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This paper inspects the dynamics of volatility and volatility co-

movement among Pakistan (KSE-100), India (BSESN) and Sri Lanka 

(CSE) stocks markets. The volatility and cross-volatility are modeled 

via BEKK-GARCH model using daily returns indices of the selected 

stock markets from January, 2011 to January, 2019. Empirical analysis 

reveals that BEKK-GARCH (1,1) model is found to be appropriate as it 

has less number of parameters (parsimony). The value of GARCH 

parameter is high in BSESN which indicates that Indian stock market is 

highly persistent. This shows that if shocks occur it will take a long 

time to die out from the market dilemma. However, the coefficient of 

GARCH has minimum value in KSE-100 among all. On the other 

hand, the value of short run shock (ARCH coefficient) is high in CSE. 

This suggests that volatility is more sensitive to past market events for 

a short period of time. The strongest cross-market effect is detected 

between India and Sri Lanka. On the contrary, the volatility co-

movement is high between Pakistan and Sri Lanka.   

 
                 Copy Right, IJAR, 2019,. All rights reserved. 

…………………………………………………………………………………………………….... 

Introduction:- 
Over the past few decades, modeling multivariate volatility has attracted a considerable interest in the field of 

financial application. Individual and institutional investors are not only interested to invest in their own market but 

also want to invest in another countries market. They are more curious to understand the behaviors of markets which 

give higher returns with low risk levels. Investors may leave a securities exchange that is highly fluctuated. They 

move their reserves from stocks as per the level of volatility co-movement between market places. However, 

investor and institutional stakeholder accepted a desirable level of volatility. If the volatility is highly correlated 

across markets stakeholder tend to scan for relative autonomous resources keeping in mind the end goal to maintain 

the ideal portfolio determination. 

 

Last two decades trade and monetary development has improved the procedure of globalization, with expanded 

exchange links and financial organization, universal securities exchange lists have become integrated. A country 

allows outsiders to purchase the stock in that country's securities exchange is called stock exchange liberalization 

[1]. This monetary liberalization reinforces the development and steadiness of economic growth. The stock markets 

which are enormously cointegrated propose that there are no diversification assistances subsequently the 

performance and returns in these markets are highly correlated to each other. 
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There is abundant literature explore volatility linkages between the markets ([2]-[3]). [4] used multivariate GARCH 

process to analyzing the linkage among the local markets of Jamaica, Trinidad, Barbaros and NYSE. In another 

paper, volatility co-movement among the India, Singapore and Hong Kong markets were studied via multivariate 

GARCH by [5]. Their result indicated that the India, Singapore and Hong Kong markets are assimilated effectively.  

[6] inspected linkage between US and European stock markets namely; CAC, DAX, FTSE100 and S&P 500 using 

multivariate frame work, BEKK and DCC models. Their result depicted that UK is the main source of transmitting 

volatility within the European markets. On contrary, US market may also transmit volatility among the European 

and within the US stock markets. In addition to this, European markets are more interdependent which is to be 

confirmed via unconditional /conditional correlation. [7] applied various volatility models for univariate (GARCH) 

and multivariate volatility (BEKK) models to investigate volatility in Polish economy. Eleven possible univariate 

models were addressed to capture various structures of volatility. Their findings showed that ARIMA–GARCH 

model was able to capture the dynamic of volatilities of the Polish economy. 

 

Kumar , used [9]  method to study the co-movement between exchange rates and stock prices for India, Brazil, 

South Africa [8]. He used VAR-BEKK model and found a bi-directional volatility spillover effect amongst the stock 

returns. In another paper, [10] investigated the co-movement between the Indian and US Stock Markets for daily 

price data covering from January 2012 to April  2014. A bidirectional volatility spillover effect among the markets 

was found and also the impact of US market on BSESN in future volatility. 

 

Multivariate GARCH process was applied to investigate the bi-directional volatility spillover amongst stocks and 

returns. Asymmetric BEKK-GARCH was used to inspect the linkage between FBMS Shariah index of Malaysia and 

the sectoral indices [11]. Mean return spillover effect was observed which contributed a significant part in FBMS. 

Furthermore, a robust indication of transference of past shocks was found in FBMS index and sectoral indices. In 

addition to these, [12] examined co-movement of 41 emerging markets of Asia, Europe, Latin America, and the 

Middle East. Mean spillovers effect was found in emerging Asia and Latin America markets while spillovers effect 

was observed in variance for the emerging markets of Europe.  

 

Volatility co-movement among the US, UK, Hong Kong and Japan stock exchange was explored by [13]. Granger 

causality based VAR model was employed to assess the effect of US market on UK, Hong Kong and Japan while 

BEKK-GARCH was used to study the volatility spillover. It was found that causality of USA and UK are more 

likely the reason of altering return in Japanese market. Furthermore, US is more sensitive to its own past shock in 

the catastrophe period.  

 

The dynamics of co-movement between Central and Eastern European (CEF) and developed European (France, the 

UK, Germany and Austria) markets using a Wavelet approach was studied by [14]. Their result of unconditional 

correlation showed that developed markets of Europe have more interrelationship than the CEE stock markets. In 

short, European assimilation causes to increases volatility co-movement between developed markets of Europe and 

CEF markets.  However, financial catastrophes during the study period led to increased co-movements only for 

short-term.  

 

The organization of the study is as follows. Brief discussion about BEKK- GARCH model is given in Section 2. 

Empirical analysis and discussion are given in Section 3. Section 4 concludes the paper. 

  

2. BEKK-GARCH model 

VECH-GARCH model is basic form of multivariate GARCH model which generalizes ‘N’ univarite GARCH 

models. It is quite difficult to manage a model having a large number of parameters. Therefore, DVECH model 

imposes constraint of diagonality to lessen the number of parameters developed by [15]. However, both VECH and 

DVECH models do not guarantee the conditions of positive definite variance-covariance matrix. In 1995, [16] 

developed BEKK model which imposes the condition of positive definite in the conditional variance matrix Vt [17]. 

This BEKK model is flexible as VECH model with constrain of positive definiteness. 

Mathematically, BEKK-GARCH model can be expressed as, 
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Equation 1, represents BEKK-GARCH (p, q) model, C, ‘ u ’ and ‘ w ’ are NN  coefficients matrix. The number 

of parameter of equation can be obtained from   2/12 2  NNN  
. Therefore, for two return series (N=2) with 

order (1,1) the estimated parameters will be 11. If there are three return series (N =3) then the total number of 

parameters for BEKK-GARCH (1,1) would be 24. Similarly, as the number of variables increases consequently 

parameters will increase more rapidly which is difficult to manage and interpret the result. The BEKK–GARCH 

(1,1) can be defined by the following equation ,
  

                                 t
V =

'CC + uu tt

'
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To reduce the number of parameters in BEKK-GARCH model scalar BEKK and diagonal BEKK were developed.  

In this study we used three return series therefore the mathematically Diagonal BEKK is descried as, 
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After simplifying the above matrix form following equations will be obtained. 
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Where t,11 , t,22 and t,33 are conditional variance equation and t,12 , t,13 and t,23 represent conditional 

covariance equations which satisfy the condition of covariance stationary
2

jju + 
2

iiw  < 1. 

A. Estimation of the BEKK-model 

 

The parameters of diagonal BEKK model are estimated via Maximum Likelihood estimation. In this study the log 

likelihood function of multivariate normal distribution is defined as; 
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Where  represents the vector of unknown constants, the total number of observation of each return series are 

represented by ‘T’.  However, numerical maximization method Berndt– Hall–Hall–Hausman applies to yield the 

maximum likelihood estimates of the parameters and their corresponding standard errors. 
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3. Empirical analysis 

The data employed are daily indices of three stock markets namely, Pakistan, India and Sri Lanka covering the 

period 1
st
 January, 2011 to 23

rd
 January, 2019 from www.yahoofinance.com. In multivariate modeling number of 

observation must be same. In order to make the series equal   missing values are addressed by swapping the values 

of the prior day when the market was open. 

 

                                         Table 1:-Summary of Basic statistics 

 

Summary of basic statistics for the considered returns series are presented in Table 1. Over the whole sample, KSE-

100 has the highest average return i.e. 0.026% while BSESN has 0.03% and CSE has lowest negative mean return 

i.e. -0.01%. Volatility for the selected markets ranges from 0.93% (India) to 0.62% (CSE). On contrary, the standard 

deviation for BSESN (0.93) and KSE-100(0.92) are approximately equal whereas CSE has 0.0062. Therefore, CSE 

is less fluctuated than BSESN and KSE-100. The measures of skewness and excess kurtosis show that the return 

series are asymmetric and fat tail exhibit conditional heteroskedasticity as well.  

 

Returns series are non-stationary confirmed by the Jarque-Bera test.  Therefore, ADF test is used to make the returns 

series stationary. The result of ADF test indicates at level log daily share price are non-stationary as the P-value is 

significant which rejecting null hypothesis (series are non-stationary). Therefore data is stationary at first-difference, 

Table (2). 

 

Table 2:-output of ADF test 

  BSESN KSE-100 CSE 

  t-Statistic   Prob.*    Prob.* t-Statistic   Prob.* 

ADF-test Test critical values -43.0529 0 -39.6467 0 -38.369 0 

 1% level -3.43326   -3.43326   -3.43326   

  5% level -2.86271   -2.86271   -2.86271   

  10% level -2.56744   -2.56744   -2.56744   

 

Plots of daily closing prices and returns of selected countries are given below. From Figures 1(b), 2(b), 3(b) returns 

series display volatility clustering and leverage effects as well. However, KSE-100 appears to be more volatile. 

Graphical representation and descriptive statistic of returns series confirm heteroskedasticity. 

 

Figure 1:-(a) Daily share price of BSESN                   Figure1:-(b) Returns of BSESN 

          
 

 

 

 

1.E+04

3.E+04

5.E+04

BSESN 

-0.100

0.000

0.100

  Dlog(BSESN) Dlog(CSE) Dlog (KSE-100) 

 Mean 0.0003 -0.0001 0.0006 

 Median 0.0000 0.0000 0.0002 

 Maximum 0.0370 0.0496 0.0442 

 Minimum -0.0612 -0.0372 -0.0477 

 Std. Dev 0.0093 0.0062 0.0092 

 Skewness -0.1761 0.1901 -0.3989 

 Kurtosis 5.1441 9.6432 5.9577 

 Jarque-Bera 413.7 3879.7 822.3 

 Probability 0.00 0.00 0.00 
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Figure 2:-(a) Daily share price of KSE-100                   Figure 2:-(b) Returns of KSE-100 

      
 

Figure 3:-(a) Daily share price of CSE                         Figure 3:-(b) Returns of CSE 

       

 

BEKK model estimation 

In this study, Diagonal BEKK-GARCH (1, 1) model for the selected stock markets is estimated via method of 

maximum likelihood using normal distribution. All the estimated parameters are significant as the p-values of the 

coefficients are less than 0.05 (level of significance), Table 3. The coefficients of past lagged residual are less than 

coefficient of the past lagged variance ( jju  < iiw ) for all series. This shows that current variance is not highly 

affected by lagged residuals, lagged variance and lagged covariance.   

 

Among all three markets the parameter ‘ iiw ’ (GARCH effect) is as high as in India (0.96) followed by Sri Lanka 

(0.87) and minimum in Pakistan (0.82). These results show that Pakistan stock market is less persistence than India 

and Sri Lanka. However, India is highly persistent, acquires more of its volatility persistence from International 

market. In addition, the own volatility spillover effects for the stock markets under consideration do not remain 

within a tight range. 

 

Furthermore, the coefficients of ARCH effects (‘ jju ’, own-volatility spillovers) in Pakistan (0.11) has higher short 

term shock effect followed by Sri Lanka (0.1) and India (0.097) has minimum. The highest value of ‘ jju ’suggests 

that the volatility of KSE-100 is highly sensitive for market events but not permanently.  

 

Sum of the coefficients of ARCH and GARCH are 11u + 11w  = 0.025+ 0.97= 0.99 <1(India), 22u + 22w  

=0.09+0.826 = 0.92<1(Pakistan) and 33u + 33w =0.024+0.97= 0.98 <1(Sri Lanka). This directs that the return series 

are stationary and the conditional variance is finite.  

 

Table 3:-Estimates of Diagonal BEKK-GARCH (1,1) model  

  Coefficient Std. Error z-Statistic 

2

11c  7.01E-06 8.40E-07 8.4 

2

22c  8.97E-07 1.35E-07 6.64 

2

33c  5.81E-07 1.74E-07 3.336 

11u  0.158 0.010 15.533 

22u  0.312 0.016 19.739 

33u  0.331 0.012 27.774 

0.E+00

2.E+04

4.E+04

6.E+04
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-0.100
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11w  0.984 0.002 436.458 

22w  0.909 0.009 105.261 

33w  0.934 0.004 208.996 

 

In order to study the volatility and volatility co-movement among the selected market the conditional variance-

covariances equations are developed by using Diagonal BEKK model. Equation (3)-(8) estimated via Normal. 

t,11 =5.01E-06+0.025 

2

1,1 te
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…………………….(3) 

t,22 = 8.9E-07 +0.09
2

1,2 te +0.82
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………………………..(4) 

t,33 =5.8E-07 +0.109
2

1,3 te + 0.87
1,

2

33 t


       
………………………….(5) 

t,12 = 0.049 1,21,1  tt ee +0.89 1,12 t
                

…………………………..(6) 

t,13 =0.15  1,11,3 tt ee 0.84 1,13 t
                  

…………………………..(7)
     

 

t,23 =0.103  1,21,3 tt ee 0.91 1,23 t
                

………………………….(8) 

 

From the above empirical results a robust indication of GARCH effect and presence of a weak ARCH effects are 

observed in all return series. However, the equations (6) to (7) represent volatility co-movemnet (covariance). The 

past common information to the present effect is represented by ARCH coefficients. Whereas, the persistence 

concerning the covariance and their return volatility is denoted by GARCH coefficient. The high value of ARCH 

coefficient (cross-market effect = 0.15) is observed between Pakistan and Sri Lanka stock markets. This shows that 

the past information will affect from Pakistan to Sri Lanka. On the other hand, low value of ARCH effect (0.049) is 

found between Pakistan to India. 

 

In case of India cross–volatility persistence varies from 0.89(Pakistan) to 0.84(Sri Lanka). Nevertheless, the cross 

volatility from Pakistan to Sri Lanka fluctuates 0.91. Therefore, in terms of cross–volatility persistence the least 

influential market is Sri Lanka whereas high influential market is Pakistan.  

 

Diagnostics test of BEKK model: 

It is important to test whether the estimated model is adequate and no ARCH/ GARCH effects left in the residuals 

series. If there are unexplained effects left seems that the fitted model represents the sample poorly. The Lagrange 

Multiplier(LM) test for standardized residuals is employed. Table 3, presents the result of ARCH-LM for each 

standardized residuals series of the BEKK-GARCH (1,1). The P-values of all lags are greater than at 5% level of 

significance, accept null hypothesis that no GARCH effect is left in the estimated model. This seems BEKK-

GARCH (1,1) model better deals with the GARCH effects.  

 

Table 3:-ARCH-LM test of each standardized residuals of the BEKK-GARCH (1,1) 

  BSESN KSE-100 CSE 

Lag LM  P-value LM  P-value LM  P-value 

1 1.77 0.183 0.219 0.64 1.7 0.19 

2 3.13 0.21 0.42 0.81 1.9 0.37 

3 3.27 0.35 0.43 0.93 2 0.57 

4 3.93 0.416 3.3 0.51 2.9 0.56 

5 4.1 0.53 3.5 0.61 3.01 0.69 

The plot of estimated conditional variance of the considered stock markets via Diagonal BEKK-GARCH model is 

illustrated below. 
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Figure 4:-Graph of estimated conditional volatility of Diagonal BEKK-GARCH (1,1) model 

 
Figure 4, visualizes that no one of the selected returns have oblige extreme conditional volatility. Nevertheless, 

KSE-100 is highly fluctuated as compared to BSESN and CSE. Specially, from August, 2014 to end of August, 

2015, and April, 2017 to till date are observed turmoil periods for KSE-100. Additionally, on 1
st
 April, 2015 it 

attains maximum peaked value i.e. 4.2E-04. Besides this, highest volatility period for CSE is observed from May, 

2011 to September, 2012. Furthermore, during this period it also touches on highest conditional volatility i.e. 4.24E-

04 on17
th
 February, 2012. Moreover, the estimated conditional volatility moves with low fluctuation while BSESN 

moves steadily.   

 

Figure 5:-Graph of conditional covariance of BEKK-GARCH (1,1). 

 
Figure 5, displays estimated conditional covariances of BEKK-GARCH (1,1) model of  BSESN, KSE-100 and CSE. 

The conditional covariances for selected returns series are plotted, none of the series move abruptly. The conditional 

covariance between KSE-100-BSESN depicts few prominent spikes than other pair of conditional covariance shows 

cross-volatility KSE-100 to BSESN is little bit higher during 2011-2012.   

 

Conclusion:- 
This study inspects the dynamics of volatility among Pakistan, India and Sri Lanka stock markets. Furthermore, 

cross-market effects and cross-market covariance effects are also measured among the selected markets via BEKK–

GARCH(1,1) using daily closing indices from January, 2011 to January 2019. The results of this study can be 

important for the international investor, portfolio diversification and risk management. Empirical analysis shows that 

Pakistan stock market is more sensitive to the prior market information due to high value of ARCH coefficient i.e. 

0.11. On contrary, the long term volatility is high in BSESN i.e. 0.96 which shows Indian market is more 

persistence. The strongest cross-market effect is perceived between India and Sri Lanka. On the contrary, the cross-

market covariance is high between Pakistan and Sri Lanka.    
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