ISSN: 2320-5407 Int. J. Adv. Res. 9(04), 679-687

m

Journal Homepage: -www.journalijar.com INTERNATIONAL JOURNAL OF

ADVANCED RESEARCH (IJAR)
ISSN 2005407

INTERNATIONAL JOURNAL OF oo
~& |/ ADVANCED RESEARCH (UAR) &

Article DOI:10.21474/1JAR01/12751
ISSN NO. 2320-5407 DOI URL: http://dx.doi.org/10.21474/1IJAR01/12751 v ¥

RESEARCH ARTICLE
FINITE ELEMENT DISCRETIZATION OF THE BEAM EQUATION

Hagai Amakobe James
School of Mathematics and Actuarial Science, Maseno University P. O. Box-Private Bag Maseno-Kenya.

Manuscript Info Abstract
Manuscript History A beam is a structural element or member designed to support loads
Received: 16 February 2021 applied at various points along the element. Beams make up a structure

Final Accepted: 19 March 2021

" - which is an assembly of a number of elements. Beams undergo
Published: April 2021

displacement such as deflection and rotations at certain important
location of a structure such as centre of a bridge or top of a building. I
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Beam, Finite Element Method (Fem), haveanalysed numerically a two dimensional beam equation with one
Gefilelrkin’s Method, - Stiffness, Mass, degree of freedom of the formu, + c’u_. = f(x,t) using finite
Noda
" 2 .
element method. The positive constant ¢~ has the meaning of flexural
rigidity per linear mass density,u(x, l‘) the beam deflection and
S (x,t) is the external forcing term. This involved discretization of
the beam equation employing Galerkin’s technique which yields a
system of ordinary differential equations.
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Introduction:-

The flexture of the uniform elastic length L whose ends are simply supported can be modeled by the equation:
0’u 0'u

—+c’—=fx1))

ot Ox

Subject to boundary conditions:

u(0,1) = u(L, t) = (),um(O,t):um(L,t)zo

Discretization
Consider the length AB [4, 6, 11], Q= ( 0,L ) subdivided into four elements of equal size.
Al l l l |
| | | | &
o A -1 A =] L

L
Figure 1:- One dimension domain divided into four elements mesh size=h, :Xe-Xe-FZ
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Element approximation function
The function of approximation is given by:

A 5
u(x,t)= ZOL:‘ ()i (x)
-1
where
Oi (x) is the shape function or basis function

2

and @, (¢) the Fourier coefficients then solution is assumed to be in form:

or)= iZ::ai(t)sin(iij G

Formulation over element Qe using Galerkin method

residual = r(x,t)= Ou + o EI Ou — 1 (x,1)=0(4)
VT e (U e ’

Multiplying r(x,t) by test function v(x) and varying the integral to weak form gives equation in variation form as
in(5) over element Q. .In Galerkin method we integrate the product of r(x,t) and v(x) and equate to zero. The

number of basis functions will determine the size of the system.
I I o’u 0’ 62

rix, e p(x)dx = | v(x)| u + —4f (x,1)
XJ. ] ( )V XJ. ] o’ ox’ 6

E o’u 0’ o’u
J.] {uv e +v v (EI v J—V/g’(x,t)}dxzo

&)

x(‘

If assumed approximate solution is;

u(x, 1) = Z¢ 1) (6)

then:
(x 1= Z¢ t) (7

=i¢, e
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Substituting equations (8) and (9) into (5) we obtain:

Xo

f {WZS‘,@ (x)at,(0)+ VE[i@(IV)(X)% ()= vaof (x,1) |dx=0 (10)

e

Employing the Galerkin method, then test function

v(x)=¢,(x) (1)
sin jmx
where ¢j (x) = T are basis function.

di(x )and ¢, (x )is continuously differentiable over the domain 2= /0, L/ andsatisfy boundary conditions

in equation (1). Equation (10) can be divided into three major parts (I, II, IIT ).

X 5 oo

I= j 1> ()@, (x) s (£)dx (12)
v, =l

which gives mass matrix upon integration,

=7 Elv(x);zsfva,.(z)dx (13)

Xe1

which gives the stiffness matrix upon integration and

Xe
0= [pvf(xt)dx (14)

Xe-1

we obtain the nodal force vector upon integration

From equation (12) the mass matrix (I) is given by:

C, =X u @) [, (x)dx

(15)
LI
where ¢i (x) = sin—
L
L
¢j(x)—smT
S, e % im . jmx
Cij:iZ_I:ILlai(f)x.[SlnT'Slanx’ (16)
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1
From trigonometric identity SinPxSinQOx = 3 {COS(P —Q)x —cos(P+ Q)x} ,then

5 oo X(, T . .
C..:Z ua, %{cos u Lj)mc—cos u +L])m}dx(l7)

i=1 P

upon integration gives:
a, (1)

5
c, =4 L i jymh, - — =
P ey i+ j)m

sin(i + j)ﬂhe} (18)

=h
The stiffness matrix (II) equation (13) is given by,

Forj=1,2,3,4,5; where x, — x__

1

5 Xe d2 d2u
Ki=>» El | v(x)—| ai(t dx (19
’;XL”dxz( ()dx2j<>

upon integration by parts we obtain :

d*u d*v d
—dx+|—{a.(t
dx? dx? * {dx{ ()

Inserting boundary conditions from equation (1) into equation (20) we obtain:

du

2
2
dx

d*u dv -
—a.(t — 20
}V(X) 0!,()0,)62 dxl (20)

@:iﬂf%m
i=1 %,

du(x) _ du(x,) _

0
dx’ dx’
> " d*u d*v
&:;”JFWCMZ?” an
where;
2 .2 2 .
d v_—jm I
dx’ L L (22)
d*u _ —i'r sinﬁ
I L (23)
hence,
5 jiilrta () v . jmc . imx
K,=Y EI*———"= [ sin®—-sin—dx
F 3 L X L L
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il { (i = jyme cos(i+j)ﬂx}dx
2 L L

(24)

Upon integration we obtain:

5 . .
Ky=>Er i (1) - in= e L g, G D), (25)
Ta 273 ] L it J L
wherex, — x,_ = h and j=1.2,34.5.
The nodal force (II) in equation (14) given by:
F, = j v(O)f (x,t)dx (26)
Xe-1
Upon integration of equation (26) we obtain:
27)

L Jj7h,
F, =—pf (x,t)— cos
jr L

where h, = x, —x,_, and j=1,2,3,4,5, f(x, t)is piecewise external force and assumed constant.

Formation of global stiffness, mass and nodal force matrices

The summation of mass matrix (I) equation (18) is :

_ua 0 L )L AN (£}
U 2 (Y4 L a+ ) L
N ,ua;.(t) C L “in 2-pm, L sin (2+ j)mh,
2 |1@Q-))m L 2+ )« L
L uaOf L G- L G+,
2 |G- j)m L G+pr L
L[ L e L (@,
2 |(@-)jm L 4+ L
L paOf L G L e ]
2 |G- j)m L G+ L

wherei= 1,2,3,4,5.
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For j=1

- 141420 . () La(f) 5.6568La.(f) La.(t
Cil :i —0{1(I)£+ aZ()+ 0{3()+ c¥4()_+_ aS() (29)
o 2 3 2 15 6
For j=2
141420 . (f) 4246La () 2a.(OL 7.071a. ()L
¢ |14La) 4246l 2a,L 7071 o
2 3 5 3 21
For j=3
c, 2|l (), 42426La, () Lau()  56568La,(0) | Las(0) o
|l 2 5 6 7 2
For j=4
5.6568La () 2a.()L 5.6568a.()L 5.6568La.(t
c._n o) 20,0 56568a,()L 2. () o
2 15 3 7 9
For j=5
i Lay() 7071Lay(t)  Lay(t) | 56568, (0L _Las(t) -
27| 6 21 2 9 10
The mass in matrix form is:
[ -0.5 04714 05 03771 0.1667] %
04714 0  0.8485 0.6667 0.3367 |,
Cyzzﬂ 05 08485 01667 08081 05 |, (34)
7103771 06667 08081 0  0.6285 -
0.1667 03367 0.5 06285 —0.1 | «
i M

The summation of stiffness matrix (II) equation (25) gives:
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EIZ** 1 . (- 1 1+
K, = ﬂ3j gin L= D7 sin LEDH, & (t)
2 |1-j L 1+ L
3.2 52T . .
Elzx”j~-2 1 Sin(2 D, 1 Sin(2+])7zhe o (6)
+ 213 12— L 24 L
EIZ3j*- 32 1 . 3-)j)mh 1 . G+j)mh
3 sin € — sin < los(2)
+ 2 |3-) L 3+ L
EIZ 4% 1 . (4—j 1. 4+
7rJ3 sin W= Dhe gin 47 oy (t)
+ 200 |4-j L 4+ j L
EIZ %52 1 . (5-))mh 1 . 5+ ))mh
3 sin € — sin < las(t) (35)
+ 20 |5-) L 5+ L
For j=1,2,3,4,5, where i=1,2,3,4,5:
For j=1
3 f—
k= 7| 2l SO58() g 5 (1)1 6.0330(1) + 4.16T a5 (0) (36)
2 2 3
For j=2
_ EIx®
= F[1.8850[1 (£) +30.5405 (1) + 42.6 Tt (1) + 33.6 75 (1)) (37)
For j=3
Elx®
k= Y [4.50,(1) +30.54a, (1) +13.505(£) + 116.37a, () + 112.5a5(1)] (38)
For j=4
_ EIx’
ki, = VR [6.0330 (1) + 42.67ax, (1) +116.37 a3 (£) + 254.41015(1) (39)
For j=5
Elx®
ks = Y [4.167 0 (1) +33.67a, (£) + 112.5a5(1) + 251410, (1) — 62.5015(1) ] (40)

In matrix form the stiffness matrix is written as;
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1.885
1.885 0
4.5  30.54
42.67
33.67

6.033
42.67
116.37

30.54
13.5
116.37

1125 25141

4.167 | o
33.67 | o,
112.5 | a5
0 251.41| a4
-62.5 | as

The nodal force vector (IIT) equation (27) is given by:

poo D

jr

for =1,2,3.,4,5.

Substituting the values j=1,2,3,4,5 gives:

MLf (x,1).0.7071
Fi=-
T

F,=0
F, = 4f (x,1).0.7071

RY/4
F, MG

4r
HLf (x,1).0.7071

F, =

Y4

Then the nodal force vector is:

ot
V4

The equilibrium equation is given by:

[—0.7071.f (x,1) |
0
0.2357 f(x,1)
0.25f(x,1)

=(42)

| 0.14142.(x, 1) |

(43)

(44)

(45)

(46)

(47)

(4%)
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[ —0.5 04714 05 03771 0.1667]| &
0.4714 0 0.8485 0.6667 0.3367 | @,

% 0.5 0.8485 0.1667 0.8081 0.5 ||+
0.3771 0.6667 0.8081 0  0.6285] **
(0.1667 03367 0.5  0.6285 —0.1_03‘
L%s
0.5 1.885 45 6033 4167 e —0.7071.f(x.1)
1 1885 0 30.54 4267 33.67 |, L 0
| 45 3054 135 11637 1125 |ay |[="—| 0.2357f(x,1) [(49)
2L 16033 4267 11637 0 25141 a,| T 0.25 £ (x,1)
4.167 33.67 1125 25141 —62.5 | as 0.14142.f (x.1)
Conclusion:-

Exact or / and approximate solution of equation (49) can be obtain by Laplace transform method or numerical
method such as finite difference method.
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