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The study of Fixed Point Theorem has been widely done in many 

fields. The Banach Fixed Point Theorem plays important role in this 

theory. It becomes milestone in the various paths in this field. 

In this paper we have discussed existence and uniqueness of fixed point 

in more general conditions. The concept of weak contraction mapping 

over contractive metric space is discussed. In general, for a function 

f: X → X to have a fixed point, weak contraction is not a sufficient 

condition for function. 

Additionally function needs to be a compact to have a fixed point. 

Banach contraction principle is one of the directive theorems in the 

analysis of the result. 
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1. Introduction:- 
The concept of weak contraction principle was firstly noted by Alber and Guerre – Delabriere [3] but in Banach 

Space. Later Rhoades [5] generalised the result of Banach Contraction Principle as contraction as a special case. 

 

The concept of weak contraction then further developed very interestingly by Boyd – Wong [6] in complete metric 

space. 

 

2. Preliminaries:- 

Definition 2.1: Metric Space:  

Let d: X →  X be the mapping then d is called metric on X if  

i)d(x, y) ≥ 0 

ii) d x, y = d(y, x) 

iii) d x, y = 0,   iff x = y 

iv) d x, y ≤ d x, z + d z, y , for ∀x, y ∈ X 

 

Theorem 2.1: Banach Contraction Theorem:  

Let (X,d) be the metric space then f: X → X is said to be a Lipschitz continuous if there exists λ ≥ 0, such that 

d f x1 , f x2  ≤ λd x1, x2 , ∀ x1, x2 ∈ X 

Where λ is called Lipschitz constant  

If λ ≤ 1 then f is called non expansive, 
 λ < 1 then 𝑓  𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑐𝑜𝑛𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 

Let f be a contraction mapping on complete metric space X, then f has unique fixed point x ∈ X 

Corresponding Author:- Ashwinkumar Raosaheb Chavan. 

Address:- Department of Humanities and Applied Sciences, SIES Graduate School of 

Technology, Nerul 
2
Department of Mathematics, D. S. M. College, Jintur 

http://www.journalijar.com/


ISSN: 2320-5407                                                                                      Int. J. Adv. Res. 5(2), 260-262 

261 

 

Definition 2.2: Complete Metric Space:  
If every Cauchy’s sequence in X converges to a limit x in X, then such metric space is called Complete Metric 

Space 

Definition 2.3: Identity Map:  

Let f: X → X and n ∈ N, then f n is the nth  iterate of f  n times then f n  is called identity map. 
Theorem 2.2:  

Let (X, d) be a metric space and f: X → X be a mapping. If f n  is a contraction mapping then f has unique fixed point 

x ∈ X, foe some n ≥ 1. 
Theorem 2.3: Weak contraction Principle:  

Let (X,d) be a metric space. Then f: X → X, is a weak contraction if, 

d f x1 , f x2  ≤ d x1 , x2 , ∀ x1 ≠ x2 and x1, x2 ∈ X 

Theorem 2.4: Boyed –Wong theorem:  

Let (X, d) be a complete metric space and f: X → X. Define  ψ:  0, ∞ → [0, ∞) as right continuous map such that 

d f x1 , f x2  ≤ ψ d x1, x2  , ∀ x1, x2 ∈ X 

Then f has unique fixed point      x ∈ X. 

Moreover for any x0 ∈ X, the sequence f n x0 converges to x  

 

3. Main Result:- 

Theorem 3.1: 

 Let (X,d) be a compact metric space and f be a weak contraction on X, . Then f has unique fixed point x ∈
X and f n x0  converges to x for some x0 ∈ X 
Proof: Let (X,d) be a compact metric space, then by Banach contraction principle 

We have 

f x  = lim f xn = lim xn+1 = x  

If not,   i.e.  

                f x  ≠ x , then   

d x , f x   = min x, f x   

≤ d(f x  , f(f x  )) 

                                                                                < 𝑑 x , f x   ,     which contradicts to the assumption. 

∴ x  is unique fixed point of f and so of f n (x) 

Now let x  ≠ x0 and define dn = d(f n x0 , x ) 

Then dn+1 = d(f n+1 x0 , f x   ) 

                  < 𝑑  f n x0 , x  =  dn  

Which implies that dn is strictly decreasing. And now let yk x0 be a subsequence of f n x0  

Which converges to y ∈ X then 

Define r = d y, x  =  limk→∞ dnk
 

  = limk→∞ dnk +1
 

  =limk→∞[ f(yk x0 ), x ] ( 
  = d f y , x  ,                                          but y = x = f x    
  = d f y , f(x  ) 

  < 𝑑 y, x   

∴ subsequence of f n has a limit x   
Since X is compact, it implies that f n x0  converges to x  

Which prove that imposing the condition of compactness of X, being a weak contraction of f becomes sufficient 

condition in order to have fixed point. 
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