
ISSN: 2320-5407                                                                                      Int. J. Adv. Res. 6(9), 448-451 

448 

 

Journal Homepage: -www.journalijar.com 

 

 

 

 

Article DOI:10.21474/IJAR01/7694 

DOI URL: http://dx.doi.org/10.21474/IJAR01/7694 

 

RESEARCH ARTICLE 

 
REPRESENTATION & NATURE OF MULTIPLE FACTORIANGULAR NUMBERS. 

 

Swati bisht
1
 and Dr. Anand singh uniyal

2
. 

Department of Mathematics, M.B. (Govt.) P.G. College, Haldwani, Uttarakhand, (India). 

…………………………………………………………………………………………………….... 

Manuscript Info   Abstract 

…………………….   ……………………………………………………………… 
Manuscript History 

 

Received: 19 July 2018 

Final Accepted: 25 August 2018 

Published: September 2018 

 

Keywords:- 
Factoriangular numbers; 
Multiplefactoriangular numbers; 

Recurrence relation; Number theoretic 

functions. 

In this paper, we have defined multiple factoriangular numbers and 

found the values of number theoretic functions for multiple 

factoriangular numbers. The mathematical experimentations are used 

on multiple factoriangular numbers resulted to the establishment of 

recurrence relations for these numbers. Here we have also described the 

nature of multiple factoriangular numbers. 
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Introduction:- 
Triangular number 

[2]
 is a number obtained by adding all positive integers less than or equal to a given positive 

integer n, i.e.. 

Tn = n(n + 1)/2 

 

Factoriangular number 
[1]

 is defined as the sum of the first n natural numbers plus the factorial of n. i.e., 

Ftn = n(n + 1)/2 + n! 

 

ParajalRai
[3]

 proved that there is no factoriangular number that is also factorial and also observed the patterns in 

factoriangular number modulo n. Romer C. Castillo 
[2]

 presented several theorems, corollaries and some conjectures 

for factoriangular numbers.  

 

Here in this paper, we have defined new factoriangular numbers namely multiple factoriangular numbers and 

established recurrence relations for these numbers. We have also described the nature of multiple factoriangular 

numbers as an increasing function. 

 

Multiple Factoriangular Numbers 

A generalization of Factoriangular numbers is known as Multiple Factoriangular numbers and are defined as, 

Ft (n,k) = (n!)
k
 +∑n

k
 

Where ∑n
k
 = Tn(k) and n,k ϵ N 

 

Representation of Multiple Factoriangular Numbers 

Representation of multiple factoriangular numbers by the sum of four squares and their number theoretic values are 

shown in Table 1. 
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Table 1:-Representation of Multiple Factoriangular Numbers 

 
 

Recurrence Relations for Multiple Factoriangular Numbers:- 

The recurrence relation for multiple factoriangular numbers is given by 

Ft(n+r,k+s) = (n+r)
k+s

.(n+r-1)
k+s

.(n+r-2)
k+s

……. (n+1)
k+s

[Ft(n,k)-Tn(k)](n!)
s
 

                                                                                 +Tn+r(k) .Tn+r(s) -∑ (   ) (   )     

Where, Ft (n,k) = (n!)
k
 +∑n

k
 ,Tn(k)=∑n

k
 and l,m, ϵ {1,2,…n} , r,s ϵ W. 

 

Proof: By the definition of multiple factoriangular numbers we have, 

Ft (n,k) = (n!)
k
 +∑n

k
 

Where ∑n
k
 = Tn(k) 

Now, Ft (n+r,k+s) = ((n+r)!)
k
 +∑(n+r)

k+s
 

=  (n+r)
k+s

.(n+r-1)
k+s

.(n+r-2)
k+s

……. (n+1)
k+s

.(n!)
k+s

 +∑(n+r)
k+s

 

                              = (n+r)
k+s

.(n+r-1)
k+s

.(n+r-2)
k+s

……. (n+1)
k+s

[Ft(n,k)- ∑n
k
](n!)

s 
+∑(n+r)

k+s
 

                              = (n+r)
k+s

.(n+r-1)
k+s

.(n+r-2)
k+s

……. (n+1)
k+s

[Ft(n,k)- Tn(k)](n!)
s 

+∑(n+r)
k
∑(n+r)

s
 -∑ (   ) (   )     

          Ft (n+r,k+s) = (n+r)
k+s

.(n+r-1)
k+s

.(n+r-2)
k+s

……. (n+1)
k+s

[Ft(n,k)-Tn(k)](n!)
s
 

                                                                               +Tn+r(k) .Tn+r(s) -∑ (   ) (   )     

 

Particular cases 

Case-I: If r = 1, s = 0 then, the recurrence relation for multiple factoriangular numbers is given by, 

Ft(n+1,k) = (n+1)
k
[Ft(n,k)-Tn(k)+1]+Tn(k) 

Where, Ft (n,k) = (n!)
k
 +∑n

k
 and Tn(k)=∑n

k
 

 

Proof: The recurrence relation for multiple factoriangular numbers is given by 

Ft(n+r,k+s) = (n+r)
k+s

.(n+r-1)
k+s

.(n+r-2)
k+s

……. (n+1)
k+s

[Ft(n,k)-Tn(k)](n!)
s
 

                                                                                   +Tn+r(k) .Tn+r(s) -∑ (   ) (   )     

If r = 1, s = 0 then, 

Ft(n+1,k) = (n+1)
k  

[Ft(n,k)-Tn(k)] +Tn+1(k) .Tn+1(0) -∑ (   ) (   )     

                         = (n+1)
k
[Ft(n,k)- Tn(k)]+∑(n+1)

k
 

                         = (n+1)
k
[Ft(n,k)-Tn(k)]+ ∑n

k
 +(n+1)

k
 

         Ft(n+1,k) = (n+1)
k
[Ft(n,k)-Tn(k)+1]+Tn(k). 

Hence proved. 
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Case-II:If r = 0, s = 1 then, the recurrence relation for multiple factoriangular numbers is given by, 

Ft(n,k+1)=n!.Ft(n,k) + Tn(k) (Tn(1)-n!) -∑        

Where, Ft (n,k) = (n!)
k
 ,Tn(k)=∑n

k
 and l,m, ϵ {1,2,…n} , r,s ϵ W  

 

Proof: The recurrence relation for multiple factoriangular numbers is given by 

Ft(n+r,k+s) = (n+r)
k+s

.(n+r-1)
k+s

.(n+r-2)
k+s

……. (n+1)
k+s

[Ft(n,k)-Tn(k)](n!)
s
 

                                                                                 +Tn+r(k) .Tn+r(s)   ∑ (   ) (   )     

If r = 0, s = 1 then, 

Ft(n,k+1) = (n)!
k+1

+ Tn(k)Tn(1) -∑        

                         = n!.[Ft(n,k)-Σn
k
]+ Tn(k)Tn(1) -∑        

                         = n!. [Ft(n,k)- Tn(k)] + Tn(k)Tn(1) -∑        

Ft(n,k+1) = n!.Ft(n,k) + Tn(k) (Tn(1)-n!) -∑        

 

Hence proved. 

 

Nature of Multiple Factoriangular Numbers 

Multiple Factoriangular numbers are given by the function, 

Ft (n,k) = (n!)
k
 +∑n

k
 

Where ∑n
k
 = Tn(k) 

 

There are three cases: 

Case-I: n’>n, k’=k 

                                      Ft (n’,k’) = (n’!)
k’

 +∑n’
k’

 

> (n!)
k’

 +∑n’
k’

 

= (n!)
k’

+(1
k’

+2
k’

+3
k’

+…..+n
k’

+..+n’
k’

) 

> (n!)
k’

+∑n
k’ 

= (n!)
k
 +∑n

k
 

                                                      = Ft (n,k) 

Hence                            Ft (n’,k’)  >Ft (n,k) 

 

Case-II: n’=n, k’>k 

                                    Ft (n’,k’) = (n’!)
k’

 +∑n’
k’

 

= (n!)
k
 .(n!)

k’-k
 +[1

k+(k’-k)
+2

k+(k’-k)
+3

k+(k’-k)
+…+n

k(k’-k)
....+n’

k+(k’-k)
] 

> (n!)
k
+(1

k
+2

k
+3

k
+…..+n

k
) 

                                                    = Ft (n,k) 

 Hence                         Ft (n’,k’)  >Ft (n,k) 

 

Case-III: n’>n, k’>k 

                                      Ft (n’,k’) = (n’!)
k’

 +∑n’
k’

 

                                                     = (n!)
k’

(n+1)
k’

(n+2)
k’

…..(n’)
k’

+(1
k’

+2
k’

+3
k’

+…..+n
k’

+….+n’
k’

) 

> (n!)
k’

 +∑n
k’ 

                                                     = (n!)
k
 .(n!)

k’-k 
+[1

k+(k’-k)
+2

k+(k’-k)
+3

k+(k’-k)
+…....+n

k+(k’-k)
] 

> (n!)
k
 +∑n

k
 

                                                     = Ft (n,k) 

Hence                         Ft (n’,k’)  >Ft (n,k) 

 

It is clear that the multiple factoriangular number i.e, the function Ft (n,k) = (n!)
k
 +∑n

k
is strictly increasing as the 

value of n and k increases. 

 

Conclusion:- 
The results for multiple factoriangular numbers are: 

i) The recurrence relation for multiple factoriangular numbers is given by 

Ft(n+r,k+s) = (n+r)
k+s

.(n+r-1)
k+s

.(n+r-2)
k+s

……. (n+1)
k+s

[Ft(n,k)-Tn(k)](n!)
s
 

                                                                          +Tn+r(k) .Tn+r(s) -∑ (   ) (   )     

Where, Ft (n,k) = (n!)
k
 +∑n

k
 ,Tn(k)=∑n

k
 and l,m, ϵ {1,2,…n} , r,s ϵ W. 

Case-I: If r = 1, s = 0 then, the recurrence relation for multiple factoriangular numbers is given by 
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Ft(n+1,k) = (n+1)
k
[Ft(n,k)-Tn(k)+1]+Tn(k) 

Case-II: If r = 0, s = 1 then, the recurrence relation for multiple factoriangular numbers is given by 

Ft(n,k+1)=n!.Ft(n,k) + Tn(k) (Tn(1)-n!) -∑        

ii) Function Ft (n,k) = (n!)
k
 +∑n

k
is strictly increasing function. 
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