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This research aims to formulate a correlation theorem on the canonical
transformation of reduced linear biquaternion (RBLCT).This research
is a literature review conducted at the Department of Industrial
Technology, Makassar PSDKU Graphics Engineering Study
Programme, Politeknik Negeri Media Kreatif. The definition of reduced
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,_in)éar Canonical  Transformation, biquaternion linear canonical transformation (RBLCT) is obtained by
Reduced Biquaternion Fourier first constructing the definition of reduced biquaternion Fourier

Transform,  Reduced  Biquaternion

transform (FTRB) and investigating its properties by replacing the
Linear Canonical Transformation

kernel of Fourier Transform with the kernel of FTRB in the definition
of Linear Canonical Transformation (LCT). The proposed Correlation
Theorem for RBLCT is an extension of the correlation theorem of
linear canonical transform to the domain of RBLCT. A different proof
of the Parseval formula for RBLCT is also given whose proof is much
simpler by using the conjugacy property of the RBLCT kernel. As an
application of the obtained results, the RBLCT correlation theorem is
briefly discussed to study frequency-swift filters in general.
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Introduction:

Digital image processing and signal processing are objects of current discussion which are activities that are closely
related to mathematical processes. The Fourier transform was first discovered by a mathematician Joseph Fourier.
The Fourier transform is an extension of the Fourier series. The development of the Fourier series to the Fourier
transform is because non-periodic functions are easier to analyze with the Fourier transform.

In reality, apart from being in contact with real space, there is also a complex space, so the Fourier transform is
being developed in a complex space, namely the Fourier Quaternion transform (TFQ). TFQ is a generalization of the
real and complex Fourier transform using quaternion algebra. Quaternion is an expansion of complex numbers
which was first discovered by Hamilton. The discussion of quaternions has been widely developed on the problem
of signal processing, image processing, aircraft radar and so on. However, since it is known that the multiplication
rule of quaternions is not commutative, this limits the application of quaternions in signal and image processing.
Moreover, in general, the convolution of the two signal quaternions f(x,y) and g(x,y) cannot be calculated by the
product of the Fourier transforms F(u,v) and G(u,v) in the frequency domain.
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With these weaknesses, a reduced bigquatenion has been proposed which has a commutative multiplication rule [1].
This commutative property is an advantage over quaternions. A biquaternion is an eight-dimensional hypercomplex
number with addition and multiplication operations similar to that of a quaternion. The collection of biquaternions
forms four-dimensional (4D) algebra on complex numbers.

Linear canonical transformation (LCT) which is a generalization of several transformations, including Fourier
transform, Laplace transform, fractional Fourier transform, Fresnel transform and other transformations has an
important role in many fields of optics [2] as well as processing signal [3]. LCT is more attractive in various
applications due to the accuracy and efficiency of its transformation calculations [4], and many of the basic
properties of these transformations are known, including shift, modulation, convolution, correlation and the
uncertainty principle [5].

In previous studies, the convolution theorem for linear canonical transformation (LCT) has been introduced which is
based on the properties of the convolution theorem for the Fourier Transform which is explicitly shown by the
authors some important properties of the relation between LCT and convolution, and provides an alternative form of
the LCT correlation theorem [6]. Likewise, the convolution for one-sided LCTQ and its important properties such as
linearity, shift, modulation and so on [7].

This research was conducted using a literature review method, by first introducing the definition of the reduced
Biquaternion Fourier transform (RBFT) and its important properties such as linearity, shift or dilation, scale,
modulation, parseval, and plansherel. Furthermore, based on the definition of the reduced biquaternion Fourier
transform (RBFT), we obtain the definition of the reduced linear biquaternion canonical transform (RBLCT) by
replacing the Kernel of TF with the kernel of RBFT in the definition of LCT. And in the end it will be obtained an
alternative form of the correlation for the reduced biquaternion linear canonical transformation.

Research Methods:
Problem identification
Problem identification is the initial stage of research to determine the focus of the research problem.

Literature Study

Literature studies were conducted on research journals related to the field of research as a stage to complete the
basic knowledge of researchers for the purposes of conducting research.

a) Activities for formulating the definition of RBLCT.

b) The activity of formulating the inverse definition of RBLCT.

c) RBLCT correlation theorem formulation activities.

Research framework

After compiling the definition of RBLCT, then a framework is made based on the formulation of the problem and
research objectives.
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The order of the framework of thought in this research activity can be described in a flow chart below.

PROBLEM IDENTIFICATION

J L

LITERATURE STUDY

a. formulating the definition of LCTBT

J L

b. formulating the inverse definition of LCTBT

TL

C. LCTBT correlation theorem formulation

4l

CONCLUSION

Result and Discussion:

RBLCT Definition

Based on the definition of the reduced Biquaternion Fourier transform (RBFT), the definition of RBLCT is obtained
by replacing the kernel from TF with the kernel from RBFT in the definition of LCT.

Denoted by SL(2,R),a special linear group of degree 2 on R, is a group of a matrix of the order 2x2 with a
determinant of one. Suppose

Definition 3. The reduced biquaternion linear canonical transformation (RBLCT) of the reduced biquaternion signal
f is defined by

_ f KAl (Xl'wl)f(X)KAz (Xz’, (Dz)dx, bn * O,rl = 1,2 (1)
e HE2)o} |
d;d,e’\"z /PIf(dywq, dyw,)e V2 /¥ by = 0 ataub, = 0
where the kernel of RBLCT is given by each.
1 i (xd 2 w1+ )
Ky, (1, 01) = CEATE TR T (2)
,;21‘[b1
and
K (X » ) _ 1 ekz(zixg b22x2w2+—w%) (3)
Ay \X2, W2) = \/— .
21Tb2k

1d cq1d
With e( ot dan e (121)“’%called Chirp signal in signal processing. Because ‘AkA {f}(w)is trivial for

b; = 00or b, =0, in this study it is always assumed that b, # 0 forn = 1,2. As a special case, when A; = A, =
(ag, bg, cs,dg) = (0,1,—1,0 )fors = 1,2, the definition of RBLCT in equation (1) is reduced to the definition of
RBFT, namely
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A1 Az {fH(w) = f me_i“’:‘l f(x) Tk e_k‘:ZXZ dx
= \/?‘l‘[iTRB {f}(w) \/Z—W{ (4)

Theorem 1.The inverse of the reduced biquaternion linear canonical transformation is given by

0 fR Kap (x1, 0Ly 4 f(@)K o1 (xp, w;)dw, b, # 0,n = 1,2
\/d1az€e i( 12 ) 1f(31X1,32X2)e ( 22 Z)X%,bl =0 ataubz =0

(5)
WhenAI1 = (dl, —bl, —Cq, al)andAgl = (dz, —bz, —Cy, az).

Characteristics of RBLCT

The following proposition presents some useful properties of the kernel functions K, (x4, w;) and
Ky, (X2, w2)RBLCT, which will be used to derive the Parseval formula

Proposition 1. Given the kernels of the functions K, (x4, w;) and K, (x;, w,)defined by (2) and (3). next we get:

L Ky, (=%, 01) = Ky, (x1, —01) and Ky, (%2, 02) = Ky, (X3, —3);
I Ky, (=%, —w1) = Ky, (xq, @1) dand Ky, (—%;, —w3) = Ky, (x3, w3);
II. Ka, (x1, 01)Ky, (X2, 07) = Kp-1(x1, 01)Ky51 (%2, 02).
Proof 1. By using equation (2) the proof of the proposition Ky, (—x;, w;) = Ka, (x4, —w,) is as follows

!
Kp, (=%, 01) = L aioi et flot)
! 2mb, i
lra1 2 2
_ 1 eZ(b1X1+EX1w1+E )’

Similar to

A/ 21Tb1
1

a2 2 LEPRY;
elZ(b1X1 blxl( w1)+b1( (‘)1) )

— eZ(Ei %+*X1 (A)1+fa)%)

=

If the same operation is performed in equation (3), then we get
kl(azx%+—x2w2+d— 2)

Llrage y2_2 _ dz 2
Kn (—X,, 0,) = —ekZ(bz( X2) b2( Xz)wz+bzw2)
Az 2, W2
w/ZT[bz
1
b2 b2 b2

- ./anzk '

lrap 2 2 dp 2
ko (55%0 %2 (Fw2)+ 2 (-02)
Ky, (X2, —w;) = ——e s b2 )

\ 21Tb2
k—(a—zx%+ Xp W+ = 42 2)
./anzk

b2 b2
= KAZ (_Xz, (1)2).

Similar to

7\"

Proof 2. By using equation (2) the proof of the proposition K,, (—x;, —w1) = Ky, (x1, w,) is as follows

L (e o+ fi-on?)

Ka, (=x1,—wy) =
T[b1
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— 1 ei%(;—ix%—bz—lxl w1+ s—im%)
A 2mbqi
= KAI (Xl' (1)1).

while Ky, (—x2, —w;) = Ky, (x,, wz)can be proven by using equation (3), as follows

I (F2(-x2) 5 (—x2 ) (-w2)+ f2(~02)?)

1
K, (—%p, —0) = ————e20
2 ’ 2
ﬁZT[bzk
1 Ki(3243 -2 +324,2
= ——¢ Z(bzxz bZszz bzwz)

ﬂz‘l'[bzk

= KAZ (Xz, (1)2).

Proof 3. From equations (2) and (3) it can be written as follows
ei%(;—ix%—%xl w1+ g—iw%)

KA1 (x4, 001)KA2 (%2, 0) =
4/ ZT[bll

1ag 2 2 dz 2
—ekZ(b2X2 bZXZ w2+b2w2)
21Tb2k
1 ka2 2 di 2 1 _ki(32,2_2 d2 2
- . 12(b1X1 b1X1w1+b1w1)— kz( SX27,%2 w2+b2wz)
1 _jl(a1_2 d 2 1 _ki(22,2_2 d2 2
= '2(b1 blxl“’1+b1“’1) e kz(bz"Z b2X2w2+b2w2)’

,[—Zﬂblie 1/—21Tb2k

by using the inverse RBLCT in equation (5), it can be written as follows

1 1( a1 2
K1 (%1, 0)Kps1(Xp, 03) = ———=
! z J2mn(=by)i

- 2 dq 2
e 2\ D" T b 1‘*’1+(—b1)‘”1)
1 1/ ap 2 2 do 2
k ((4)2) Ty 2‘*’2+(—bz)‘*’2)

JZn(=b)k 2

1 iL(_2Lly2 4 2. 41,2 1 L 2.2, 2 _d22

_ —elZ( b1X1 +b1X1 w1 blwl)—ekz( b2X2+bzX2 w32 bzwz)
J—=2mbyi J=2mb,k

_jl(aig2_ 2 41,2 1 kA (32422 42,2

12( 1X1 b1x1w1+b1w1) e kz(bzxz bzx2w2+b2w2)

1
= /=2, J—2mb,k

= Ka, (xq, 001)KA2 (x2, 7).

The following lemma describes in general the relationship between RBLCT and RBFT of a signal f.
Lemma 1. RBLCT of signal f with parameter matrix A; = (a;, by, ¢;,dy)dan A, = (ay, by, ¢y, dy) can be written

as signal f of RBFT which is written in the form

L (8(w) = =il eiti iy, e ity
) W) = ——————e2by e<b2 {ez 1" @2b2 X }
Arhz J2b,1/2mb.k R

(001 002)

b, b,/
Proof 4. A simple calculation using definition 1 shows that
i 1 (23— xror+ile]) 1
Lis a, () = ez B0 0
frte y/2mbyi Jr2 J2mbik

lrap 2 2 dp 2
k—(—x ——X2 W2+ 2w )
e 2\b; 2 by 202 by 2 dX

1 21,2 et pd1 o2
o X1~ =X Ho—-w
@2by 1 by 1T2bg 1f(X)

anli R2 ,/Zﬂblk

az .2 2
K-~x5— x2+k )
e 2b2 270,72, 2dX

1 41 2 @1, 312 32 2 1
=7e12b1w1f e bt (e'Zblxlekszxzf(X))i

4/ 2T[b1i

(6)
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1 41 i1 2 a2 Ay 1 kda 2
=—e'1 17—" {e'Zbl % Zf( )}( ) ez @)
+/2mbyi by " b, +/2mb Kk

Where the last line is obtained from the definition of RBFT in equation (4).
Furthermore, an alternative proof of the Plancherel formula for RBLCT is provided.

Theorem 2. (Plancherel RBLCT). The two reduced biquaternion functions f and g of RBLCT have the Plancherel
formula, which is given as

[ fopax= [ 1, B@UE, @ode.  ®
R R2

Proof 5. By using the RBLCT inverse in equation (5), it is given that

|, foomeOax= | 1L D@k, )

R

K51 (x2, ;) dewg(x)dx
By using proposition 1 part (iii), then the above equation can be written as

= f Ly 4, (B (w) f Kapt (1, 01)K 51 (%2, ) g(X) dxdoo.
R2

= J AlA {f}(m) J KA1 (Xli (1)1)g(X)KA2 (Xz,(.l)z)dx dw
R2
[t @ E@. o
R2

In the first equation of equation (9) the reduced biquaternion function f has been replaced by the inverse RBLCT
(7). In the second equation, the order of integration has been exchanged and in the third equation part (iii) in
Proposition (1) has been applied, while in the last equation, the definition of RBLCT in equation (1) is used to
complete the proof of the theorem.

A special case of the Plancherel formula for RBLCT obtained the Plancherel formula from RBLCT as follows.
Corollaries 1. (Parseval of RBLCT). If the reduced biquaternion function is f(x) = g(x), then the Plancherel
formula from RBLCT will be reduced to the Parseval formula from RBLCT, which states that

f |f(x)|2dx=j |LiAk1’Az{f}(m)|2dw. (10)
R2 R2

Equation (10) is a statement about the energy content in the reduced biquaternion signal. It states that the total
energy signal calculated in the spatial domain is the same as the total energy calculated in the RBLCT domain.
Parseval's formula allows the reduced value biguaternion energy signal in either the spatial domain or the RBLCT
domain and the domains can be interchanged for easy computation.

Correlation Theorem for RBLCT

Cross-correlation of reduced biquaternions and convolution of reduced biquaternions are actually related in that the
correlation of reduced biquaternions can be considered as the conjugate of convolution of reduced biquaternions. In
this section, the correlation of two reduced biquaternion signals in the RBLCT domain will be defined. This
definition is similar to the definition of correlation in RBFT domain. Furthermore, a theorem will be constructed,
which describes the relationship between RBLCT and the correlation of two reduced biquaternion signals.

Definition 4. For each reduced biquaternion signal fand g, the correlation in the RBLCT domain is defined as

o= T

t1(t1+X1)

f(Hg(x + t)e

211b11 J/—2mbk

k —£t) (ty+x2)

X e b2 dt. (1)
Theorem4. For two reduced biquaternion signals f and g, the correlation for RBLCT is obtained as
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_— d w kdzw%
X, @ gl w) = L¥, (gL, (B-w)e 21 e ™ 2. (12)
Where is the parameter matrix A} = (a;, —by,¢;,d;) and A% = (ay, —by, ¢y, d;)Noting that when A] = A5 =
(aj, —by,¢1,dy) = (az, —by, cy,dy) = (0,1, -1, O)the above equation is simplified to

L0 ghe) = L, (B-w)L , {g}(w). (13)
Proof 6. From the definition of RBLCT in equation (4.1) and the definition of the correlation of two reduced
biquaternion signals in the RBLCT domain in equation (4.21), we get

A1 Az{f O gHw)

t1(t1+X1) k tz(t2+Xz)

fHgx+t)e b

_f 1 1
2, Jrz [=2mbi/—2mb, k
1,7ap 2 2

1 #e;l(bix% b21x1m1+d )eik(axz b2x2w2+d )dth
4/ ZT[bllﬂ 2T[b2k
By substituting v =x+t,v; =x; +t;, and v, = x, + t,,which can be written asx =v—tx; =v; —t;, and
X, = v, — t,,then we obtain

Liys 4, {f @ gH(w)

1 1

1 1
B f R2 \/—27byi /—21b, Kk J2b, 1 /2mh, k

eZ( (v1-t1)? —*(V1 tl)w1+ ‘”%)e_k(az(vz tZ)z__(VZ tz)u)2+ )dth

f(t)g(v) ei%(tlvl)ekz_itz (t2v2)

1 1

+/2mbqi/2mby k

f(t)g(v) eil%(tﬂl)ek%tz (t2v2)

_.[ 1 1
R? \/—2nb1i\/—2nb2
e ( (Vl 2V1t1+t1) (Vl t1)(1)1+f(x)1)

( (V1—2V1t1+t1)—f(V2 tz)w2+ u)z)dtdv

F(O)g(V) e ' Tt

f R2 \/— 21‘[b11\/ 21Tb2 1/21'rb11,/211b2

2 k2242 _p32 kL
e (V1t1) (Vlwl) 'b (t1m1)e 2b2v ekZbZ 2a ky (Vztz)e kg~ (vaw2)
d
k t 1 krZod itl(vity) kE2(vat
oo S(t20 2)e12b1w P T elb1(V1 Vg (Vz Z)dtdv

f()g(V) =1

-f RZ /— 21Tb11\/ 2mb,k ,/2nb11,/2nb2
2

d
<12 131V% k ~(v202) kZbZZ kaztl i (tlml) kZbth kE(tzmz)dth

e Zbl e 2by e 2b1
(14)
Which is based on the definition of RBLCT in equation (1) that has been written previously
(08w = —: L (oU* (gt
EHE Rt —2mbiy/—2mbk A2
t1wg az .2 tawy
e b1 e 2b2 2" bz (¢,
Using the conjugate of the reduced biquaternion yields
UX, (fQ gh(o) = f L¥, (@(w)
f(t) ! ! e_imtle_itg‘;le_ 23\Tzzt%e_ktzbz dt
\J—2mbyi/—2mb,k
_ Li,k f 1 1 ;(b t1+ tlml) —k( t2+—t2w2)d
= Jre A, (8} (@) f(B) =T e A e t.
(15)

825



ISSN: 2320-5407 Int. J. Adv. Res. 12(08), 819-827

dlm% dzm%
By multiplying both sides of equation (15) by the identitye' 2b1 ande’ 22 ,easily obtained
(0 e i H = [ k@i -
w)e b1 e 2b2 = w)f(t
EiCL J h1.a218 J—2mbyi/—2mb,k

2 2
.1( a1,p 2 d1m1> 1( apg.y 2 dow}
is| —t{——tiw1— k3| ——=t5——trwp—
2\ by 1 by 1P 2\ by 2 by 2%27 b
e 1 1 /e 2 2 2 /dt.
Finally obtained
d1w1 dzm

L¥ @ gh(w) = ¥, @@)LE . (B-w)e  Bre 72, (16)
This was the expected result.

Conclusion:
Based on the discussion, the reduced biquaternion linear canonical transformation (RBLCT) of the reduced
biquaternion signal f is defined by

A1 Az{f}((.l))
— j KA1 (Xl ’wl)f(X)KAZ (XZ_; (Dz)dX, bn #0,n=12
\/d—dze( 2 ) 1f(d1(1)1;d2(1)2)e ( 2 )0)2 b1 — Oataub2 — O
where
a2 2 +d—1(1)2)
KAl(Xl,(,ol) = elz(blxl b1X1w1 ! ’
Zﬁbli
and N
L azxz——z—x 9_ 2
KA2 (x5, w,) = ekz(bz ipxe w2ty ‘Dz).

1
+/2mby Kk

The inverse of the reduced biquaternion  linear  canonical  transformation is  given

by£(x) = fRz Kapt (xl,wl)Li;\kl'Azf(w)KAzfl (x5, 02)dw, b, # 0,n=1,2
alaze_i(%)x%f(alxl,azxz)e_k( ZZZ)X%,bl = 0ataub, =0
whereA7! = (dy, —by, —cy,a;) dan Ay' = (dg, —by, —¢y,a3)

The Plancherel and Parseval properties of the two reduced biquaternion functions f and g from RBLCT are
as follows.

a) Plancherel properties

[ fop@ax= [ 1, ML, E)de.
R2 R2

b) Parseval Proprties

f If(x)lzdx=f | AlAZ{f}(m)| dw.
R? R?

The convolution for each function fand g in the reduced biquaternion linear canonical transformation, defined by

ik _im _kd_
LlAl:AZ{fQ glw)=e 2b1e 2

2 wZ . -
SR L @, @),
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