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Introduction:-

Throughout , S represents a monoid with zero element . A nonempty set M is called a unitary right S-system
denoted by M, if there is a mapping f: M X S — M f(m,s) = ms such that : (1) m -1=m (2) m(st) = (ms)t for all m
€ M and s,te S, where 1 is the identity element of S . Similarly we define a unitary left S-system . Throughout this
work the basic S-system is a unitary right S-system . Let Mg, N; be S-systems . A mapping o : M — N is called S-
homomorphism in case a(ms) = a(m)s for all s € Sand m € M.

Let A, Mg be two S-systems . A, is called Ms-injective if given an S- monomorphism o : N — M where N is a
subsystem of M, and every S-homomorphism B : N — A ,can be extended to an S-homomorphism ¢ : Mg —A [7] .
An S-system A; is called injective if it is M-injective for all S-systems M . A is called quasi injective if it is A
injective .

An S-system M is called pseudo Ns- injective if each S-monomorphism from a subsystem of N into M extends to
an S-homomorphism from NgintoMs. An S-system M; is called pseudo injective if My is pseudo Ms-injective [8] .

In [5], V.S.Ramamurthi introduced the concept of finitely injective modules . This concept motivate us to consider
and study finitely injective systems relative to other S-systems as follows , an S-system M is called finitely N¢-
injective ( simply , F-Ns-injective) , if every homomorphism from a finitely generated subsystem of Ns to M
extends to an S-homomorphism of N into M; [6] . An S-system M is called finitely quasi injective( simply FQ-
injective) if M is F-Mg-injective system .

A subset A of an S-system M is called a set of generating elements of Miif every element m inMs can be presented
as m = as for some a € A, s €S . ThusM; is finitely generated if My = < A > for some | A| < oo, Where < 4 > is
the subsystem of M; generated by A([4], p.63) . An S-system N is called M¢-generated , where Mg is an S-system ,
if there exists an S-epimorphism a:M"—N, for some index set | . If | is finite , then N is called finitely M-
generated of M; [2].
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In [2] , the authors introduced and studied pseudo-injective S-systems and obtained some results .In this work , we
adopt generalizations of pseudo-injective and FQ-injective S-system .

Pseudo FinitelyQuasi Injective Systemsover Monoids:-

Definition(2.1):Let Mg and N, be two S-systems . M is called pseudo finitely Ng-injective (simply PF-N-injective )
if every monomorphism from a finitely generated subsystem of N; into M; extends to a homomorphism of N into
Ms . An S-system M is called pseudo finitely quasi-injective (simplyPFQ-injective) if My is PF-M-injective system
A monoid S is called right PF-injective if S is pseudo FQ-injective .

Example and Remarks(2.2):-

(1) Every pseudo- injective(quasi-injective , injective)S-system is pseudo FQ-injective .Let S be the monoid
{1,a,b,0} with ab = a® = a and ba= b’ =b , 0 is the zero element and 1 is the identity . S as a right S-system over
itself is not pseudo FQ- injective, in fact consider the subsystemN={0,a,b} and a be S-monomorphismfrom N into

S which defined by a(x) = {f)l igi f 2 } , and clearly a(0) = 0 .Then this S-monomorphism cannot be extended to
S-endomorphism of S .

(2) The converse of (1) is not true in general , for example : let R with usual multiplication be R-system over itself .
Then , take the basis {e1,€,,63,n1,n2,n3,N4} Of R with the following multiplication table :

€1 €2 €3 Ng Ny N3 Ny
€1 €1 0 0 0 0 N3 0
€2 0 (573 0 ny 0 0 Ny
€3 0 0 €3 0 Ny 0 0
ny ny 0 0 0 0 0 0
n, n, 0 0 0 0 0 0
N3 0 0 N3 0 0 0 0
Ny 0 0 Ny 0 0 0 0

Then for R-system M = e;R , the only five subsystems of M are(®) , N; = n;R, N,=n4R , N:@® N, =(n; , n;)R and M
. It is easy to show that n;R is not isomorphic to nsR , therefore M is not quasi injective and any monomorphism
from N;, N, orN;@® N, to M must be an inclusion map and hence can be lifted to identity map of M . This shows
that M is pseudo injective ( pseudo FQ-injective )

(3) It is clear that definition(2.1) is up to isomorphism . This means isomorphic system to pseudo FQ-injective is
pseudo FQ-injective .Also , if M is pseudo F-N;-injective with N;= N, then M is pseudo F-Ny-injective .

In the following theorem , we give characterizations of pseudo finitely quasi injective S-systems :

For an S-system M and fixed positive integers m and n . We write M™™ , for the set of all formal nxm matrices
whose entries are elements in M . We will write also M" = M¥™ and M, = M™?.

Theorem(2.3) : The following statements are equivalent for an S-system M; with T = Ends(M) :

(1) M is PFQ-injective .

(2)vs (=7 (y) ,wherex,yeM",ne Z" implies that Tx = Ty .

) IfxeMs,i=1,2,...,nand o, p: U;‘zlxis — M; are monomorphism, then there exists S-homomorphism o € T
such that a =g .

Proof : (1—-2) Let x,y€ M" wheren € Z* and X =(X; , X2, ..., X)), Y =(Y1, Y2 » ... » ¥n) . Define o: U, x,S—M; by
a(xs) = ys for each s € S. If xs = xs' for some s, s'€ S, , then (s,8) €y, (x) Sy, (v) which implies ys = ys’ and
hence a is well-defined and it is clear that o is S-monomorphism. By (1) , there exists ¢ € T such that gis an
extension ofa . For each i=1,2,...,n,y; = a(X;)) = a(X;) , S0y = ox and henceTy € Tx . By similar argument ,we get
Tx<S Ty and hence Tx =Ty.

804




ISSN 2320-5407 International Journal of Advanced Research (2016), Volume 4, Issue 5, 803-810

(2—3) Since a , p are monomorphism , thenySn (a(x)= Y, (BX)) . By (2) , we have Ta(x) = TB(x) , for each x € M".
So , a(x) = aB(x) forsomeo € T . Thusa =of .

(3—1) Take B : U™, x;S — M; to be the inclusion mapping in (3) .

Corollary(2.4) : The following statements are equivalent for a monoid S :

(1) S is aright PF-injective .

@ vs (=715 (B) ,wherea,pe S", n € Z" implies that So. = SP.

() IfaEesS,i=1,2,...,nand o,B:U",a,S — S are monomorphism , then there exists S-homomorphism b € S
such that o = b .

In the following theorem we get another form of theorem(2.3) . First , let M; be S-system . For all element x =(X; ,
..., Xn) EM" and o, B € T = End(Ms) ,define the following three sets :

Ac={yeM" |y, 0 =v, O}
Stx) ={BET| kerﬁO(Ui“:l(xiS x x;S)) = keraN(UL; (x;S X %,9))} ;
B, = {a € T| keraN(UL, (x;S X x;5)) = I,,s} . Where I is the trivial congruence on x;S for each i .

In fact A, (respectively S) is an equivalence class of the following equivalence relation on M" . For
X,y M*, x ~yiffy (x) = y, (y)andforx€ M" ,a,B €T, wesay o ~ B if and only if

keraﬂ(Ui“:l (%;S % xiS)) = kerBﬂ(U?zl (%;S % xiS)) .

Theorem(2.5) : Let M; be an S-system with T=End(M;) , the following conditions are equivalent:

(1)Ms is PFQ-injective ,

(2A, =B, x, forall xin M",

) IfA, =A, ,thenB,x=B,y,

(4) For every S-monomorphisma, p: U™, x;S — M, there exists S-homomorphism ¢ € T such that a = o .

Proof : (1-2) Lety = (y1, ... , Yn) € A, , this implies A, = A, , a: UL, xS — M is defined by a(xs) = ys . It is
obvious that o is well-defined and S-monomorphism . Since Mg is PFQ-injective , so by (1) , there exists ¢ € T such
that o extends o , then y= a(x) =o(x) , wherei=1,2,...,n,soy=o0x . Thismeansthat,V X =(X;, ..., Xp)
€ M" , we have y = a(x) = 6(X) =6 * X, so ¢ € B, (In fact, if (xs, xt) € kercﬂ(Ui“=1 (%3S x xiS)) ,sthen o(xs) =
o(xt) and xs=xt . So, kemﬂ(U{‘:l(xiS X xiS)) =lys) . Thus, A, € B, x. Conversely, if 6 x € Byx , then ¢ € B,
, that is kerosN(UL, (xS X x;5)) = I,s - Itis obvious that Y, x) c Vs, (ox) , since for (r,s) € Y, (%) , we have xr
= xs , since ¢ is well-defined , so o(xr) = o(xs) . Thus , 6(X)r = 6(x)s which implies that (r,s) € Y, (ox) . Now, if
o(xr) = o(xs) and (xr , xs) € keroN(UL; (xS X x;5)) = I;s , then xr =xs and (r.s) € y, (x). Hence , y, (o%) €
Vs, (x) . Then, Vs, (ox) = Vs, (x) . Therefore ,ox € A, and B, x C A, .

(2—3)LetA, = A, . Then, A, =By x ,A, =B, y.S0,Byx =B,y.

(3—4) Let a.: ULy xS — Msand B : UiL;%;S — M be S-monomorphisms . Then , for x= (X1, ..., xa) , v, (Bx) =
Vs, (ax) . Since, for (s,t) € Vs, (Bx) , then P(xs) = P(xt) . Since P is monomorphism , so xs = xt . Since a is well-
defined , so a(xs) = a(xt) . This means Y, (Bx) < Y, (ax). In similar way we can prove Ts, (ax) < Ts, (Bx) , which
implies A, = A, , then by(3) B,,ox = By px . Since kerlyN(a(xS) X a(xS)) = Iysy , SO 1y € By, . Then
ox € Bg,fx , so there exists ¢ € B, such that a =of .

(4—1)Let B =I5 be the inclusion map of U™, x,S in(4), so we obtain the required .

Proposition(2.6): Let M, be PFQ-injective S-system with T = End(My) . Then , for a € T , we have :
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S(OL,X) = BQXQUET(XiS X XiS) , VX € Mn

Proof : Let B € Se,y - Then , kerBN(URL; (xS X x;5)) = keraN(ULL; (xS X x;S)) . We claim that v, (ox) =
Y, (Bx) . In fact , if (s,t) € Y, (0x) , then a(xs) = a(xt) which implies (xs,xt) € keraN(UL, (xS X x;S)) and
(xs,xt) € kerpN (UL, (xS X x;,S)) which implies P(xs) = B(xt) and then P(x)s = B(x)t . Thus (s,t) € Y, Bx) .
Hence , ysn(ax) c ysn(Bx) , similarly we have Y, (Bx) < Y, (ax) and then we obtain Y, (ax) = Y, (Bx) . Then,
we have € A, . Since A, € B, ox , by theorem (2.5) , so B € B, ax and since B(xs) = B(xt) , where p € T, thus
B € tr (xS xxS)and then B € B, aUlr(x;S X x;S) . This means S,y S By alUlr (xS X x;S) (D).
Conversely , let B € B, aUlr (%S X x;S) . If B € L1 (x;S X x;,S) , s0 B € T and B(x;s) = B(xit) . If B € B,a , so there
exists ¢ € B, such that B = goa . Also , keroN (U™, (a(x;S) X a(x;S)) = lyx,s) and kerBN (UL, (a(x;S) x
a(xiS)) = Iyx,s) - Now, if (xs,xt) € keroaN (UM, (xS X x;S)) , then ga(xs) = ga(xt) . Hence (a(xs),a(xt)) €
keroN(UL, (a(xS) X a(x;S)) =1, . This implies that (xs,xt) € keraN(UL,(x;SxxS)) .Thus ,
kerBN (U™, (xS X x,S)) € keraN(U; (xS X x;,5)) ...(1) . If (xs,xt) € keraN(U™, (xS X X;S)) , s0 a(xs) =
a(xt) , since ¢ € T, 0 ga(xs) = ga(xt) which implies B(xs) = B(xt) and then (xs,xt) € kerpN(UL, (xS X x,5)).
Thus , keraN(U™, (x;S X %,5)) S kerpN (U™, (xS X x,S)) ...(2) . From (1) and (2) , we have keraN(U™, (x;S X
%;S)) = kerBN (UL, (x;S X x;S)) and then B € S,

Proposition(2.7) : Let My be PFQ-injective S-system with T = End (M) and € T, x € M" . Then :a € B, if and
Only if BX = BaXaUET(XiS X XiS) .

Proof : =) Let a€B, and f€Syy , so kerf N(UL, (%S x %)) = keraN(UL, (xS X x,S)) ,  but
keraN(U, (xS X x;S)) =I5, hence kerf N((UL, (xS X x;S)) = I,.s, which implies f € B, . Thus , S(,) = B,
, SO by proposition (2.6)B, = B,,aUlr(x;S X x;S) .

&) Assume that B, = B, aUlr(x;S X x;S)and a € T, a & B, . Then, we have keraﬂ((U}Ll(xiS X xiS)) # Iys
so there exists (xs,xt) € kerotﬂ(('U{‘=1 (xS x xiS)) with xs # xt , then a(xs) = a(xt) . Sincely € B, , SO
kerly N((UL, (xS X x;)) = I, s . But , since Sg,,y = B, = B, aUlr(x;S X x;S) , hence Iy € S,y , and then
keraN(UML, (x;S X x;8)) = kerly N(U; (x;S X x;S)) . Thus , keraN (U™, (x;S X x,S) = I, s which implies xs = xt
and this is a contradiction with xs # xt . This means that o & B, implies a contradiction. Thus , o € B, .

Proposition(2.8): Let Msbe a PFQ-injective S-system with T =End(Ms) and S, ) = BgcaUlr (xS X x;5) for all a
€Tandallxe M". If A, = Ay, , then B € B,aUlyp(x;S X x;S) .

Proof : Let A, = Ay, , then Vs, (ax) = Y, (Bx) . Let (xs,xt) € kera , so a(xs) = a(xt) where x EM" and st S, .
Then , a(x)s = a(x)t , so (s,t) € Y, (a(x)) =7, (B(x)) . This implies B(x)s= B(x)t and then PB(xs) = B(xt) , this
means (xs,xt) € kerp . Thus kera € kerf . Similarly for the other direction. Thus, kera = kerf . So ,
kerBN(UL,; (xS x x,S)) = keraN (UL, (x;S X x;S)) which implies S,y = S, , SO by hypothesis , we have
BuxaUlr (%S X x;S) = Bp UL (xS X x;S) . Since 1v€ Byy) . This means B = Iy * B €BgP , s0 BE
BpxBULT (x;S X %;S) = ByalUlr (x;S X x;S) , this implies B € B, aUly(x;S X x;S) .

The following proposition gives a condition under which subsystem of PFQ-injective inherit this property . Before
this , we need the following concept :

Recall that a subsystem N of S-system M is fully invariant of Mg if f(N) € N, for all f € Endy(Ms) [3] . An S-

system is called duo if each subsystem of it is fully invariant .

Proposition(2.9) : Every fully invariant subsystem of PFQ-injective system is PFQ-injective .
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Proof : Let M be PFQ-injective system and N be a fully invariant subsystem of M; . Let X be any finitely generated
subsystem of N and f be S-monomorphism from X into N . Since My is PFQ-injective system , so there exists an S-
endomorphism g of M such that goiyoix = inyof , where ix and iy are the inclusion maps of X into N and N into M,
respectively . As N is fully invariant in Ms, so g(N) € N . Putg|y =h, then, ¥V X € X, we have (hoix)(X) = g(X) =
(goinoix)(X) = (inof )(x) = f(x) . Therefore N is PFQ-injective system .

Recall that an S-system M; is called multiplication if every subsystem of Mg is of the form MI for some right ideal |
of S . It is clear that every subsystem of multiplication system is fully invariant [3] .

Corollary(2.10) : If My is PFQ-injective duo ( multiplication ) S-system , then every subsystem of M is PFQ-
injective .

Proposition(2.11) : Let Mand N, be two S-systems and N’ a subsystem of N; . If M is PFN,-injective
(respectively FNg-injective) , then :

(1) Every retract of My is PFN-injective (respectively FN-injective ) .
(2) M is PFN'-injective (respectively FN'-injective ).

Proof :(1) Let My = M@ Mand K befinitely generated subsystem ofN and f be S-monomorphism (resp.
homomorphism) ofK into M; . Since M is PF-Ng-injective (resp. FNs-injective ) , so (jiof ) where j; is injection of
M; into M extends to S-homomorphism g of N, into M such that goix =j;of. Put g’ (= ;9) : Ny — My, where m;be
the projection map of M into M , then g/oix = 7, 0g0ix = m;0j10f = Iy, of = f. Thus f extends to S-homomorphism
g’ and M, is PF-Ns-injective system .

(2) Itis obvious .
The following corollaries is immediately from above proposition :
Corollary(2.12): Retract of PFQ-injective system is PFQ-injective .

Corollary(2.13) : Let N be any subsystem of S-system Ms . If N is PF-Ms-injective , then N is pseudo finitely
injective .

Proposition(2.14) : Let Ms = M;@®M,be the direct sum of subsystems M; , M, . If M, is PF-M;-injective , then for
each finitely generated subsystem N of Mg with NNM; =® , N N M, = @, there exists a subsystem M’ of M, such
that M = M'@® M,and N is subsystem of M’ .

Proof : Let ;: Mg — M; , where i = 1,2 denoted the projection mapping and o = m; IN s B=m|x - Then, aand B
are two S-monomorphisms . By assumption , there exists an S-homomorphism ¢ : M; — M, such that ¢oo. = . Let
M = { (x, o) | x € M} . It is easy to check that Ms = M'® M, and N is a subsystem of M’ .

Proposition(2.15) : Let Msand N, be two S-systems . Let Ngbe finitely generated subsystem of S-system M. Then
Nsis PF-Mg-injective if and only if every monomorphism f : Ny — M; split .

Proof : Assume that N is PF-Ms-injective system and f : N; — M; be monomorphism , then by PF-Mg-injective of
Ns , there exists an S-homomorphism g : My — N; such that gof = Iy . Since Ne= f(Ns) , so f(Ny) is a retract of M.
Conversely , assume that A is finitely generated subsystem of M; . Then , by assumption the monomorphism
(inclusion map ) ia of A into M split, this means there exists w : Ms — A such that woia = Ia. Now , for S-
monomorphism f: A — Ng, set set g (= fow) : Mg — Ngwhich implies that goia = f owoia = fola =f . Thus Ng is
PF-M-injective system .

Corollary(2.16) : Let N be a finitely generated subsystem of an S-system M . If Ng is PF-Mg-injective system ,
then N; is a retract of M .
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Corollary(2.17) : Let My be PFQ-injective S-system . Then , every finitely generated subsystem of M which is
isomorphic to Ms is a retract of M; .

Definition(2.18) : An S-system M; is called FC; if every finitely generated subsystem of M; that is isomorphic to a
retract of Mis itself a retract of M .

Theorem(2.19) : Every PFQ-injective system satisfies FC, .

Proof : Let M be PFQ-injective S-system and A be a retract of Mg with A = B, where B is finitely generated
subsystem ofM; . Let f be S-isomorphism from B into A, then f is S-monomorphism from B into M . Since Ais a
retract of M, so by proposition (2.11)(1) A is PF-M.-injective system . By example and remarks (2-2)(2) , since A =
B, so B is PF-Ms-injective system . Then , by proposition (2.15) f is split and by corollary (2.16) B is a retract of M,
and so M satisfies FC, — condition .

Proposition(2.20) : Let M be an S-system and {N;};c, be a family of S-systems , where 1 is finite index set . Then
;¢ N; is pseudo finitely M-injective if and only if for each i € I , N; is pseudo finitely M-injective system .

Proof:=)Put Ng = IT;g,N; , assume that N is PF-M-injective S-system and A is a finitely generated subsystem of
M. Let f be an S-monomorphism of A into N;. Since N is PF-Mg-injective , so there exists S-homomorphism

g : Mc—N; such that goia = jiof, where j; is the injection map of N; into Ng and i, is the inclusion map of A into M;.
Now , let m; be the projection map of N onto N;. Puth(=m;0g): M; — Nj, then Va € A , (hoip)(a) = (r;0g0ia)(a) =
(m;0jiof)(a) = f(a). Thus N; is PF-M-injective system.

<) Assume that N; is PF-Mg-injective for each i € I . Let A be finitely generated subsystem of M and f be an S-
monomorphism of A into N . Since N; is PF-Mg-injective S-system, so there exists S-homomorphism B; : My —
Nisuch that Bioia = m;0f, where i be the inclusion map of A into M. Now, define an S-homomorphism B (=jiof3;) :
Ms — N, then Boia = jioPioia = ji om;of = f . Therefore, Ns is PFM.-injective system .

Corollary (2.21) : Let M, and N; be S-systems , where i € | and | is finite index set . If @;¢N; is PF-M.-injective
forall i € I, then N;is PF-Ms-injective .

Proposition(2.22) : If Mg is pseudo finitely injective S-system and T = End(Ms) , then TA = TB for each
isomorphic subsystems A and B of M.

Proof : By assumption there exists an S-isomorphism o : A — B, let b € B so there exists a € A such that a(a)=b .
Forste S, ifas=at , sobs =Dt , which implies that y_(a) < y,(b) . Since Mis pseudo finitely injective (or PFQ-
injective ) , then by theorem (2.3) , Tb € Taand hence Tbh € TAV b€ B. Thus TB < TA . Similarly , we can
prove TA € TB. Therefore TA=TB.

As an immediate consequence of above proposition , we have the following result :
Corollary(2.23): If S is pseudo finitely injective monoid and A , B are two isomorphic ideal of S, then A=B.

Recall that two S-systems M; and N are mutually finitely injective (respectively PF-injective ) if M is finitely Ng-
injective (respectively PF-Ns-injective ) and N is finitely M-injective (resp. PF-Ms-injective ) [6] .

Theorem(2.24) : If Mi@® M, is PFQ-injective system , then M; and M, are mutually F-injective system . In
particular , if My is S-system such that M @ M is PFQ-injective , then M is FQ-injective .

Proof : Let Mi® M, be PFQ-injective system . Let X be any finitely generated subsystem of M, and f be S-
homomorphism from X into M; . Define a:X — M;® M, by a(x) = (f(x),x) , V X € X, then it is clear that o is
monomorphism ( in fact for a(x;) = a(x,) , then we have (f(x1),x1) = (f(x2),X2) , s0 f(x1) = f(x,) with x; =%, ) . By
proposition (2.11)(2) , M1® M, is PF-My-injective , so o extends to S-homomorphism g : M, — M@ M,. If my :
M;:® M, — M is the natural projection , then h(= r;9): M, — M; is S-homomorphism extending f . Consequently
, My is F-Mp-injective system .
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The proof of the following corollary is immediately from above theorem and proposition (2.11) :

Corollary(2.25): If @, M; is PFQ-injective system , then M; is F-Mx-injective for all distinctj , k€ 1.

Relation among Pseudo FQ-Injective S-systems with other Classes of Injectivity :

The following proposition explain under which condition on pseudo finitely N-injective for each S-system Ngto be
injective :

Proposition(3.1) : Let M, be a finitely generated S-system . Then M is injective system if and only if My is pseudo
finitely Ns-injective for each S-system N.

Proof : =) Itis obvious .

<) Let E = E(My)be the injective hull of S-system Mg . Then M is a finitely generated subsystem in M(@E (M) .
Leti: Ms — E(Ms) be the inclusion mapping , j : E(Ms) —» M@ E(M,) the natural injection and Iy : My — M, the
identity mapping . Since M; is PF-M#@E(M;) — injective , so this implies that Iy can be extended to S-
homomorphism f : M@ E(M;s) — M; .This meansM; is a retract of E(Ms) and since E(M) is injective , so My is
injective .

As a particular case of above proposition , we have the following corollary :
Corollary(3.2) : A monoid S is self-injective if and only if S is pseudo finitely S-injective S-system .

The following proposition explain under which condition on pseudo finitely quasi injective to be injective , but
before this we need the following concept :

Definition(3.3) : An S-system M is said to be weakly injective if for every finitely generated subsystem N of
E(M;) ,we have N € X € E(M,) for some X = M.

Proposition(3.4) : Let M, be a finitely generated system . Then M;s is injective system if and only if Mg is weakly
injective and PFQ-injective .

Proof : =)lt is obvious .

<) It is enough to prove that Ms = E(M;) . Let x € E(Ms), so MU xS is finitely generated . As Ms is weakly
injective , so there exists subsystem X of E(Ms) such that MU xS € X = M. Since M, is PFQ-injective system , so
X is also PFQ-injective by Example and Remarks (2.2)(2) . By theorem(2.19) X is satisfy FC, and since My is
finitely generated subsystem of X , soMj is a retract of X . But Mg is N-large subsystem of E(M) , so Mg is N-large
in X . Therefore Mg = X, and X € M.

It is clear that every finitely quasi injective system (FQ-injective) is pseudo finitely quasi injective system (PFQ-
injective ) , but the converse is not true in general , the following proposition give under which condition for PFQ-
injective system to being FQ-injective , but we need the following concept and theorem :

Recall that a congruence pon an S-system M is called large congruence , if for every congruence o on M; with
a # Iy ( the trivial congruence) , we have aNp # Iy [2]. Then , an S-system M is called cog-reversible if each
congruence p on Mgwith p # Iy is large on M, where | is the trivial congruence on Mg[2] .

Theorem(3.5) [2]:Let M be a cog-reversible nonsingular S-system with €,,(s) = © for each s € S .Then M; is
pseudo injective system if and only if M is quasi injective .

Proposition(3.6) : Let M, be a cog-reversible nonsingular S-system with £,,(s) = © for each s € S . Then My is FQ-
injective system if and only if M; is PFQ-injective.
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Proof : Assume that an S-system M is PFQ-injective . Let N be finitely generated subsystem of M and f be S-
homomorphism from N into M. If f is S-monomorphism, then there is nothing to prove . Let f is not S-
monomorphism , then by the proof of theorem(3.5) , we get that f is zero map . Then , My is FQ-injective system .

The following proposition give a condition for PFQ-injective system to bepseudo injective , but we need the
following concept :

Recall that an S-system M is Noetherian if every subsystem of Mg is finitely generated . A monoid S is right
Noetherian if S is Noetherian . Equivalently , S is right Noetherian if and only if S satisfies the ascending chain
condition for right ideals.

The proof of the following proposition is immediately :

Proposition(3.7) : Let Mg be Noetherian S-system . Then Mjs is pseudo injective system if and only if M is PFQ-
injective .

Recall that an S-system A is called regular acts if and only if for any a € A the cyclic subsystem (S-cyclic) is
projective(corollary19.3) [4, p.301] .

Definition(3.8) : An S-system Ay is called pseudo regular if every finitely generated subsystem of A; is a retract of
As.

The following theorem is a generalization of theorem(10) in [8] and the proof is immediately by theorem(2.19) :

Theorem(3.9) : An S-system M is pseudo regular if and only if M, is PFQ-injective and every finitely generated
subsystem of M isomorphic to a retract of M; .
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