒓𝜶(𝒙)𝒗 

  𝝋∗ ∘ 𝒍𝒙
∗ 𝒖∗, 𝒗 =  𝒍𝒙

∗𝒖∗, 𝝋(𝒗) =  𝒖∗, 𝒍𝒙𝝋(𝒗) 

=  𝒖∗, 𝝋 ∘ 𝒍𝜶(𝒙)𝒗 =  𝝋∗ 𝒖∗ , 𝒍𝜶(𝒙)𝒗 

 

Then, 

𝝋∗ ∘ 𝒍𝒙
∗ = 𝒍𝜶 𝒙 

∗ ∘ 𝝋∗, 𝝋∗ ∘ 𝒓𝒙
∗ = 𝒓𝜶 𝒙 

∗ ∘ 𝝋∗. 

Besides, 

 − 𝒓𝜶(𝒙)
∗ 𝒓𝒚

∗ − 𝒓𝒙𝒚
∗ ∘ 𝝋∗ 𝒖∗, 𝒗 =  𝒖∗,  −𝒓𝒚𝒓𝜶(𝒙) −𝝋 ∘ 𝒓𝒙𝒚 𝒗 =  𝒖∗,  −𝒓𝜶𝟐(𝒚)𝒓𝜶(𝒙) − 𝒓𝜶(𝒙𝒚) ∘ 𝝋 𝒗  
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=  𝒖∗,  −𝒓𝜶𝟐(𝒚)𝒓𝜶(𝒙) − 𝒓𝜶(𝒙)𝜶(𝒚) ∘ 𝝋 𝒗 

=  𝒖∗,  𝒍𝜶(𝒚𝒙) ∘ 𝝋 + 𝒍𝜶𝟐(𝒚)𝒍𝜶(𝒙) 𝒗 =  𝒖∗,  𝝋 ∘ 𝒍𝒚𝒙 + 𝒍𝒚𝒍𝜶(𝒙) 𝒗 

  −𝒓𝜶(𝒙)
∗ 𝒓𝒚

∗ − 𝒓𝒙𝒚
∗ ∘ 𝝋∗ 𝒖∗, 𝒗 =   𝒍𝒚𝒙

∗ ∘ 𝝋∗ + 𝒍𝜶(𝒙)
∗ 𝒍𝒚

∗ 𝒖∗, 𝒗 .

 

It follows that 
−𝒓𝜶(𝒙)

∗ 𝒓𝒚
∗ − 𝒓𝒙𝒚

∗ ∘ 𝝋∗ = 𝒍𝒚𝒙
∗ ∘ 𝝋∗ + 𝒍𝜶(𝒙)

∗ 𝒍𝒚
∗ . #(𝟑. 𝟔)

Taking𝜶𝟐 = 𝐢𝐝𝓗,we  obtain: 

  −𝒓𝜶(𝒙)
∗ 𝒍𝒚

∗ − 𝒍𝜶(𝒚)
∗ 𝒓𝒙

∗ 𝒖∗, 𝒗 =  𝒖∗,  −𝒍𝒚𝒓𝜶(𝒙) − 𝒓𝒙𝒍𝜶(𝒚) 𝒗 =  𝒖∗,  −𝒍𝜶𝟐(𝒚)𝒓𝜶(𝒙) − 𝒓𝜶𝟐(𝒙)𝒍𝜶(𝒚) 𝒗 

=  𝒖∗,  𝒍𝜶𝟐(𝒙)𝒓𝜶(𝒚) + 𝒓𝜶𝟐(𝒚)𝒍𝜶(𝒙) 𝒗 =  𝒖∗,  𝒍𝒙𝒓𝜶(𝒚) + 𝒓𝒚𝒍𝜶(𝒙) 𝒗 

=   𝒓𝜶(𝒚)
∗ 𝒍𝒙

∗ + 𝒍𝜶(𝒙)
∗ 𝒓𝒚

∗ 𝒖∗, 𝒗 .

 

Then, using 𝜶𝟐 = 𝐢𝐝𝓗, the relation 
−𝒓𝜶(𝒙)

∗ 𝒍𝒚
∗ − 𝒍𝜶(𝒚)

∗ 𝒓𝒙
∗ = 𝒓𝜶(𝒚)

∗ 𝒍𝒙
∗ + 𝒍𝜶(𝒚)

∗ 𝒓𝒙
∗#(𝟑. 𝟕)  

is satisfied. 

Finally, from the relations (3.6) and (3.7), we conclude that the triple  𝒓∗, 𝒍∗, 𝑽∗  is a bimodule of the hom-

anticenter-symmetric algebra (𝓗,𝜶). 

 On the other hand, suppose that  𝒓∗, 𝒍∗, 𝑽∗  is a bimodule of𝓗. Then, by a direct computation, we  show 

that (𝒍, 𝒓, 𝑽) is a bimodule of 𝓗. 

Hence, it is clear that(𝒍, 𝒓, 𝑽) is a bimodule of the hom-anticenter-symmetric algebra (𝓗,𝜶) if, and only if, the 

triple 𝒓∗, 𝒍∗, 𝑽∗ , where 𝒓∗, 𝒍∗ are given by the relations (3.4) and (3.5), respectively, is a bimodule of the hom-

anticenter-symmetric algebra (𝓗,𝜶) with 𝜶𝟐 = 𝐢𝐝𝓗. 

Theorem 3.7  Consider 𝓗,⋅, 𝜶𝓗  and  𝓑,∘, 𝜶𝓑  two hom-anticenter symmetric algebras. Suppose there are linear 

maps 𝒍𝓗, 𝒓𝓗:𝓗 → 𝖌𝖑(𝓑) and 𝒍𝓑, 𝒓𝓑: 𝓑 → 𝖌𝖑(𝓗) such that  𝒍𝓗, 𝒓𝓗, 𝜶𝓑  and  𝒍𝓑, 𝒓𝓑, 𝜶𝓗  are bimodules of the 

hom-anticenter-symmetric algebra 𝓗and 𝓑, respectively, satisfying the following conditions for all 𝒙, 𝒚 ∈ 𝓗 and 

𝒂, 𝒃 ∈ 𝓑 : 
 𝒍𝓑(𝒂)𝒙 ⋅  𝜶𝓗(𝒚) + 𝒍𝓑 𝒓𝓗(𝒙)𝒂  𝜶𝓗(𝒚) + 𝒍𝓑 𝜶𝓑(𝒂) (𝒙 ⋅ 𝒚) + 𝒓𝓑 𝜶𝓑(𝒂) (𝒚 ⋅ 𝒙)

+ 𝜶𝓗(𝒚) ⋅  𝒓𝓑(𝒂)𝒙 + 𝒓𝓑 𝒍𝓗(𝒙)𝒂  𝜶𝓗(𝒚) = 𝟎,
#(𝟑. 𝟖)  

 𝒓𝓑(𝒂)𝒙 ⋅  𝜶𝓗(𝒚) + 𝒍𝓑 𝒍𝓗(𝒙)𝒂  𝜶𝓗(𝒚) +  𝜶𝓗(𝒙) ⋅  𝒍𝓑(𝒂)𝒚 + 𝒓𝓑 𝒓𝓗(𝒚)𝒂  𝜶𝓗(𝒙) 

+ 𝒓𝓑(𝒂)𝒚 ⋅  𝜶𝓗(𝒙) + 𝒍𝓑 𝒍𝓗(𝒚)𝒂  𝜶𝓗(𝒙) +  𝜶𝓗(𝒚) ⋅  𝒍𝓑(𝒂)𝒙 + 𝒓𝓑 𝒓𝓗(𝒙)𝒂  𝜶𝓗(𝒚) = 𝟎,
#(𝟑. 𝟗)  

 𝒍𝓑 𝒙 𝒂 ∘  𝜶𝓑 𝒃  + 𝒍𝓗 𝒓𝓑 𝒂 𝒙  𝜶𝓑 𝒃  + 𝒍𝓗 𝜶𝓗 𝒙   𝒂 ∘ 𝒃 + 𝒓𝓗 𝜶𝓗 𝒙   𝒃 ∘ 𝒂  

+ 𝜶𝓑(𝒃) ∘  𝒓𝓗(𝒙)𝒂 + 𝒓𝓗 𝒍𝓑(𝒂)𝒙  𝜶𝓑(𝒃) = 𝟎                                                                                      (3.10) 
 𝒓𝓗(𝒙)𝒂 ∘  𝜶𝓑(𝒃) + 𝒍𝓗 𝒍𝓑(𝒂)𝒙  𝜶𝓑(𝒃) +  𝜶𝓑(𝒂) ∘  𝒍𝓗(𝒙)𝒃 + 𝒓𝓗 𝒓𝓑(𝒃)𝒙  𝜶𝓑(𝒂) 

+ 𝒓𝓗(𝒙)𝒃 ∘  𝜶𝓑(𝒂) + 𝒍𝓗 𝒍𝓑(𝒃)𝒙  𝜶𝓑(𝒂) +  𝜶𝓑(𝒃) ∘  𝒍𝓗(𝒙)𝒂 + 𝒓𝓗 𝒓𝓑(𝒂)𝒙  𝜶𝓑(𝒃) = 𝟎.
#(𝟑. 𝟏𝟏)  

Then, there exists a hom-anticenter-symmetric algebra structure on the vector space 𝓗⊕𝓑 given by: 
 𝒙 + 𝒂 ∗  𝒚 + 𝒃 =  𝒙 ⋅ 𝒚 + 𝒍𝓑 𝒂 𝒚 + 𝒓𝓑 𝒃 𝒙 +  𝒂 ∘ 𝒃 + 𝒍𝓗 𝒙 𝒃 + 𝒓𝓗 𝒚 𝒂 . #(𝟑. 𝟏𝟐)  

Proof. We have for all 𝒙, 𝒚, 𝒛 ∈ 𝓗and 𝒂, 𝒃, 𝒄 ∈ 𝓑 : 
 𝜶𝓗 + 𝜶𝓑 ((𝒙 + 𝒂) ∗ (𝒚 + 𝒃)) = 𝜶𝓗 𝒙 ⋅ 𝒚 + 𝒍𝓑(𝒂)𝒚 + 𝒓𝓑(𝒃)𝒙 + 𝜶𝓑 𝒂 ∘ 𝒃 + 𝒍𝓗(𝒙)𝒃 + 𝒓𝓗(𝒚)𝒂 

=𝜶𝓗(𝒙 ⋅ 𝒚) + 𝜶𝓗 𝒍𝓑(𝒂)𝒚 + 𝜶𝓗 𝒓𝓑(𝒃)𝒙 + 𝜶𝓑(𝒂 ∘ 𝒃) + 𝜶𝓑 𝒍𝓗(𝒙)𝒃 + 𝜶𝓑 𝒓𝓗(𝒚)𝒂 

= 𝜶𝓗(𝒙) ⋅ 𝜶𝓗(𝒚) + 𝒍𝓑 𝜶𝓑(𝒂) 𝜶𝓗(𝒚) + 𝒓𝓑 𝜶𝓑(𝒃) 𝜶𝓗(𝒙) +  𝜶𝓑(𝒂) ∘ 𝜶𝓑(𝒂) + 𝒍𝓗 𝜶𝓗(𝒙) 𝜶𝓑(𝒃) 

+ 𝒓𝓗 𝜶𝓗(𝒚) 𝜶𝓑(𝒂) =   𝜶𝓗(𝒙) +  𝜶𝓑(𝒂) ∗   𝜶𝓗(𝒚) +  𝜶𝓑(𝒃) ;    

 

and 
(𝒙 + 𝒂, 𝒚 + 𝒃, 𝒛 + 𝒄)−𝟏,𝜶𝓗⊕𝜶𝓑

= (𝒙, 𝒚, 𝒛)−𝟏,𝜶𝓗
+ (𝒙, 𝒚, 𝒄)−𝟏,𝜶𝓗⊕𝜶𝓑

+ (𝒙, 𝒃, 𝒛)−𝟏,𝜶𝓗⊕𝜶𝓑
+ (𝒙, 𝒃, 𝒄)−𝟏,𝜶𝓗⊕𝜶𝓑

+(𝒂, 𝒚, 𝒛)−𝟏,𝜶𝓗⊕𝜶𝓑
+ (𝒂, 𝒚, 𝒄)−𝟏,𝜶𝓗⊕𝜶𝓑

+ (𝒂, 𝒃, 𝒛)−𝟏,𝜶𝓗⊕𝜶𝓑
+ (𝒂, 𝒃, 𝒄)−𝟏,𝜶𝓑

.
 

Set 

(𝒙 + 𝒂, 𝒚 + 𝒃, 𝒛 + 𝒄)−𝟏,𝜶𝓗⊕𝜶𝓑
= −(𝒛 + 𝒄, 𝒚 + 𝒃, 𝒙 + 𝒂)−𝟏,𝜶𝓗⊕𝜶𝓑

. 

By a direct computation,we obtain the equations (3.8)-(3.11). 

We denote the hom-anticenter -symmetric algebra  𝓗⊕𝓑,∗, 𝜶𝓗 ⊕𝜶𝓑  by 

 𝓗 ⋈𝒍𝓑,𝒓𝓑

−𝟏,𝒍𝓗 ,𝒓𝓗 𝓑,𝜶𝓗 ⊕𝜶𝓑 . The system 𝒍𝓗, 𝒓𝓗, 𝒍𝓑, 𝒓𝓑, 𝜶𝓗, 𝜶𝓑,𝓗,𝓑 , where 𝒍𝓗, 𝒓𝓗, 𝒍𝓑, 𝒓𝓑, 𝜶𝓗 and 𝜶𝓑satisfy 

the conditions (3.8) –(3.11), is called a matched pair of the hom-anticenter -symmetric algebras 𝓗 and 𝓑. 



ISSN (O): 2320-5407                                                  Int. J. Adv. Res. 13(04), Apr-2025 1198-1204 
 

1203 
 

Definition 3.8 A matched pair of hom-Mock Lie algebras  𝓖,𝓗, 𝝆𝓖, 𝝆𝓗, 𝝋𝓖, 𝝋𝓗  consists of two hom-Mock Lie 

algebras  𝓖, [, ]𝓖, 𝝋𝓖  and  𝓗, [, ]𝓗, 𝝋𝓗 , together with the associated hom-Mock Lie algebra representations 

𝝆 𝓖 : 𝓖 → 𝖌𝖑 (𝓗) and 𝝆𝓗:𝓗→ 𝖌𝖑 (𝓖) defined with respect to 𝝋𝓗 and 𝝋𝓖 , respectively, satisfying the following 

relations 

𝝆𝓗 𝝋𝓗(𝒂 ) [𝒙 , 𝒚 ]𝓖 = − 𝝆𝓗 𝒂   𝒙  , 𝝋𝓖  𝒚   𝓖 −  𝝋𝓖  𝒙  , 𝝆𝓗 𝒂   𝒚   𝓖 ,

𝝆 𝓖  𝝋𝓖 (𝒙 ) [𝒂 , 𝒃 ]𝓗= − 𝝆 𝓖  𝒙   𝒂  , 𝝋𝓗 𝒃   𝓗−  𝝋𝓗 𝒂 , 𝝆 𝓖  𝒙   𝒃   𝓗.
 

 

Corollary 3.9 Let  𝓗,𝓑, 𝒍𝓗, 𝒓𝓗, 𝒍𝓑, 𝒓𝓑, 𝜶𝓗, 𝜶𝓑  be a matched pair of hom-anticenter-symmetric algebras  𝓗,⋅
, 𝜶𝓗 and  𝓑,∘, 𝜶𝓑 . Then,  𝓖(𝓗), 𝓖(𝓑), 𝒍𝓗 + 𝒓𝓗, 𝒍𝓑 + 𝒓𝓑, 𝜶𝓗, 𝜶𝓑  is a matched pair of hom-Mock Lie algebras 

𝓖(𝓗)𝜶𝓗
and𝓖(𝓑)𝜶𝓑

. 

Proof. 

From Lemma 3.4, it is obvious to see that 𝝆𝓖(𝓗): = 𝒍𝓗 + 𝒓𝓗, 𝜶𝓗, 𝓑  and  𝝆𝓖(𝓑): = 𝒍𝓑 + 𝒓𝓑, 𝜶𝓑,𝓗  are linear 

representations of the sub-adjacent hom-Mock Lie algebras  𝓖(𝓗),𝜶𝓗 and  𝓖(𝓑), 𝜶𝓑 , respectively.Moreover, the 

linear maps  𝝆𝓖 = 𝝆𝓖(𝓗), 𝝋𝓖 = 𝜶𝓗  and  𝝆𝓗 = 𝝆𝓖(𝓑), 𝝋𝓗 = 𝜶𝓑  satisfy the relations (3.13) and (3.14). 

Then, the hom-Jacobi identity (2.6 )condition associated to the underlying hom-Mock Lie algebra from the 

quadruple  𝓖(𝓗), 𝓖(𝓑), 𝒍𝓗 + 𝒓𝓗, 𝒍𝓑 + 𝒓𝓑, 𝜶𝓗, 𝜶𝓑  is equivalent to the relations (3.13) and (3.14). 

 

Theorem 3.10 Consider (𝓗,⋅, 𝜶) and  𝓗∗,∘, 𝜶∗  two hom-anticenter-symmetric algebras. 

 𝓗,𝓗∗, 𝑹.
∗, 𝑳.

∗, 𝑹∘
∗, 𝑳∘

∗, 𝜶, 𝜶∗ is a matched pair of hom-anticenter-symmetric algebras (𝓗,⋅, 𝜶) and  𝓗∗,∘, 𝜶∗  if, and 

only if, 𝓖(𝓗), 𝓖 𝓗∗ ,ℝ∗ + 𝑳.
∗, 𝑹∘

∗ + 𝑳∘
∗, 𝜶, 𝜶∗  is a matched pair of the hom-Mock Lie algebras 𝓖(𝑯)𝜶 and 

𝓖 𝑯∗ 𝜶∗. 

Proof. 

From Theorem 3.7, taking 𝓑 = 𝓗∗, 𝒍𝓗 = 𝑹.
∗, 𝒓𝓗 = 𝑳.

∗, 𝒍𝓑 = 𝑹∘
∗, 𝒓𝓑 = 𝑳𝟎

∗ , using Definition 3.8 by assuming that 

𝓖 𝓗 = 𝓖, 𝓖 𝓗∗ = 𝓗, 𝝆𝓖 = 𝑹.
∗ + 𝑳.

∗, 𝝆𝓗 = 𝑹∘
∗ + 𝑳∘

∗, 𝝋𝓖 = 𝜶, 𝝋𝓗 = 𝜶∗, and taking into account the relations 

(3.4) and (3.5), we establish the equivalence. 

 

Manin triple of hom-anticenter-symmetric algebras 

Definition 4.1 A Manin triple of hom-anticenter-symmetric algebras (𝓗,⋅, 𝜶) and  𝓑,∗, 𝜶′  is a triple (𝓗⊕
𝓑,𝓗,𝓑), together with a nondegenerate symmetric bilinear form 𝑺(⋅,⋅) on the hom-anticenter-symmetric algebra 

 𝓗⊕𝓑,⋆, 𝜶 ⊕ 𝜶′  such that 

 𝑺is invariant, 𝒊. e. for all 𝒙, 𝒚, 𝒛 ∈ 𝓗 and 𝒂, 𝒃, 𝒄 ∈ 𝓑, 
𝑺((𝒙 + 𝒂) ⋆ (𝒚 + 𝒃), (𝒛 + 𝒄))= 𝑺((𝒙 + 𝒂), (𝒚 + 𝒃) ⋆ (𝒛 + 𝒄)),

𝑺  𝜶⊕ 𝜶′ (𝒙 + 𝒂), 𝒚 + 𝒃 = 𝑺 𝒙 + 𝒂,  𝜶 ⊕ 𝜶′ (𝒚 + 𝒃) .
 

 The hom-anticenter-symmetric algebras 𝓗 and 𝓑 are isotropic hom-anticenter-symmetric algebras of 

𝑨⊕𝓑. 

In particular, consider(𝓗,⋅, 𝜶) is a hom-anticenter-symmetric algebra.Suppose, there exists a hom-anticenter-

symmetric algebra structure on its dual space 𝓗∗ denoted by  𝓗∗, 𝒐, 𝜶∗ . Then, there is a hom-anticenter-symmetric 

algebra on the direct sum of the underlying vector space of 𝓗 and its dual space 𝓗∗ such that  𝓗⊕𝓗∗,𝓗,𝓗∗  is 

the associated Manin triple with the invariant bilinear symmetric form given by 𝕭𝑯(𝒙 + 𝒂, 𝒚 + 𝒃) =< 𝒙, 𝒃 > +<
𝒚, 𝒂 > for all 𝒙, 𝒚 ∈ 𝓗 and 𝒂, 𝒃 ∈ 𝓗∗. It is called the standard Manin triple of the hom-anticenter-symmetric 

algebra 𝓗; <, > is a natural paring between algebra and its dual space. 

 

Proposition 4.2 Let (𝓗,⋅, 𝜶) and  𝓗∗,∘, 𝜶∗  be two hom-anticenter-symmetric algebras. Then, 

 𝓗,𝓗∗, 𝑹⋅
∗, 𝑳.

∗, 𝑹∘
∗, 𝑳∘

∗, 𝜶, 𝜶∗  is a matched pair of the hom-anticenter-symmetric algebras (𝓗,⋅, 𝜶) and  𝓗∗,∘, 𝜶∗  if 
and only if  𝓗⊕𝓗∗,𝓗,𝓗∗  is a standard Manin triple. 

Proof. 

Let us compute and compare the following relations: 𝑺𝓗((𝒙 + 𝒂) ∗ (𝒚 + 𝒃), (𝒛 + 𝒄)) and 𝑺𝓗((𝒙 + 𝒂), (𝒚 + 𝒃) ∗
(𝒛 + 𝒄))∀𝒙, 𝒚, 𝒛 ∈ 𝓗and ∀𝒂, 𝒃, 𝒄 ∈ ℋ∗.  We have: 
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𝑆ℋ((𝑥 + 𝑎) ∗ (𝑦 + 𝑏), (𝑧 + 𝑐))= 𝑆ℋ 𝑥𝑦 + 𝑅∘
∗(𝑎)𝑦 + 𝐿∘

∗(𝑏)𝑥 + 𝑎 ∘ 𝑏 + 𝑅⋅
∗(𝑥)𝑏 + 𝐿.

∗(𝑦)𝑎, 𝑧 + 𝑐 

=  𝑥𝑦 + 𝑅∘
∗(𝑎)𝑦 + 𝐿∘

∗(𝑏)𝑥, 𝑐 +  𝑧, 𝑎 ∘ 𝑏 + 𝑅⋅
∗(𝑥)𝑏 + 𝐿⋅

∗(𝑦)𝑎 

=  𝑥𝑦, 𝑐 +  𝑅∘
∗(𝑎)𝑦, 𝑐 +  𝐿∘

∗(𝑏)𝑥, 𝑐 +  𝑧, 𝑎 ∘ 𝑏 +  𝑧, 𝑅⋅
∗(𝑥)𝑏 

+ 𝑧, 𝐿.
∗(𝑦)𝑎 =  𝑥𝑦, 𝑐 +  𝑦, 𝑅𝑎(𝑐) +  𝑥, 𝐿𝑏(𝑐) +  𝑧, 𝑎 ∘ 𝑏 

+ 𝑅𝑥(𝑧), 𝑏 +  𝐿𝑦(𝑧), 𝑎 

=  𝑥𝑦, 𝑐 +  𝑦, 𝑐 ∘ 𝑎 +  𝑥, 𝑏 ∘ 𝑐 +  𝑧, 𝑎 ∘ 𝑏 +  𝑧𝑥, 𝑏 +  𝑦𝑧, 𝑎 .

𝑆ℋ((𝑥 + 𝑎), (𝑦 + 𝑏) ∗ (𝑧 + 𝑐))= 𝑆ℋ 𝑥 + 𝑎, 𝑦𝑧 + 𝑅∘
∗(𝑏)𝑧 + 𝐿∘

∗(𝑐)𝑦 + 𝑏 ∘ 𝑐 + 𝑅⋅
∗(𝑦)𝑐 + 𝐿.

∗(𝑧)𝑏 

=  𝑥, 𝑏 ∘ 𝑐 + 𝑅⋅
∗(𝑦)𝑐 + 𝐿⋅

∗(𝑧)𝑏 +  𝑦𝑧 + 𝑅∘
∗(𝑏)𝑧 + 𝐿∘

∗(𝑐)𝑦, 𝑎 

+ 𝑥, 𝑏 ∘ 𝑐 +  𝑥, 𝑅⋅
∗(𝑦)𝑐 +  𝑥, 𝐿.

∗(𝑧)𝑏 +  𝑦𝑧, 𝑎 +  𝑅∘
∗(𝑏)𝑧, 𝑎 

+ 𝐿∘
∗(𝑐)𝑦, 𝑎 =  𝑥, 𝑏 ∘ 𝑐 +  𝑅𝑦(𝑥), 𝑐 +  𝐿𝑧(𝑥), 𝑏 

+ 𝑦𝑧, 𝑎 +  𝑧, 𝑅𝑏(𝑎) +  𝑦, 𝐿𝑐(𝑎) 

=  𝑥, 𝑏 ∘ 𝑐 +  𝑥𝑦, 𝑐 +  𝑧𝑥, 𝑏 +  𝑦𝑧, 𝑎 +  𝑧, 𝑎 ∘ 𝑏 +  𝑦, 𝑐 ∘ 𝑎 .

 

It follows that 

𝑆ℋ  𝑥 + 𝑎 ∗  𝑦 + 𝑏 ,  𝑧 + 𝑐  = 𝑆ℋ  𝑥 + 𝑎 ,  𝑦 + 𝑏 ∗  𝑧 + 𝑐  . #(4.1)  

Hence, the invariance of the standard bilinear form on ℋ⊕ℋ∗. Therefore,  ℋ⊕ℋ∗,ℋ,ℋ∗  is the standard Manin 

triple of the hom-anticenter-symmetric algebras ℋand ℋ∗. 

 

Concluding Remarks 
In this work, we have introduced the hom-anticenter-symmetric algebras. Their bimodules, dual bimodules and 

matched pairs are established. The relation of the bimodules and matched pairs of hom-anticenter-symmetric 

algebras between those of hom-Mock Lie algebras is studied. Finally, the Manin triple of hom-anticenter-symmetric 

algebras is constructed. 
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