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A self-consistent system of nonlinear spinor and gravitational fields, 

modeled by static spherical symmetric metric, is considered and 

studied. Exact spherical symmetric solutions of nonlinear spinor field 

equations in the Gravitational Theory are obtained. The nonlinearity in 

the spinor lagrangian is given by an arbitrary function which depends 

on the invariant generated from the  Fierz-Pauli  bilinear  spinor  form  

IS = S2.   It is  shown  that  a  soliton-like  configuration  has a 

localized energy density and a finite  total  energy.  In  addition,  The  

total  charge  and  total spin are also finite. Let us emphasize that the 

effect of gravitational field on the properties of regular localized 

solutions significantly depends on the symmetry of the system. The 

nonlin- ear terms, the gravitational field of elementary particles and the 

geometrical properties of the metric of the space-time play an important 

role in the obtaining of analytical solutions having the soliton-like 

configuration. Let us emphasize that the numerical solutions of the 

solutions obtained here are presented in graphical form. 
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Introduction:- 
The description of elementary particles by soliton model in elementary particles physics considering 

thenonlinearphenomenaandtakingintoaccountthepropergravitationalfieldhasbeenoneofthemostcenturypopulartop

ics.Notethatthedevelopmentofgeneralrelativity(GR)andquantumfieldtheory(QFT)leads to the increasing 

interest to study the role of gravitational field in elementary particles physics. This 

Indeed,thetheorywhichconsiderselementaryparticlesasmaterialpointshasshortcomings.Itisthereasonthatthestudyo

fanonlinearspinorfieldisveryimportantinordertoovercomethedifficultiesofatheorythatconsiderselementarypart

iclesasmathematicalpointsbecausewiththistheoryitisnotpossibletoobtaina finite value of mass, charge and spin 

of elementary particles. In this approach, elementary particles aremodeled by soliton-like solutions of 

corresponding to nonlinear equations.  In 1995, G.N. Shikin elaboratedthe theory of soliton in General Relativity 

[1]. The elaboration of this theory leads to flowering of publicationsof articles on the soliton in General 
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relativity.  Thus, the soliton-like solutions have been obtained in a seriesof remarkable papers [2, 3, 4, 5, 6, 7]. 

In the same perspective, Arnaud E. Y. and al. determined the exactstatic symmetric soliton-like solutions to 

nonlinear interacting electromagnetic and scalar field equationstaking into account the own gravitational field 

of the elementary particles in the plane metric and in thesphericalmetric[8,9,10,11,12]. 

 

In this paper we present some regular particle-like solutions in general relativity for describing the con-

figurationofelementaryparticlesinastaticsymmetricmetricdefinedinpseudo-riemannianvarieties. 

 

The paper is organized as follows. In section 2, we write equations for nonlinear spinor fields, the systemof 

Einstein equations and concepts using the variational principle and usual algebraic manipulations.  Section3 

addresses the general analytical fundamental solutions.  In section 4, we analyzed and discussed in 

detailthemainresults.Finally,someconclusionsoftheworkareoutlinedinsection5. 

 

Lagrangian,metricandbasicsequations 

This section is devoted to the lagrangian, the metric of the space-time and to estabish the fundamental 

fieldsequations . We shall investigate a self-consistent system of nonlinear spinor and Einstein gravitational 

fields.Thelagrangianofthetwofieldsisgivenbythefollowingexpression[2]: 

R 

L= +LSp (1) 

2χ 

wherethespinorlagragiandensityLSpis 

 

 

LSp 
=

i
(ψ̄γ

µ
2 µψ−∇µ ψ̄ γ

µ
ψ)−mψ̄ ψ+LN  

. (2) 

LNisthenonlineartermofLSp.Thenonlinearterminthecorrespondinglagrangianmainlydescribestheself-

interactionofaspinorfield.LN=F(S
2
)isanarbitraryfunctiondependingontheinvariantS

2
=(ψ̄ ψ)

2
. 

R=Rµνg
µν

isthe scalar curvature or the traceof Ricci’s tensor.Then,χ=
8ΠG

is Einstein’s gravitational 

constant,GisNewton’sgravitationalconstantandcisthespeedoflightinvacuum.ψisthe4-

componentsDirac’sspinorwithψ̄ itsconjugate.Inthesequel,weshalldealwiththemetric. 

Inthispaper,weconsiderthestaticsphericalsymmetricmetricin[4]: 

 

ds
2
=e

2γ
dt

2
−e

2α
dξ

2
−e

2β
[dζ

2
+sin

2
(ζ)dϕ 2

].  

(3)Forsimplicity,thevelocityoflightistakentobeunity. 

Wedefinespatialvariableasin[13],ξ=
1
,where 

rstandsfortheradialcomponentofthesphericalsymmetricmetric. Themetricfunctionsα,βandγare 

stationnary and are functions of ξ only.Thus, they verify the harmonic coordinate condition given by 

thefollowingexpressionintroducedbyBronnikovK.Ain[13]: 

 

α(ξ)=2β(ξ)+γ(ξ).

 (

4) 

Thefieldequationsforthespinorandgravitationalfieldscanbeobtainedfromthevariationalprinciple.Thus,applyin

gthevariationalprinciplewithrespecttothefunctionψanditsconjugateψ̄ ,wegetthe 

nonlinearspinorfieldequationsunderthefollowingform: 

 

iγ
µ
 

∇µψ−mψ+ dF(S
2
) 

ψ=0, (5) 

dS 

 

∇ 
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µ 

0 

1 

2 

µ 

µ µ 
2 

µ µ 

µ 
4 

ν ν ν ν µ 

0 

1 

2 

¯µ ¯ dF(S
2
)¯ 

 

 

i∇µψγ +mψ− ψ=0, (6) 

dS 

Then,varying the lagrangian (1) with respect to the metric tensor gµνwe obtain the general form of 

Einstein’sequations: 

G
ν
=R

ν
− 

1
δ

ν
R=−χT

ν
,

 (

7) 

whereG
ν
istheEinstein’stensor,R

ν
istheRicci’stensor,δ

ν
istheKronecker’ssymbolandT

ν
isthemetric 

µ µ µ µ 

energy-momentumtensorofthespinorfield.Then,takingintoaccount(7),wefindthecomponentsofthe 

tensorG
ν
inthemetric(3)underthecoordinatecondition(4)asfollpows[4,6]: 

 

0 =   e
−2α

(2β
′′
−2γ

′
β

′
−β

′2
)−e

−2β
=−χT

0
,

 (8) 

1 =   e
−2α

(2β
′
γ

′
+β

′2
)−e

−2β
=−χT

1
,

 (9) 

2 =  e
−2α

(β
′′
+γ

′′
−2β

′
γ

′
−β

′2
)=−χT

2
,

 (10) 

G
2
=G

3
, T

2
=T

3
,

 (11) 

2 3 2 3 

whereprimeinpreviousequationsdenotesdifferentiationwithrespecttovariableξ. 

Themetricenergy-momentumtensorofthematerialfieldhastheform: 

T
ν
=

i
g

νρ
(ψ̄ γ ∇ψ+ψ̄ γ∇ ψ−∇ ψ̄ γψ−∇ψ̄γ 

ψ)−δ
ν
L  

p. (12) 

Bytakingintoaccount(5),(6)and(2),thespinorfieldlagrangianLSptakestheform: 

 

LSP 
= 

1
ψ̄ (iγ

µ
2 

1 

µψ−mψ)−
2
(i∇µ 

ψ̄ γ
µ
+mψ̄ )ψ+F(S

2
), (13) 

= −S 

= −S 

∂F(S
2
) 

+F(S 

∂S 

∂F(S
2
) 

+F(S 

∂S 

2
), (14) 

 
2
). (15) 

As the function ψ=ψ(ξ), substituting (15) into (12), we define the nontrivial components of T
ν
: 

 

0 2 3 

∂F(S
2
) 2 

 

 
T0  =T2 =T3 =−LSp =S 

∂S 
−F(S ), (16) 

1 i ¯1 

 

 

¯ 1 ∂F(S
2
) 2 

 

 
T1=

2
(ψγ ∇1ψ−∇1ψγ ψ) +S 

∂S 
−F(S ). (17) 

Intheprecedentequationsγ
µ
representDirac’smatricesincurvedspace-

time[13].TheyarelinkedwithDirac’smatricesinMinkowskispace-timeγ̄ aasfollows: 

 

gµν(ξ)   =   e
a
(ξ)e

b
(ξ)εab 

G 

G 

G 

∇ 

µ 
µ µ µ S 
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µ 

µ 

— − − 
,
 





 



 





 



 

− 



 

µσ 

− 

µ 
4 µ σ a µσ 

0 
2 

2 2 

γ̄ (∂ξ+
2
α)ψ+

2
γ̄ e 

− 

µ ν 

γµ(ξ)  =  e
a
(ξ)γ¯a,

 (1

8) 

whereεab=diag(1,−1,−1,−1)isMinkowski’smetricande
a
(ξ)aretetradic4-vectors. 

Therelation(18)leads 

 

γ
0
(ξ)=e

γ
γ̄

0
, γ

1
(ξ)=e

α
γ̄

1
, γ

2
(ξ)=e

β
γ̄

2
, γ

3
(ξ)=

e−βγ̄ 3
, γ

5
(ξ)= 

sinζ 

 

γ̄
5
 (19) 

Thematricesγ̄
µ
arechosen

asin[14] 

 

 

 

γ̄
0
 

 

1   0 0 0 

0   1 0 0 

= 
0  0  −1 0 

0   0 0 −1 





;

 

 

 

γ̄
1
 =







 

 

0 0 0   1 

0 0 1   0 

0 −1   0   0 

−1 0 0   0 

0 0 0  −i 




0 01 0




 

 

γ̄
2
=

 0 0 i 0 

0 i 0 0 

−i  0  0 0 



; 
γ̄

3
=

 0 0   0 1 

1   0   0 0 

0 1   0 0 




0 0 −1 0




 

γ
5
=γ̄

5
=

 0 0 0 −1 

−1 0 0 0 

0 −1 0 0 

In(2),(5)-(6)and(12),∇µhasthecovariantderivativeofthespinormeaning[14,15].Itislinkedto 

the spinor affine connection matrices Γµ(ξ) by: 

 

∂ψ 

∇µψ=
∂ξµ 

—Γµ ψ or ∇µ 
ψ̄ =

∂ψ̄
+Γ 

∂ξµ

 

µ
 

 

ψ̄ . (20) 

AsforΓµ,ittakesthefollowinggeneralform: 

 

1 

Γ(ξ)= g 

(∂e
b
e

ρ
−Γ

ρ
 )γ

δ
γ

ζ
, (21) 

 

where

Γ
ρ
 

areChristoffel’ssymbols.From(21),wefind 

 

Γ=−
1

e
−2β

γ̄
0
γ̄

1
γ

′
,

 

Γ 

 

=0,

 

Γ 

=
1

e
−β−γ

γ̄
2
γ̄

1
β

′
,

 

Γ 

=
1
(e

−β−γ
γ̄

3
γ̄

1
β

′
sinζ+γ̄

3
γ̄

2
cosζ).(22) 

 

Einstein’sconventionleads  

γ
µ
Γµ 

 

= 
1
(e

−α
α

′
γ̄

1
+γ̄

2
e

−β
cotζ). (23)2 

Bysubstituting(20)and(23)into(5)and(6),wehave 

 −α  1 1 ′ i  



 

ρµ 

1 

2 3 

ie 

ψcotθ− m−S ψ=0,
 (24
) 
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V4+
2

αV4−
2
e 

m−S 

V3  +
2
αV3+

2
e 

m−S 

V2+
2

αV2−
2
e m−S 

1 

1 

V1  +
2
αV1+

2
e 

m−S 

1 2 3 4 


 



 

  
γ̄ (∂ξ+

2
α)ψ+

2
γ̄ e 

ψcotθ+ ψ=0.
 (25
) 

2−β dF(S
2
) 

 

 
 

 

−α  1 

1 ′  ¯ i 2 −β¯ dF(S
2
) ¯ 

 
Consideringψ(ξ)=Vδ(ξ)withVδ(ξ)=following system of equations from (24) 

V1(ξ) 

V2(ξ) 

V3(ξ) 
,forthecomponentsofspinorfield,wegetthe 

V4(ξ) 

′ 1 ′ iα−β α

 
dF(S

2
) 

 

 
 

′ 1 ′ iα−β α

 
dF(S

2
) 

 

 
 

′ 1 ′ iα−β α

 
dF(S

2
) 

 

 
 

 

′ 1 ′ iα−β α

 
dF(S

2
) 

 

 
 

ThefunctionsV1,V2,V3andV4areconnectedbytherelation 

V
2
−V

2
−V

2
+V

2
=cste.

 (3

0) 

Inthesection3,weshallresolvethefundamentalfieldsequations. 

 

1. SOLUTIONSOFFIELDSEQUATIONS 

In the preceding section we derived the fundamental equations for nonlinear spinor fields and 

metricfunctions.Thissectionaimstocarryouttheresolutionofthefundamentalfieldsequationsestablishedinthepreviou

ssection. 

Summing the set of equations (26)-(29),we obtain the first-order differential equation for the 

invariantfunctionSasfollows: 

 

 

 

Theequation(31)hastheevidentsolution 

dS
+α

′
(ξ)S=0. (31) 

dξ 

 

S(ξ)=C0exp[−α(ξ)], C0=const.

 (32) 

Therelation(32)reflectsthenaturallinkbetweenthenonlinearspinorfieldofelementaryparticlesandtheirpropergrav

itationalfield. 

Usingthespinorfieldequations(24)and(25),thecomponentT
1
ofthemetricenergy-momentumtensor 

mayberewrittenintheform:  

T
1
=mS−F(S

2
). (33) 

Inthefollowingparagraph,weshallresolveEinstein’sequations.Tothisend,sinceT
0
=T

2
,wehave 

0 2 

d
S 

d
S 

d
S 

d
S 

d
S 

d
S 

V4cotθ+ie V1=0, (26) 

V3cotθ+ie V2=0, (27) 

V2cotθ−ie V3=0, (28) 

V1cotθ−ie V4=0. (29) 

ie m−S 
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h 

h 

4 G GT2(h,ξ+ξ1) G 

4 GT2(h,ξ+ξ1) 

0 

√ 

W4−
2

e 

m−S 

W3+
2
e 

m−S 

W2−
2

e 

m−S 

G
0
−G

2
=0.Thereforeweobtainthefollowingequation 

0 2 

 

β
′′
−γ

′′
=e

2β+2γ
.

 (3

4) 

Thetransformationoftheequation(34)leadstoaLiouvilleequationtypehavingthesolutions[1]: 

 

β(ξ)=
A

(1+
2
)ln

 A 
= 1+

2 
γ(ξ), (35) 

 

γ(ξ)=
A

ln
 A 

,

 (36) 

 

AandGareintegrationconstantsandT isafunction. 

ThefunctionThasthefollowingform: 

T(h,ξ+ 

ξ1)=





wherehandξ1areintegrationconstants. 



 

 
1
sinh[h(ξ 

+ξ1)],h>0(ξ+ξ1),h=0 
1
sin[h(ξ+ξ1)],h<0 

 

 

(37) 

The general solutions (42) depend on the arbitrary function LN=F(S
2
).  Thus, setting an analytical 

concreteformofthefunctionF(S
2
),from(42)wecandetermineexplicitlyS(ξ). Then,knowingS(ξ),we 

canfindoutthemetricfunctiong11(ξ)from(31).Finally,wecangetthefunctionsg00(ξ),g22(ξ)andg33(ξ)fromthee

quality(39). 

ConsideringtheinvariantS(ξ)=C0e
−α(ξ)

,wecanestablishtheregularitypropertiesoftheobtainedsolutions.Study

ingthedistributionoftheenergyperunitinvariantvolumeT
0
 −3g,wecanestablishthe 

localizationpropertiesofthesolutions. 

ThefollowingparagraphadressestothedeterminationofthefunctionsVδ(ξ). Inthisoptic,wemust 

α 

solvethesetofequations(26)-(29)inmorecompactformifwepasstothefunctionsWδ(ξ)=e2  Vδ(ξ),with 

δ=1,2,3,4[18,19].Wehave: 

′ iα−β α

 
dF(S

2
) 

 

 
 

′ iα−β α

 
dF(S

2
) 

 

 
 

′ iα−β α

 
dF(S

2
) 

 

 
 

′ iα−β α

 
dF(S

2
) 

 

 
 

whe

re 

W1+
2
e W1cotζ−ie m−S 

dS
 W4=0, (46) 

′ ′ 1 ′ 1α 

 

 
Wρ=(Vρ+

2
αVρ)e2 

d
S 

d
S 

d
S 

W4cotθ+ie 

W1=0, (43) 

W3cotθ+ie 

W2=0, (44) 

W2cotθ−ie 
W3=0, (45) 
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—−α 

Sdξ 

, 
C

0

 

 
4+3G 

2 2 G GT2(h,ξ+ξ1) 

S 

C

0 

4+3G

−χ(mS−F(S2)) 

Bysubstituting the expressions (35) and(36) into (4), we getthe metric function α(ξ) as follows: 

α(ξ)=
A 3

+
2 

ln
 A 

.

 (38)Finallywedefinetherelationsbetweenth

emetricfunctionsα(ξ),β(ξ)andγ(ξ): 

 

 

β(ξ)= 

2+G 

 

 
4+

3G 

 

α(ξ); γ(ξ)= 

G 

 

 
4+

3G 

 

α(ξ). (39) 

Equation(9)lookslikethefirstintegraloftheequatons(8)and(10).Itisalsoafirstorderdifferentialequation.Then,intro

ducing(33)and(39)into(9),wehave 

 

(α
′
)

2
= 

(4+3G)
2
 

2 

e2α
h
 

 

 

4  

2G 

e4+

2G 

—χ(mS−F(S 2))

i
 

 

. (40) 

Takingintoaccountα
′
=−1dSandS(ξ)=C0e

−α(ξ)
,from(40)weobtain 

 

dS 

dξ  
=±√ 

 

C0(4 + 

3G)3G2+8

G+4 

‚
.

"
S
4+2G 

—χ(mS−F(S2))

#

 

 

(41) 

 

Weobtainthegeneralsolutionsoftheequation(41)asfollows: 

 dS  C0(4+3G) 

s =±√ (ξ+ξ) (42) 

 

4+2G 0 

3G2+8G+4 

. (47) 

 

 

3
G 

+8G+4 

∫ 
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2 

 

C0m−S
dF(S2) 

W4 −
K(S2)

W4+ (
S 

)

−K 

(
S 

W1 −
K(S2)

W1+ 
(
S 

)

−K 

(
S 

W3 −
K(S2)

W3+ (
S 

)

−K 
(
S 

W2 −
K(S2)

W2+ 
(
S 

)

−K 

(
S 

2εdS 

d
S 

Withthesetofequations(43)-(46)whereW=Wδ(ξ)letuspasstothesystemofequations dependingon functions 

of the argument S, i.e.Wδ(S) = Wδ(ξ), S(ξ) = C0e
−α(ξ)

.We obtain for Wδ(S) the set 

ofequationsasfollows: 

dW4 

dS  
−iE(S 

 
2
)W4+iK(

S 

 
2
)W1=0, (48) 

dW3 
+iE(S

2
)W 

dS 
3
 

+iK(S
2
)W

2 

=0, (49) 

dW2 

dS  
−iE(S 

)W2−iK(S 
2
)W3=0, (50) 

whe

re 

dW1 
+iE(S

2
)W 

dS 
1
 

—iK(S )W4 =0, (51) 

1C0 2+2G 
4+3G cotζ 

E(S
2
)= 

S
 ;

 (52) 

2 dS 

dξ 

K(S
2
)= 

S

 dS
 

dξ 

(53) 

In sequel, we shall transform the equation (48)-(51) to the second order differential equations.In 

thisperspective, differentiating the equation (48) and substituting the expression of the function W1(S) and 

theexpressionofitsderivativeintotheresult,weobtain: 

′′ K
′
(S

2
)

 ′ 

 

 

2 2 2

 2 

K
′
(S

2
)E(S

2
)   −  K(S

2
)E

′
(S

2
) 

 
 

Similarlydifferentiatingtheequation(51)andintroducingintotheresulttheexpressionofW4(S)andtheexpressionofi

tsderivative,weobtainthesecond-orderdifferentialequationforthefunctionW1(S): 

′′ K
′
(S

2
)

 ′ 

 

 

2 2 2

 2 

K(S
2
)E

′
(S

2
)   −  K

′
(S

2
)E(S

2
) 

 
 

 

Doingthesameoperatingontheequations(49)-(50),wefindthesecond-

orderdifferentialequationsobeyedbythefunctionsW2(S)andW3(S)asfollows: 

′′ K
′
(S

2
)

 ′ 

 

 

2 2 2

 2 

K(S
2
)E

′
(S

2
)   −  K

′
(S

2
)E(S

2
) 

 
 

′′ K
′
(S

2
)

 ′ 

 

 

 

2 2 2

 2 

K
′
(S

2
)E(S

2
)   −  K(S

2
)E

′
(S

2
) 

 
 

Bysumming(54)-(55)andsettingU=W1+W4,weobtainthefollowingsecond-

orderdifferentialequationsofthefunctionU(IS): 

U
′′
(S)− K

′
(S

2

) 

 

 

K(S2

) 

U
′
(S)+ 2 E

2
(S

2
)−K

2
(S

2
)U(S)=0. (58) 

Theequation(58)maybetransformedto: 

1 d 

√ 

K(S2

) 

K(S2

) 

K(S2

) 

K(S2

) 

E )
+i 

W4=0. (54) 

E )
+i 

W1=0. (55) 

E )
+i 

W3=0. (56) 

E )
+i 

W2=0. (57) 

K(S2

) 

2 
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K(S2)
√

2ε 

√ 

1 

1 

 
−−
√ 

 coshN(S), (64) 

2 

2 

 
−−
√ 

 coshN(S), (68) 

√
2ε 

1 2 

1 1 

 
U′(S)   

−U(S)=0 (59) 

 

undertheconditionE
2
(S

2
)=(1−ε)K

2
(S

2
)with0<ε≤1[4]. 

 

Theequation(59)possessesthefirstintegral 

U
′
(S)=±  U2(S)+C1K(S

2
)
√

2ε, C1=const.

 (60) 

ItmaybeclearlyseenthatthegeneralsolutionsofEq.(60)dependonthesignoftheconstantC1. 

IfC1=a
2
>0,thentheequation(60)hasthesolution 

 

U(S)=a1sinhN1(S).

 (6

1) 

IfC1=−b
2
<0,thesolutionoftheequationof(57)isgivenby: 

U(S)=b1coshN1(S).

 (6

2) 

 

wi

th N1(S)=
√

2ε

∫

K(S
2
)dS+R1, R1=const. (63) 

 

Thedifferenceofequations(48)and(51),takingintoaccountof(61)and(62),gives: 

 

X(IS 

or 

 

)=

W1 

—W4 =−ia1 √
1 ε 1 

1 

2ε 

√
1−ε−1 

 

 
X(S)=W1−W4=−ib1 

wherea1andb1areintegrationconstants. 

√
2ε 

sinhN1(S), (65) 

Solvinganalogouslytheequations(56)and(57),weobtainthefollowingexpressionsforY(S)=W2+W3asfollows: 

 

Y(S)=a2sinhN2(S), for C2=a
2
> 0

 (66) 

or 

Y(S)=b2coshN2(S), for C2=−b
2
<0.

 (67) 

Intheseconditions,itthenfollowsfromtheexpressions(66)and(67)that: 

 

V(S)=W2 

or 

—W3  

=ia2 

√
1 ε 1 

2 

2ε 

√
1−ε−1 

 
 

N2(S)=
√

2ε

∫

K(S
2
)dS+R2,

 (7

0) 

wherea2,b2andR2areintegrationconstants. 

Considering the cases whereC1= a
2
>0and C2= −b

2
<0,let us determine the expressions ofthe 

functionsWδ(S).WegetforthefunctionsWδ(S)thefollowingexpressions: 

V(S)=W2−W3=ib2 
sinhN2(S),
 (69
) 
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2ε 

2 S 2 
2ε 

2 

3 2 
2ε 

2 

1 

1 − 

2 

1 

1 1 
2ε 

1 
4 2 G GT2(h,ξ+ξ1) 

2 
2 

2ε 
2 

4 2 G GT2(h,ξ+ξ1) 

3 
2 

2ε 
2 

4 2 G GT2(h,ξ+ξ1) 

4 
1 

2ε 
1 

4 2 G GT2(h,ξ+ξ1) 

 

W(S)=a 

sinhN(S)−i

√
1
√
−ε−1

coshN(S), (71) 

 

 

W(I)=b coshN(S)+i

√
1
√
−ε−1

sinhN(S), (72) 

 

W(S)=b coshN(S)−i

√
1
√
−ε−1

sinhN(S), (73) 

 

 

 

 

W(S)=asinhN(S)+i

√
1
√
−ε−1

coshN(S), (74) 

 
4 0 1 1 

2ε 

witha0=
1
a1andb0=

1
b2. 

  
2 2 

LetusnotethatwecanalsoobtaintheexpressionsofthefunstionsWδ(S)bychoosingC1=b
2
<0andC2= a

2
>0. In 

addition, in the expressions (63) and (70), we can use the minus sign before the integral.By doing so, we 

don’t loss of generality [17]. We pass to the functions Vδ(ξ) by multiplying the 

functionsWδ(ξ)obtainedintheexpressions(71)-(74)bye
−2α(ξ)asfollows: 

 

V(ξ)=a sinhN(ξ)−i

√
1
√
−ε−1

coshN(ξ)exp−
A3

+
2
ln

 A 
 

(75) 

 

 

V(ξ)=b coshN(ξ)+i

√
1
√
−ε−1

sinhN(ξ)exp−
A3

+
2
ln

 A 
 

(76) 

 

 

V(ξ)=b coshN(ξ)−i

√
1
√
−ε−1

sinhN(ξ)exp−
A3

+
2
ln

 A 
 

(77) 

 

 

V(ξ)=a sinhN(ξ)+i

√
1
√
−ε−1

coshN(ξ)exp−
A3

+
2
ln

 A 
 

(78) 

 

Thefollowingsectiondealswiththeanalysisofthegeneralresultsobtainedpreviouslybyconsideringtheconcretenon

lineartermsofthearbitraryfunctionF(S
2
)inthelagrangiandensity. 

 

2. DISCUSSION 

In the prsent section we derived the fundamental equations for nonlinear spinor fields and metric 

functions.This section is devolted to analyze and discuss the main results.Beside this, we have ploted the 

metricfunctions, the energy density, the energy density per unit invariant volume. By doing so, we have chosen 

theconcreteformofthearbitraryfunctionundertheform: 

F(S
2
)=λS

2

 (7

9) 

whereλisnonlinearityparameter.From(24),wehavethefollowingequation: 

 

−α  1 

1 ′

 

i 

 

2−β 

dF(S
2
) 

 

 

0 

0 

0 

0 

0 

0 

0 

ie 
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4+3
G 

  

—


 − 

γ̄ (∂ξ+
2
α)ψ+

2
γ̄ e 

C0    
−1+cosh√

3G2+8G+4
(ξ+ξ0) 

3G2+8G+
4 

0 

 
Inordertosolvethisaboveequationweneedtogobacktotherelation(42).BysubstitutingF(S

2
)=λS

2
 

into(42)andassumingthat4+2G
=∼1[4],withoutlossofgenerality,weobtain: 

1 −mχ
!
 

 

 

√
χλ(4+3G) 

 

 
 

From(32),wededucetheexpressionofthemetricfunctiong11α(ξ).Then,from(39)wededucetheexpressionsofthefun

ctionsβ(ξ)andγ(ξ): 

 2 

g11=−e2α(ξ)=− C0  
2 

 

 

 

= 1
 mχ 

C0 

 

C0 

√
χλ(4+3G) 

−1+cosh √ (ξ+ξ ) 

i



  

(82) 

2λχ 

S 

2λχ 

d
S 

ψcotθ− m−S ψ=0.
 (80
) 

S(ξ)= (
81) 

 

h 
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1 


 − 

  

∈ 

0 

 8+5G 

1 

0 

22 
S 



 

C
0
−mχ 

2λχ 

  √
χλ(4+3G) 

−1+cosh√
3G2+8G+4

(ξ+ξ0) 



 

33 1 mχ 

C0 

2λχ 

  √
χλ(4+3G) 

−1+cosh√
3G2+8G+4

(ξ+ξ0) 


   

  C
0
−mχ 

2λχ 

√
χλ(4+3G) 

−1+cosh√
3G2+8G+4

 

C0    

−1+cosh√
3G2+8G+4

(ξ+ξ0) 

C0    

−1+cosh√
3G2+8G+4

(ξ+ξ0) 

 C
0
−mχ 

2λχ 

√
χλ(4+3G) 

−1+cosh√
3G2+8G+4

 

c 0 

 

S 1 

g =−e
2β(ξ)

=
C0

=




 h 

 

 

 
C0 

i





  

 

(83) 

 

 

 

g =g 

 

sinζ=
C0

sinζ= 

h 

 

 

 
C0 

i




sinζ (84) 

 

 2  

G 

4+3G 

" #G   

 

 

 
g00= − 

C0    
2 4+

3G 
=− h 

C0  i
 (85) 

Introducing(82)into(16),theenergydensityisdefinedasfollows 

1−mχ
!2

 

 

 

√
χλ(4+3G) 

2
 

 

 
 

Letusnotethattheenergydensityisboundedwhenξ

 [0,ξc].Invirtueof(86),theenergydensityperunitinv

ariantvolumef(ξ)=T
0
(ξ)e

2α−γ
 sinζisdefinedinthefollowingway: 

1−mχ
!2

 

 

 

√
χλ(4+3G) 

2
 

 

 
 

wherethefunctionδ(ξ)hastheform: 

  

4+3G 

δ(ξ)= h 

 

 

C0 

i 

 

 

(88) 

 

From(88)theenergydensityperunitinvariantvolumeofHeisenberg-Ivanenkotypeequationofanon-

linearspinorfieldislocalizedwhenξ∈[0,ξ].Therefore,thetotalenergyE=
∫ξc

f(ξ)dξisfinite. 

Thefigues1to7below,shownumericallythepropertiesoftheinvariantfunctionS(ξ),non-zerocom- 

ponentsofthemetricg00(ξ),g11(ξ),g22(ξ),g33(ξ)andtheenergydensityT
0
. 

Theirformsdependonthevalueoftheintegrationconstants. 

(ξ +ξ0) 

2λχ 

2λχ 

22 S 

(ξ +ξ0) 


 

0 
T0(ξ)=λ 

(
86) 

f(ξ)=λ 
ζ(ξ)sinθ (87) 
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∈ 

3 

0 

0 

4+3
G 

1,2 0 
2 

0 

 

 

 

Figure1to5:-PlotsoftheinvariantfunctionS(ξ)andthenon-zerocomponentsofthemetrictensor 

g00(ξ),g11(ξ),g22(ξ),g33(ξ)forξ [0,0,5],χ=8π,G=1,λ=2,m=1,C0=0,05,ξ0=5and 

ζ=
π
.From  these  graphicalillustrations,wenote  thatS(ξ), g00(ξ), g11(ξ), g22(ξ)  and  g33(ξ)  

areregularandlocalizedfunctions.Thisisingoodagreementwiththeanalyticalresults. 

Figure6:PlotoftheenergydensityT
0
(ξ)withthesamevalueofconstantsaspreviously.Let usemphasizethat the 

energydensityT
0
(ξ)isanasymptoticalandlocalizedfunction. 

LetusfindanexplicitformofthefunctionVδ(ξ),δ=1,2,3,4. Tothisend,wededucefrom(63)and 

(70)theexpressionsofthefunctionsN1(ξ)andN2(ξ)knowingthatF(S
2
)=λS

2
andset

4+2G
=∼1,without 

lossofgenerality: 

N (ξ)=−2λ
√

2ε(ξ+ξ)+Mtanh

"

√ 

 

mχC0(4+3G) 
(ξ+ξ)

#

+R 

 

(89) 

(1+λχC0)(3G2+8G+4) 

1,2 
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1 

 
2 √  

 
2 √  

 
2 √  

 
2 √  

C0    

C0    

C0    

C0    

whe

re 

√ 3√ 
2

 

 

 

M=
2  2ε(1+λχC0)2      3G+8G+4

=const.
 

mχ2C0(4+3G) 

Then,theexpressionsofN1(ξ)andN2(ξ)aresubstitutedinto(71)-

(74)toproducetheexplicitformofthefunctionsWδ(ξ)thatwemultiplybye
−2α(ξ)togetexplicitelyVδ(ξ)asfollows: 

 

  

1−ε−1 

 

 

1 —mχ !1   1 

χλ(4+3G) 2 

 

V1(ξ)=a0 sinhN1(ξ)−i √
2ε 

coshN1(ξ) 2λχC0 −1+cosh√
3G2+8G+4

(ξ+ξ0) 

(90) 

 

  

1−ε−1 

 

 

1 —mχ !1   1 

χλ(4+3G) 2 

 

V2(ξ)=b0 coshN2(ξ)+i √
2ε 

sinhN2(ξ) 2λχC0 −1+cosh√
3G2+8G+4

(ξ+ξ0) 

(91) 

 

  

1−ε−1 

 

 

1 —mχ !1   1 

χλ(4+3G) 2 

 

V3(ξ)=b0 coshN2(ξ)−i √
2ε 

sinhN2(ξ) 2λχC0 −1+cosh√
3G2+8G+4

(ξ+ξ0) 

(92) 

 

  

1−ε−1 

 

 

1 —mχ !1   1 

χλ(4+3G) 2 

 

V4(ξ)=a0 sinhN1(ξ)+i √
2ε 

coshN1(ξ) 2λχC0 −1+cosh√
3G2+8G+4

(ξ+ξ0) 

(93) 

Letusemphasizethattheequation(80)hassoliton-likesolutions.Here,theexistenceofthesoliton-like configurations 

with localized energy density, finite total energy in Heisenberg-Ivanenko type 

nonlinearequationisaninterestingresult. 

Usingthesolutions(90)-(93)wecandterminethecomponentsofthespinorcurrentvectorj
µ
=ψ̄ γ

µ
ψ 

[16]underthegeneralform 

 

j
0
=(V1

∗ V1+V2
∗ V2 +V3

∗ V3 +V4
∗ V4)e

−(α+γ)
,

 (9

4) 

j
1
=(V1

∗ V4+V2
∗ V3+V3

∗ V2+V4
∗ V1)e

−2α
,

 (9

5) 

√ 

√ 

√ 

√ 
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√ 

  
0 

√ 

  

√ 

  
0 

√ 

  

" 

0 

" 

0 

— √ 

∈ 

∫ 
  

 h
−

 

χλ(4+3G
) 

∈ 

=4e a0 
√

2ε 
coshN1(ξ)sinhN1(ξ)−b0 √

2ε 

2   =4a ϑ (ξ)cosh2N(ξ) (102) 

C0 

2λχC

0 

1+cosh  (ξ+ξ0) 
3G2+8G+4 

∞ 

j
2
=−i(V1

∗ V4−V2
∗ V3+V3

∗ V2−V4
∗ V1)e

−(α+β)
,

 (9

6) 

j
3
=(V1

∗ V3−V2
∗ V4+V3

∗ V1−V4
∗ V1)e

−(α+β)
.

 (9

7) 

InthecaseofHeisenberg-

Ivanenkotypenonlinearequation,thecomponentsofthespinorcurrentvectormayberewritteninthefollowingway: 

 

j0=2e−α−γ

(

 

 
2
sinh

2
N1(ξ)+ −1+

√
1−ε

2
 

 
2ε 

cosh
2
N1(ξ)

#

 

 

+b
2
 

"

cosh
2
 

N2(ξ)+ 

−1+
√

1−ε
2
 

 
2ε 

sinh
2
N2(ξ)

#)

 

(98) 

 

j1=2e−2α

(

 

 

2   sinh
2
N1(ξ)− 

−1+
√

1−ε
2
 

 
2ε 

cosh
2
N1(ξ)

#

 

 

+b
2
 

"

cosh
2
N2(ξ)

− 

−1+
√

1−ε
2
 

 
2ε 

sinh
2
N2(ξ)

#)

 

(99) 

 

2 −α−β 
2−1+

√
1−ε 

 

2−1+
√

1−ε 

 
 

j
3
=0

 (10

1) 

As in this study the configuration is static, the components j
1
, j

2
  and j

3
  are evident.  But only the 

componentj
0
is nonzero. With this assumption, we get a0= b0= a, R1= R2= R, N1(ξ) = N2(ξ) = N (ξ) and ε 

= 1.From the component j
0
, we define the charge density or the chronometric invariant of the spinor field 

asfollows: 

0
1 

2 

 

whereN(ξ)isdefinedbytheexpression(89)and 

1 −mχ
!
 

 

 

 
√

χλ(4+3G) 

 

 
 

 

The charge density is localized when ξ [0,ξc].ThetotalchargeofthespinorfieldintheHeisenberg-

Ivanenkotypenonlinearequationis: 

 

ξc 

Q= ρ 

0 

√
−3gdξ=4a

2
 

 

ξc 

cosh2N(ξ)e
α−γ

sinζdξ< , (104) 

0 

ξCbeingthecenterofthefieldconfigurationand 

 

α−γ 

 C0  

e = 1     

mχ
 

C0 

2λχC0 

√ 

−1+cosh√
3G2+8G+4(ξ+ξ0) 

(105) 

From(104)thetotalchargeisfinitewhenξ [0,ξc]. 

Letusdealwiththespintensorofthenonlinearspinorfield.Itsgeneralformis: 

 

a 

a 

∫ 

i 

j coshN2(ξ)sinhN2(
ξ) 

(
100) 

Q(ξ)= j0

j 

ϑ (ξ)=e−
α(ξ)

= . (103) 
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 } 

2=2a 

√
23,0 

 
−3dξ=2ag 

S
ik,0

=
1

ψ̄ γ
0
σ

ik
+σ

ik
γ

0
}

ψ=
1

ψ̄ γ
0
σ

ik
ψ. (107) 

S
µν,λ

=
1

ψ̄ γ
λ

ζ
µν

+ζ
µν

γ
λ

ψ.

 (106

)4 

Using(106),thespatialdensityofthespintensorS
ik,0

,i,k=1;2;3is: 

 

 

 

Thus,wehave 

 

4 2 

 

S
12,0

=S
13,0

=0. (108) 

 

S
23,0

=2a
2
cosh2N(ξ)e

−α
.

 (10

9) 

Therelation(109)leadstothedefinitionofthechronometricinvariantofthespatialdensityasfollows: 

 

23,0 

chI 

 
S23,0

S 

23,0

1
 

 
2
cosh2N(ξ)e

−α
 

 

. (110) 

Thus,theprojectionofthespinvectorontheradialaxishastheform: 

 

S1 = 

ξc   

2 

chI 

0 

 

ξc 

cosh2N(ξ)e
α−

 

0 

 
γ
sinζdξ. (111) 

Notethatthespintensorofthespinorfieldhasafinitevalueandpositivebecausetheintegrandispositive. 

 

We can conclude that the equation (80) possesses soliton-like configuration with finite value of the totalcharge 

and the total spin.In addition, the metrics functions are stationnary and regular.Therefore, 

thesesolutionsmustbeusedtodescribetheconfigurationofelementaryparticleswithmass. 

 

Conclusions:- 
In this manuscript,taking into account the proper gravitational field of elementary particles,  we ob-

tainedthegeneralsolutionsofEinsteinandnonlinearspinorfieldequations.Weanalyzedinparticularthe Heisenberg-

Ivanenko type nonlinear spinor field equations.We note that the solutions of Heisenberg-Ivanenko equation are 

regular and possess a bounded energy density and limited total energy. Similarly, themetric functions are 

stationary. The total charge and the total spin are finite quantities as well. We demon-stratedthatthesoliton-

likesolutionsexistinflatspace-timeandabsentinlinearcase.Thenonlinearityofthe spinor field vanishes in the space-

time without gravitation.  Therefore, we note that, the gravitationalfield is nonlinear by nature and its 

nonlinearity induces the nonlinearity of the spinor field.The numerical solutions of the solutions obtained here are 

presented in graphical form.  We noted that the numerical solutionsare 

ingoodagreementwiththeanalyticalresults.Solitons 

ofnonlinearinteractingspinorandscalarfieldsincylindricallysymmetricconfigurationwillbeinthecoreoft.he 

forthcomingpaper. 
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