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Introduction:-
Matrices are broadly used in computer science, engineering, statistics and economic theory. Theory of matrices isan
important area in linear algebra.General linear groups GL, (k), wherek = R, the real numbers, or k = C, the
complexnumbers, are considered as both groups and topological spaces.Matrix analysis are used in many areas
specially matrix exponential and logarithm. Among the matrix functions matrix exponential is a very useful subclass
of functions ofmatrices that has been studied widely. The computation of matrixfunctions has been one of the
veryinterestingwork in GL, (k). Among thematrix functions one of the most interesting is the matrix exponential
[3]. The principalmatrix power A% for a matrix A€ C"" and a real numbera € R is defined by
A* = exp(alog(A)) [1] which is a generalization of z%, where z is a non-zero complex number and « is a complex
constant [4].

In this paper, first presentmatrix exponential and matrixlogarithm. Finally, defined matrix power A? for matricesA €
Ny, (I, 1)andB € GL, (k), wherek = R, the real numbers, or k = C, the complexnumbers.

Matrix exponentialand matrix logarithmfor more detail in [2],[3]:-
LetA € M,, (k). The matrix valued series

1
Exp(4) = ) = 4" (1),
n!
n=>0
and

-1 n—1
Log () = > 0 @,
n=1 n
have radii of convergence (r. 0. ¢) oo and 1 respectively.

Using these series we define the exponential functionexp: M, (k) — GL,(k), by exp(4) = Exp (4) and
log: Ny, ao(1,1) — M, (Kk), by log(4) = Log (A —I), where Ny (1, 1) = {4 € M, (|4 —I|| < 1}.

ie. for A € M, (Kk),
1
exp(4) = Z mA" 3),

n=0
andfor||lA —I]| < 1,
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_1\yn—1
log (1) =y T a1y,

n=1

The functions exp and log satisfy the following two properties:
(i) If||A —I]| < 1, then exp(log(4)) = A and,;
(ii) If |lexp B — Il| < 1,then log (exp(B)) =B.

Definition of matrix power AZ:-

The matrix powers of matrix is interested can be defined in following way. Inmathematics, the matrix powers of
matrix analogous to complex exponents [4].We are now in a position to come up with a meaningful definition of
what is meantby a matrix raised to a matrix power.

Let A € Ny, (I, 1)andB € GL, (k), wherek = R, the real numbers, or k = C, the complexnumbers. Then the
matrix power of A to B is denoted by A? and is defined byA? = exp(Blog(4)).

Computation of matrix exponential and logarithm [2], [6]:-
1. IfD = diag(d,, dy,...,d,) is a diagonal matrix, thenexp(D) = diag(e?, e%, ...,e%);
2. if A is diagonalizable, ie.,P"'AP = D = diag(d,, d,,..,d,) for some invertiblen x n matrix P,
thenexp(4) = Pexp(D)P~1;
3. Every n X n invertible complex matrix, A, has a logarithm, X. To fnd sucha logarithm, we can proceed as
follows:
(1) Compute a Jordan form, A = PJP~!, for A and let m be the number of Jordan blocksin J.
(i1) For every Jordan block, J, (ay), of J, write [, (ay) = ayI (I + Ni), where Nj is nilpotent.
Furthermore,N), = a, “'H, where H is the nilpotent matrix of index of nilpotency, 7}, given by

/0 1 0 .. 0\
0 0 1 .. 0
H = | I |

\000--.1/
000 .. 0

(1ii) If ), = pe’® , with p, >0,

logp, +i6, 0 ' 0
letS, = 0 logpk:+ 16y o 0
0 0 o logpy + 16y

NTk~1

N T
rk—l ’

2 3
(iv) For everyNy, letM;, = N;, — ’2‘ + % + e+ (1)
N,. We have I + N;, = eMx.

v) IfY, = S, + Myand Yis the block diagonal matrix diag(Y;, Ys, ..., ¥;), thenlog(4) = PYP~ L.

where 73, is the index of nilpotency of

A Guide for computiong A®by example:-

1 0 -2 0o 1 1
LetA = (1 3 1 ) and B = ( 2 3 —1). Then eigen values of A are 3,1 + 2i,1 — 2i. Hence, the Jordan

2 0 1 -1 2 1
matrix Jwith three blocks J(3),/(1 + 2i),J(1 — 2i) is
](.3) s 0 3 1 ; 14 2i 1 .

J= P J(+20) : , where](3)=(0 3),](1+21)=( 0 1_I_zl,)and](1—21)=

0 J(1 = 2i)
(1 _021 1 _1 21')' Next we compute the nilpotent matrix N, and S for each a,.

. . 100 1 1-2i/0 1 1+2i (0 1
When a = 3,1 + 2i,1 — 2i we get, N, = 5(0 0), N, = Tl(o 0), N, = %(0 0). Hence M, = N,.
oo _flog3 0

Whena =3: S, = ( 0 10g3>'
When a = 1+ 2i: p =5 andd = cos™! (\/1—3), and hence
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1
/lo V5 +icos™! (—) 0 \
|8 NG
0 logV5 +icos™! (—)
\ ° v
When a = 1+ 2i: p = /5 and@ = 2w — cos™* (\/1—5), hence

/10gx/§ +i <2n — cos™1 (Tlg)) 0 \

0 log V5 + i 27T—COS_1<—) /
\ ° < Vs
. (1 1-2i
log3 0 logV/5 +icos™ (ﬁ) -
Thus, Yl = ( 0 ]Og 3)a 2 = . —1(1 and
0 log+/5 + i cos (\/_g)
icos—1 (L 142
v, = logV/5 + i cos (ﬁ) S
. —1(1 '
0 log+/5 + i cos (ﬁ)
n .. 0
Y= ( S O ), and computing coresponding metrix P we can obtain log(A) by computing PYP~!. Thus, A?
0 .. Y

can be computed usingexp(BPYP™1).

Conclusion:-

In this work, we defined the matrix powers of matrix for A € Ny, (I, 1)andB € GL, (k), byd? =
exp(B log(A)),wherek = R, the real numbers, or k = C, the complexnumbers. UsingJordan block/, (a)) with
a # 0,we can computelog(A) = PYP~!,and henceA? can be computed using exp(BPYP™1).
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