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Introduction:-
Triangular number ! is a number obtained by adding all positive integers less than or equal to a given positive
integer n, i.e..

To=n(n+1)/2

Factoriangular number ™ is defined as the sum of the first n natural numbers plus the factorial of n. i.e.,
Ft,=n(n + 1)/2 + n!

ParajalRail®! proved that there is no factoriangular number that is also factorial and also observed the patterns in
factoriangular number modulo n. Romer C. Castillo  presented several theorems, corollaries and some conjectures
for factoriangular numbers.

Here in this paper, we have defined new factoriangular numbers namely multiple factoriangular numbers and
established recurrence relations for these numbers. We have also described the nature of multiple factoriangular
numbers as an increasing function.

Multiple Factoriangular Numbers
A generalization of Factoriangular numbers is known as Multiple Factoriangular numbers and are defined as,
Fo(n,k) = (n* +3n*
Where Yn*=T,(k) and n,k ¢ N

Representation of Multiple Factoriangular Numbers
Representation of multiple factoriangular numbers by the sum of four squares and their number theoretic values are
shown in Table 1.
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Table 1:-Representation of Multiple Factoriangular Numbers

S.no Fyn,2) tFin.2)) $(F;(n.2)) aiFn.2)) Sum of four squares
1 2 2 1 3 174170740
2 g 3 3 13 35050707
3 50 5 20 93 552540740
4 606 8 200 1224 207+ 11%49%2°
5 14455 12 9744 20520 1057 +42%35%+217
6 513431 8 473760 565200 48374375 +3247+199°
7 25401740 35 7557120 53600384 420042378 +1266 47107
B 1625702604 24 541602240 3795336528 30306 +21208
+11610°+9598°
3 131681834685 64 59104972300 247354953984 2969947+175235°
+112660°+8768°
10 13163189440385 16 9028934630688 13060533083776 2895929°+1819756
+1104112%+501208
11 1593350922240506 32 £68533897241280 2807883958924300 38517331+7252704°
+5497720°45180327
12 229442532802560650 43 30484187713651200 432774774588542400 3432687007 +269764475
+194979255°+28624300°
13 38775763043632640819 36 20452848291426265344 £8935794733745372160 4116032037°+4075095000
+2283956031%+103537317°
14 7600054456551997441015 64 5191322176716231358080 10463232848830954536960 F0466243150 +55092399233
+29785417285 4635651749
15 1710012252724193424001240 256 £06410020032457302878720 4317113683080297387240000 794738734438 +751716887400°
+597059155914+396036213300"

Recurrence Relations for Multiple Factoriangular Numbers:-
The recurrence relation for multiple factoriangular numbers is given by
F(n+r,k+s) = (n+n)<*S.(n+r-1) . (n+r-2)<*. .. (n+1)***[F(n,k)-T(K)](n)°
+T4r(K) Thee(S) -2pem( + r)k(m + 1)’
Where, Fy(n,k) = (") +3n* , To(k)=>n"and I,m, € {1,2,...n} , r,s € W.

Proof: By the definition of multiple factoriangular numbers we have,
Fe(nk) = (n)* +>n*
Where Y'n* = T, (k)
Now, F (n+r.k+s) = ((n+r))* +> (n+r)**
= (n+0)<*S.(n+r-1) . (n+r-2)K*s (n+1)M*. ()M +3 (n+r)**
= (n+1)9*S.(n+r-1) . (n+r-2) ... (n+ 1) [Fy(n, K)- SnF](n!)* +3 (n+r)<s
= (N+1) . (n+r-1)K*.(n+r-2) <. ... (n+1)<[F(n,k)- To(K)](NY)°®
+Y(04) Y (040)° -y (L + D*(m + 1)
Fo(n+r,k+s) = (n+r)9.(n+r-1) (n+r-2)%*. . (n+ 1) *[Fy(n,k)-To(K)](n!)®
+Tn4r(K) . Trer(S) -2pem + r)k(m +1r)*

Particular cases

Case-1: If r =1, s = 0 then, the recurrence relation for multiple factoriangular numbers is given by,
Fi(n+1,K) = (n+1)[Fe(n,K)-Tn(K)+1]+Ta(K)

Where, F(n,k) = (n)* +>n*and T,(k)=>n"

Proof: The recurrence relation for multiple factoriangular numbers is given by
F(n+r,k+s) = (n+r)<*S (n+r-1) . (n+r-2)<*s. ... (n+ 1) S [Fy(n,k)-To(K)](N1)*
+Ter(K)  Thar(S) -2iaem( + r)k(m +1)°

Ifr=1,s=0then,
F(n+1,k) = (1+1) [F(n,K)-To(K)] +T141(K) .Tre1(0) ~Tpemn (1 + D*(m + 1)°

= (N+1) TR(nK)- T+ X 0+ )"

= (1) F(n.K)-To(R) T+ Yn* +(n+1)"

F(n+1,k) = (n+1) TF(n,K)-To(K)+ L]+ To(K).

Hence proved.
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Case-11:1f r = 0, s = 1 then, the recurrence relation for multiple factoriangular numbers is given by,
Fi(n,k+1)=nL.F(n,k) + Ty(K) (To(1)-N!) -Y1sm I“m
Where, F (k) = (n)*, To(k)=Ynand I,m, € {1,2,...n} ,r,s e W

Proof: The recurrence relation for multiple factoriangular numbers is given by
F(n+r k+s) = (n+r) . (n+r-1) . (n+r-2)<*...... (n+ 1) [F(n,K)-Ta(K)](n1)°
+Thae(K) Ter(S) — Zpem( + r)k(m +1)*

Ifr=0,s=1then,
Fi(nk+1) = (M) 4 To()To(2) Tiem *m

= nLIF(,K)-Z0+ To(K)To(2) -Xpern I¥m

=0l [F(nk)- To(K)] + Ta(K) To(1) -Tiem 1“m
Fi(n,k+1) = nLE(n,K) + To(K) (To(1)-n!) -Ypsm 1“m

Hence proved.

Nature of Multiple Factoriangular Numbers

Multiple Factoriangular numbers are given by the function,
Fo(n,k) = (N +3n*

Where an =T.(k)

There are three cases:
Case-l: n>n, k’=k
Fu@ k) =@ D" +3n

> ()X +xn*
= ()X +(1F+25+35+. . +n"+. +n°F)
> (n)¥+xn* = () +yn*

= Ft (n,k)
Hence Fi(n’.k”) >F;(n,k)

Case-Il: n’=n, k’>k
Fi(n'k’) = ()" +3n""
- (n!)k .(n!)k’-k +[1k+(k’—k) e N +n,k+(k’—k)]
> (N +(1425+3%+.....+n)
=F/(n,k)
Hence Fi(n’k’) >F¢(nk)

Case-I11: n’>n, k’>k , ’
Fi( k)= (@) +¥n* , R , ,
= (¥ (+1)5(n+2)" ..() +(@F+25 435+ 40"+ 40N

> ()" +¥n*

- (nl)k l(n!)k’-k +[1k+(k’-k)+2k+(k"-k)+3k+(k'—k)+. B n“_,’_nk-#(k'-k)]
> (n!)*+>n*

= Ft (nnk)
Hence Fe(n”k’) >Fi(nk)

It is clear that the multiple factoriangular number i.e, the function F (n,k) = (n!)* +>n’is strictly increasing as the
value of n and k increases.

Conclusion:-
The results for multiple factoriangular numbers are:
i) The recurrence relation for multiple factoriangular numbers is given by
F(n+r k+s) = (n+r) . (n+r-1) . (n+r-2)<*...... (n+ 1) [F(n,k)-Ta(K)](n)°
+Tha(K) Trer(S) -Xiem( + r)k(m +1)*
Where, F,(n,k) = (n)* +3n* T (k)=Yn*and I,m, € {1,2,...n} , r,;s € W.
Case-l: If r = 1, s = 0 then, the recurrence relation for multiple factoriangular numbers is given by
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F(n+1,k) = (n+1) [Fy(nK)-To(K)+1]+To(k)

Case-Il: If r =0, s = 1 then, the recurrence relation for multiple factoriangular numbers is given by
Fi(n,k+1)=nLF(n,k) + Tp(K) (To(1)-!) -Y1mg I¥m

i) Function Fy(n,k) = (n!)* +>n"is strictly increasing function.

References:-

1. Castillo,R.C. “On the Sum of Corresponding Factorials and Triangular Numbers: Some Preliminary Results”,
Asia Pacific Journal of Multidisciplinary Research (ISSN 2350-8442), Vol. 3, No. 4, November 2015 Part I, pp.
5-11.

Garge,A.S. and Shirali, “Triangular Numbers", Resonance, pp.672-681.

3. https://lwww.researchgate.net/publication/327069534.

N

451



