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1. Introduction:-

In this paper, we are interested with shape optimization problems using the functional

J(Q) = an|VuQ—vV0|2dx+ b [, lug — v, |?dx. (1.1)

where a and b two real numbers, v, (respectively v;) are the given functions of H,.' (RV) (respectively L*,.(RN) and ugis

the solution of the following Neumann problem :

—Aug + u? = finQ
{ %9 — () on 9Q. (1.2).

on -
where q >1 is an integer.

The objective of this paper is fixed around three main axes, that is to say the existence of optimal shape solution, the
shape derivative using vector fields and the topological derivative using the minmax method. These types of
problems have been studied by many authors who can be cited [2, 3,9, 10,7, 8,9, 11, 12, 15].

We will give existence results by adding constraints, either on the functional to be minimized or on the set of
admissible domains. But we can also increase volume constraints. Thus, it will be a question of giving existence
results assuming that the boundary is uniformly regular.
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Let us denote by O,4the set of admissible open sets. We assume that this set satisfies the following properties:
Oad cOg

(the set of open checking the property of the e-cone). It is also closed for one of the three types of convergence,

namely convergence in the sense of Hausdorff, in the sense of characteristic functions or in the sense of compacts.

We consider] (Qe)=J(Qe,ue), where the perturbed domain Qeof Qis defined byQe= Te(2)orQe=Q\Ee on the
derivative to be calculated.

The paper is organized as follows: In the first section we give the introduction. In the second section, we establish
the existence of optimal form. Section 3 is reserved for the form derivative of the functional using the Lagrange
method. In this part we first give an example of application of the derivative in the sense of Hadamard. Then we
apply them to the energy functionals.In the section 4, we give the topological derivative using minmax method. And
in the section 5, we give the conclusion of the work.

2. Existence of a solution by the e-cone property
We consider a functional of the form:

J1(Q) = f F(x, ug, Vug)dx (3.1
Q

Where
F:BxRXRN >R
is a continuous function, measurable in (x,r,p) and verifying the hypothesis
I[F(x,1,p)| < c(1+r%+ |p|>)Vx€B,Vre R, Vp € RN, (3.2)
with u = ug of the following Neumann problem:

—Au + u? = finQ
du
[— =0 ondQ, G4
on
with Q cB (where B is an open RV) and feL’(B).
We further consider the following functional:
j2(Q) = j F(x,vo(x),0)dx + af |V (x)|?dx (3.5)
Q Q
with o > 0 and vq solution of (3.4).
We then ask:
J(Q) =[, F(x, uq(x), Vug)dx. (3.6)

We notice that J is well defined, because F is by hypothesis, a function measurable in (r,p) p.p. Thus, we show that
J(Q) <+oo. Indeed, according to (3.2) we have:

J(Q)| = U F(x, ug (%), VuQ(x))dxl < Jc(l + ug (x)% + |Vue(x)|?)dx,
0 o

< cf (1 + ug X)? + [Vue(x)|?)dx.
Q

Furthermore, we can increase

J()] < c(lluallyt + 1)) < +oo.

So|J(Q)| < +m, hence J(Q) is well defined. We therefore recall that problems (3.4) is well posed in the sense of
Hadamard. Indeed, we have specified the Neumann boundary conditions.

In all that follows, we set € >0 and we consider the set O.defined by:
O,= {Q open, Q cD, Q has the property of e-cone}.

We therefore consider the following shape optimization problem:

min{J(Q) : Q €0, },
where J designates the functional of type J; or J,. In all that follows, we seek to determine optimal shape existence
results for shape optimization problems. But before giving optimal form existence results, we need the following
results:
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Theorem 2.1 Let Q, be an open sequence in the class O,. Then there exists an open Q €0.and an sub-sequence

Q,, , which converges towards Q both in the sense of Hausdorff, in the senseof the characteristic functions and in the
sense of compact. In additionQ,,, and dQ,,, converges inthe Hausdorff sense respectively to Qand Q.

LEMMA 2.2: Let K be a compact and B a bounded open of R™. Let Q, be a sequence of open

WithQ,, cK cB, verifying the ownership of the e-cone.

Then there is an open Q verifying the ownership of the e-cone and an extracted sequence €, such as

H Lpp
ug,, 2 Ua  Xo,, — X

H— H
O, 50, 09, 500

It is a result which will allow us to characterize the existence of solution.
Proof. See [1].
Consider the following Neumann equation:

Ju 3.7
—2=0 ondQ. G.7)
So, by doing the variational formulation and integrating, we have according to Green’s formula:
veH! (Q),j Vug. Vvdx + f ugldx = jfvdx,
) Q Q Q
with f €L7(B).
In what follows, we focus on the fundamental result of the game.
Theorem 2.3Let O,4 O, be a non-empty set of open sets satisfying a closure property for convergence in the sense

of Hausdorff, F a function which satisfies (3.2) and J; (respectively J,) defined in (3.1) (respectively in (3.5)). Then,
there exists  €0,4 which minimizes J(respectively J,).

Proof. Let us show that J; is bounded.
We have

JRCHIE f F (%10, (), Patg, () dx| < c(llug, lye + 191) <+
On
which shows that J;(Q,) is increased. Moreover,
@0l = [ F (0,00, Pua, ) dx|
Qp

and J;(€2,) >—oo because ug €eH'. SoJ 1(Q,) is reduced. Thus, J;(€2,) is bounded. Let us ask
m = inf J;(Q). (3.8)

Q€001 0gq
Then, according to the properties of the lower bound, there exists a minimizing sequence (€2,) of

0,4 such that

J1(Q) » m =inf ;(Q).

Q€O0c0rOgq
Let Q, €0,4. According to Theorem 2.1, there exists an open € €0, and an extracted sequence (€2, ) which

converges to Q in the Hausdorff sense. Like Q, €0,4 cO,, the sequence (£2,) verifies the property of the e-cone.
According to Lemma2.2, we can extract from the sequence (£2,) a subsequence (ugq, , ) which verifies the following

convergences:
H .
Q) ~Q.xq,,— Xain L' (p.p.),
H H
Ug,, = Uq, 0Q,, —0Q.
with Q verifying the e-cone property.

It will now be a matter of showing that:
limJ1(2,) =J () = infaco, or04q J1()-

Let us make the variational formulation of the problem with Neumann condition at the boundary:
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—Aug + ug? = finQ
dug

W =0 onoQ.

By multiplying the above equation by a test function <pEH1(Q) and integrating, we have :
du
J- Vug. Vedx + f —Q(pdo + f uglepdx = J- fodx.
Q 9Q on Q Q

. 0ug _
Slncefagﬁ(pdc =0,
Then we obtain
f Vug. Vedx +f ugfedx = f fodx.
Q Q Q

Thus, according to the Lax-Milgram theorem, we can show the existence of a unique solution to this problem.
So, in Q,, we have the following variational formulation:

f VuQ.|7<pdx+f ugqq)dx:f fodx.
Q Q Q,

n n
Since O,q €O,, we can define an extension in Q, by: there exists an operator

Poy: H'(Q)— H'(B),
with B a bounded open of RY, such that

UQ, ifxeQ,
PQn(uQn)f{O otherwise,
So either
~:{ unifx € Q,
" L0 otherwise.

And
~:{ Qifx € Q,

0 otherwise.

So, in Q,,, we have the following variational formulation:

J-anVuan Veodx + ank ug,, Ipdx = ank fodx. (a)
Takingp=uq, , , we obtain:

fB |l7uan|2dx + fB ug, . ug, dx + fB fuq,, dx.

Thus, we have:

< ClIfll;2q ||uan

|L2 ©)

2
||Uan |H1(B)

From which it follows that
”“an ||H1(B) < Clifll2 -

Therefore, the sequence (ug,,) is bounded in H'(B).

Since H'(B) is a reflexive Hilbert space, there exists u*€H'(B) such that
uqg, —u’ weakly in H'(B),
ug,, —u* in L*(B) (strongly).

Let us now show that:

Jo7u* - Vodx + [ (") pdx= [, fodx,Vpe H(Q).
For this, given thatp €D(Q), there exists a certain rank from which ¢ €D(Q,). Thus, by multiplying equality (a) by
XQ,,» We have:
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fXanVuan Vodx + fB )(anugnqu;dx = fB Xanﬂpdx, VoeH'(B).
B

Since XQ,, ™ %o in L'(B) (p.p.),
and using the weak convergence in H'(B) of Uq, , , passing to the limit when k — oo, we obtain
dg a9 .

Xoy 5 Xag- inL*(B),

dug au”
Nk el 2
3., - 3, inL?(B)

X, Vg, —xaVu’ in L*(B), xq, g, ,— Xou'inL'(B).
Thus, we have:

f)(gnkVuan. Vodx— [, xoVu*.Vodx = [ Vu'Vedx.

B

Finally, we obtain:

JoVug® . Vodx+[,(Vuy) ‘pdx=[, fodx.

Let us show thatug=uq,

Using Green’s formula in the variational formulation (b), we have:

Jo —Aug” pdx +[,(ug) ‘pdx=[, fodx, VpeH (Q).
Thus, we obtain:

—Aug” + (uy))? = fWith% = 0.
We also need to show that the sequence Q,, — uqgin H'(Q). Taking ¢=uq, kin (a)
and ¢@= uqin (b), we have:
lim fg (||7ugnk|z + an) dx = lim J;)(anfugnkdx.
nk
However, we also have:

[ o Frta x> [ xa,, fisadx = Vil + i)
B B

Sinceyq, . Vug, ,converges strongly in L*(B) to xoVug, we have:

L Vugq,, — |7u9|2dx:f ||7uan|2dx-2f Vug,, - Vquerank |Vug | dx.

nk Q, k Q k
By taking the limit, the second term on the right becomes zero, and therefore:

lim |VUan —Vug|*=0
Qn
In the same way, we show that:
lim lug,, —ualdx=0andlim|  f(uq, —uq)dx=0.
Qny Qn
Thus, we obtain:
12 12

Since F is a continuous function, we have:

Q) =|  F(xug,, Vug, )dx = [, F(x,uqVug)dx.
Qny

3. Shape derivative :

3.1 Preliminaries and example

The objective of this section to calculate the shape derive of the functional (1.1). Before going further, we first prove
the following results which as useful for the main result. The idea is to use the celebrated method of Hadamard for
the shape functional that we considered. This method was introduced by Hadamard in [14] and many other authors
[2]. In there papers, the notions of shape derivative is given.
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Let Q cRVbe a bounded open set of class C% Fort>0, let Q= ¢(Q), where for all t, ¢, associated for V is
diffeomorphism of R?. These properties holds:
. ) do
bo =V, |det(Vept)| = j(t,x), —-

- = =V, |detitZo; V| = j(—t, x).

Let Q= (Id + V )(Q) be a demain of class C*. For t > 0, very small, and V € C' N1 W"*(IR?). Let us consider also,
the function J in ;. We have the following definition:
Definition 3.1A function J(Q) of the domain is said to be shape differentiable at Q if the mapping t — J(€) from R
into R is Frechet differentiable at t = 0. The corresponding Frechet derivative (or differential) is denoted by DJ(Q,V)
and the following expansion holds:

J(Q) = J(Q) +tDJ(Q, V) + o(t).
In the following, consider also then functional defined in Q,, by

JQ) =afy [Vuq - Vvo|*dx+b Jo, 1o = vy |*dx (3.1
where a and b two real numbers, v, (respectively v;) are the given functions of Hy,.' (RV)
(respectively L%, (RY)) and Ug, is the solution of the following Neumann problem :
—Aug, +u, = finQ,

3.2
%=0 ondQl,. 3.2
on

We look, in this section for the shape derivative of the functional J(Q2). The key point in the calculation of the shape
derivative DJ(Q,V ) is in general, the definition of an appropriate derivation for the mapping  — ug. This mapping
has a Lagrangian derivative u'q and an Eulerian derivative u glinking with the Laplacian derivative by

u'(Q,V) = u(Q) — Vu.V

For the definition of the Laplacian and eulerian derivative, we refer to [1], [2]. The following result is devoted to the
shape derivative of the functional.

Theorem 3.1Let Q be a class domain C'(RV) and V a vector field of classC'.

Let FeC'((0,€)C°(Q,)) n €°((0,€),C*(Q,)). The function defined by
Ji(e) = |, F(€,x)dx(3.3)

is differentiable and its derivative is given by :

DJ;(Q.,V) = f ;—EF(E, x) + divF (€, x)V(x))dx (3.4)
Qe
DJy(Q, V) = f aa_eF(e' 0 + f F(€,6)V.ndo. (3.5)
Qe 00c
Proof. See [1] [ ]

Theorem 3.2Let Q be a domain of class C* over R¥Nand V a vector field of class C*. Let G be a function belonging
to the spaceC'((0,£),C°(Q,)) N C°((0,e),C'(Q).
The function defined by:

5(t) :fagt G(t,0)do, 3.a)
is differentiable and its derivative is given by:
d dG(t,0)
D@ = [ 26t 0)do + f [H(J)G(t, o) + do, (3.5)
9, Ot 9 on
Q Q

where H(o) is the mean curvature on the edge ¢ and% is the usual normal derivative.
Proof. For the proof of these two theorems, see [1]. [ |

Example
Let Q be a domain of class C'.
The perimeter and the volume being differentiable, we have:

A =L Jd—jd'Vd—de
L |t=0—dt|t=0 N x = N ivVdx = , .ndo.
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The normal derivative is positive if it points outward and negative otherwise. Likewise,

d
I (fgtfdx) lemo= J odiv(fV) = [ ,,fV.ndo

and for the perimeter:

d
—P(Q,) = do = (n, .ny)do =f N, .n.)do.
dt 00, o0, GIoN

Integration by parts in the other direction gives:

We consider N, as a trace, and we have:

d
—P(Q,) = divN, do.
dt 20,

where N, is an extension of n,to R" (unitary norm 1). So :

d . 9 . . .
a(fﬂtdWNf) lt=0= fga(dth) + div(V.divNy)dx.

By application of the divergence:

a
—N,.ndo+ | (V.n)divN,do.

i(f divN) le—o= f div (iN ) + div(V .divNy)dx =
dt \7 A at * 200t 20

However, we know that:

d

a—Nt .n=20
Hence: (f dlth) le—o= faQa N; .ndo + [, ,(V.n)divNydo.

~Jsa Bt( IN;| )dff + [,o(V.n)divNodo.
With divNy = H = averagecurvature.

d
E(fgtfdx) lezo= [ 5o fV.ndo.

d
SP@)li = f H(V. n)do.
oQ
u(0) =u'(0) =0.
thepointoforiginisnotspecific
ulx) =y =>ulx) —y =0 ondQ.
V(ulx)—y) 1L oQ.

oy
" \W/

Locallyitisaconstantterm
No(x,y) = n(x).
divNy(0,0) = dx %m u'(x) + 1 (0)dx() = u'(0).
1+ux+uy
divNy(0,0) = u"(0).
z = ul(x,y).

u(x,y) —z = 0 ondQ.

V(u(x) —z) L 0Q.

Uy
1
n=[(u —— |FNy(x, ¥, 2
(_ﬁ) 1+u,2c+u32, 0( )

divNy(0,0,0)=0x —2— + gy —2—+0
\/1+u,zc+u32, \/1+u,2(+u}2,

Tl_
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divNy(0,0,0) = Usy (0,00 Uyy (0,0) = U xx(0,0) T U3y (0,0)-
Thisistheaveragecurvatureat(0,0).
We deduce that the derivative of the perimeter is equal to the mean curvature.
3.2 Shape derivative via Lagrange
In this part, we apply the results of the previous paragraph to the following functional :
Q) =a [, |Vug — Vvol’dx+bf, lug — v1[°dx(3.6)

where a and b two real numbers, v, (respectively v;) are the given functions of H,.' R")
(respectively L:(RY)) and ug is the solution of the following Neumann problem :
—Aug +u? = finQ
{ %a—0  onoq. 3.7)
on

In Q, the functional J is written :

Q) =afy IVuq ~ Vvo|*dx+ b fﬂt lug_,, [dx.
Using the derivation formula (3.4) gives us (assuming enough regularity Q €C',f €L?,
DI(Q,V)= ZaIQ(VuQ — Vvo).Vu'dx + 2b [,(Vug — v)u'dx

+a [, |Vuq — Vvollvi’ndo + b [, [v,|1*V.ndo
for any vector field V withby u'the form derivative of u,.
In everything that follows, we look for the equation verified by u.
Let us make the variational formulation of the Neuman problem in Q.
Letv € H} (Q,), by multiplying the first equation of the previous problem by v and integrating over Q we obtain :
vv € H (Q,), J (Vu,. Vv + uiv)dx = J fvdx (3.8)
Q¢ Q¢
For t small enough, we can differentiate equality(3.7) with (v = @) fixed. By applying formula (3.5) we have :

I(Vu’.qu + qu'u?~lp)dx +f ("u.Vp +ulp)V.ndo = f foV.ndo. 3.9
Q a0 a0

Now if ¢@is zero on the boundary (on a neighborhood of the boundary), the integrals of the limit disappear and we
have :

J(Vu'. Vo +quullp)dx =0 (3.10)
Q
So we have
Jo(=du + quui™")pdx = 0.
And so we get:
—Au+ qu'u?~! = 0 inqQ.
In the sense of distributions, now to recover the boundary condition, let us remember the equality:

u'(QV) =u(QV) —vuV.
The function uo(Id + tV ) defines on the fixed domain € disappears on the boundary of Q or all t. We then
deduce that :

d
E(ut)o(ld +tV)]i—o = u(Q, V) = 0 0noQ.

In other words,u,o(Id + tV) € H(Q) for all t, therefore, according to the equality :
u (QV) =u(Q) —vu.V
u satisfied

U =-ruV = —a—uV.nonaﬂ.
on

The last equality comes from the fact that the gradient of u is normal to the boundary. We therefore have the
following result:

Theorem 3.3Let Q be a domain of class C'(R™) and J be the functional defined by
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J(Q) = a-f |Vug — Vvol|?dx + J |lug — vy |dx,
Q Q

where a and b are positive real numbers.
The functional J is differentiable and we have

DJ(Q;V) = ZaJ- (Vu — Vvy). Vu'dx + 2 f (u —v)u'dx
Q Q

+aj |Vu —Vvy|?V.ndo + b | |v1]?V.ndo
) aq aq
where u , the form derivative satisfies

—Au + qu'ui~! = 0 inQ
, 3.11).
u=-ruv=-—2y. nonaﬂ.( )
on
Proof. The proof of this theorem follows directly from the previous application.

4. Topological derivative via Lagrange metthod
4.1 Some preliminary results

In this subsection, we describe how to calculate the topological derivative using the minmax approach, see e.g.

[5], [6], [10], [7]. To begin with, we will look at the following definitions and notations.

Definition 4.1 A Lagrangian function is a function of the form
(t,x,y) — L(t,x,y) : [0,7] X X X Y - R,with >0

where X is a vector espace, Y a non empty subset of vector space and the functiony = L(t, x, y)is affine.

Associate with the parameter t the parametrized minimax

t — g(t) = inf sup L(t,x,v):[0,7] » R anddg(0) = lim
X€EX y€eY t-0"
When the limits exist, we will use the following notations

L(t,x,y) — L(0,x,y)

t

d.L(0,x,y) = tli?g’gr

t
L(t,x,+60¢,y) — L(t,x,y)
7]

¢ € X, dL(t,x,y; ) = lim,

0 € Yd,L(t,x,y; 0) = limg_ g “XAIODTLLX)

SinceL(t, x,y) is affine en y, for all (t, x)€ [0,1] x X,
vy, € YdyL(t,x,y;) = L(t,x,¢) — L(t,x,0) = d, L(t,x, 0;1).

The state equation at t > 0

Find x*€X such that for allyy € Y,d,L(t,x*,0;) = 0.
The set of statesx’at t > 0 is denoted
E(t)= {x*€eX, vy €Y, d,L(t,x",0;y) = 0}.
The adjoint equation at t > 0 is
Find p' €Y such that for all ¢ €X, d,L(t,x',p¢) = 0. (4.4)
The set of solutions p'at t > 0 is denoted

Y(t,xt) ={pt €YV € X,d, L(t, x5, p*, ¢) = 0}.

Finally the set of minimisers for the minimax is given by

X(@) ={xt € X,g(t) = inf sup L(t,x,y) = supL(t,x%,y)}. (4.6)
ey

x€X yey y

LEMMA 4.1 (Constrained infimum and minimax)
We have the following assertions

g —g(0)

(4.2).

(4.3)

(4.1)
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(l) infxEX SupyEY L(t! X,Y) = infxEE(t) L(t;x,y)-

(ii)  The minimax g(t) = +oo if and only if E(t) = @. And in this case we have X(t) = X.

(iii) IfE(t) #@, then

(iv) X(t) ={x* € E(t):L(t,x",0) = infiep) L(t, x,0)}CE(L)

and g(t) <too.
Proof. See [5], [8], [6]. ]
To end this subsection, we give definitions and theorems on d-dimensional Minkowski content and d-rectifiability.
Definition 4.2 Let E be a subset of a metric space X. E cX is d-rectifiable if it is the image of a compact subset K
of R%by a continuous lipschitzian function f: RY— X.
Let E be a closed compact set of R¥and r > 0, the distance function dg and the r-dilatation E, of E are defined as
follows:
dpwy = inflx —xol, E, = {x € RV:dp) <7}

Definition 4.3 Given d, 0 < d < N the upper and lower d-dimensional Minkowski contents of a set E are defined by
an r-dilatation of this set as follows
. . my (ET) .
M*(E) = rliror_LF supm; MA(E) = lefof&r mfm
where my is the Lebesgue measure in R and ay_gis the volume of the ball of radius 1 in RN 9.
Both concepts can be found in [5], [6].
We need the following assumption for everything that follows:
Hypothesis (HO0)
Let X be a vector
space.(i): Forallt €
[0,7].x° € X(0),xt €
X()’eX(0),and y €Y ,
the function
0 = L(t,x, yL(t,x%+ 8(xt—x0),y) : [0,1] — R is absolutely continuous. This implies that for almost all 8 the
derivative exists and is equal to d,L(t,x?+0(xt—x),y;x?—x°) and it is the integral of its derivative. In particular

(ii): For all t € [0,7], x" €X(0), x'€X(s) and y €Y , ¢ €X and for almost all § € [0,1],
dL(t, x° + 6(xt — x°),y; ®)exist et the functions 6 — L(t, x,y)
d,L(t, x° + 6(xt + x°),y; @)belong to L'[0,1].

Definition 4.4 Given x°€X(0) andx®€X(t), the averaged adjoint equation is:
1

Findy' €YV Q € X,j dL(t, x° + 6(xt + x%),y; #)d6 = 0.
0

and the set of solutions is noted Y (t,x%x?).
Y (0,x°,x%) clearly reduces to the set of standard adjoint states Y (0,x°) att = 0.

Theorem 4.2Consider the Lagrangian functional

(t,x,y)» L(t,x,y) :[0,71] x X xY > R, ©>0
where X and Y are vector spaces and the function y + L(t, x, y)is affine. Assume that (HO) and the following
hypotheses are satisfied
H1 for all t € [0,7], g(t) is finite, X(t) = {x*} and Y (0,x") = {p’} are singletons,
H2 dL(0,x°y%exists,
H3 The following limit exists
R(x%,y%) = lim,_y+ f01 d,L (t,x0 +0(xt — xo),po;xt;—xo) de.
Then, dg (0) exists and dg(0) =d,L(0,x°,y°) +R(x°,p°).
Proof. See [4, 5]. [ |
COROLLARY 4.3 Consider the Lagrangian functional

(t,x,y) » L(t,x,y):[0,7] x X X Y > R,7>0,

where X and Y are vector spaces and the function y = L(t, x, y)is affine. Assume that (HO) and the following
assumptions are satisfied:
(Hl1a) for all t € [0,7], X(s)#®, g(t) is finite, and for each x €X(0), Y (0,x)#0,
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(H2a) for all x €X(0) and p €Y (0,x) d;L(0, x,p) exists,
(H3a) there exist x°€X(0) and p’ €Y (0,x°) such that the following limit exists

)
RGO.p%) = lim_gs [y dyL (£,x° + 6 = x°),p"; T) de.

Then, dg(0) exists and there exist x’ €X(0) and p” €Y (0,x°) such that

dg(0) =d,L(0,x°,p°)+ R(x°,p°).

In what follows, we focus on the main result of this part. And for information on the tools used the reader can
consult [5].

4.2 Topological derivative
Let us consider the functionnal defined in Q; by
FQ)=a| |Vuqg—Vvo|l?dx+b | |ug—vi|?dx. (4.7)
Q Q

where ug, be the solution to the Neumann Problem

—Aug, +ug = finQ,
dug, (4.8)
=0o0

where q >1 is an integer.
Let us consider as shape functional F define by

F(Q) = af |Vug — Vvol?dx + b f |lug — vy |?dx. (4.9)
Q Q

And ug € H}(Q) is solution to the variational problem
vv € H}(Q), f(VuQ. Vv + up.v)dx = ffvdx. (4.10)
Q Q

We aim to compute the topological derivative of the functional F(€2,)
— iy FQO-F(@)
dF = lim N=d-
t—=0% ay—d"
Thus, the Lagrangian dependent on t will be written in the form :

L(t,@,®) = af |V — Vvolzdx+bf|<b— Vv, |?
Q¢ [0

+ [,(VO.VP +@7V®) dx — [, fPdx.
From this, we can now evaluate the derivative of the Lagrangian, dependent on t, with respect to® .

dgL(t,0,®,0) = 2af(|7(2) —Vvy).V® dx + 2b f (@ —v)0 dx + f (V' Vd +q@ 991 d)dx.
Q Q Q
The initial adjoint state pqyis a solution of d@L(O, Ugy, Pay» 0') = 0 forall @ for t = 0. Thus the variational

formulation of the adjoint equation of state is given by

ZaI(VuQO — Vv)V® dx + 2b f (ug, — v1)® dx + f (VQ' Vpq, + qo’ugo‘lpﬂo)dx = 0.
Q Q Q

And we have
f [2a(Vug, — Vvo)V®' + 2b(ug, — v1)® + V8 Vpg, + q9' ul'pay]dx =0 (4.11)
Q
Next, we derive the Lagrangian with respect to @.

dgL(t,0,®,0) =f(|7@. Vo' + @19’ )dx—ffqb’dx.
Q Q
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The initial state ugqis a solution of dQL(O, Ug,, 0, @50) =0V CDK’IO € H& (Q) and in this case, we have:
J(Vuﬂo. Vo' +ul & )dx - ffqb’dx =0.
Q Q

f[VuQO. Vo' +uf & — fo'ldx = 0. (4.12)
Q
And we have

L(t,9,@) - L(0,0,@) = | f(x)P(x)dx— | f(x)P(x)
Q Q

Lt 0, d) - L(0,8,8) = — [ FOd)dx— | FG) D) + f £(0) @ (x)dix
Q E Q

L(t,0,®)—L(0,0,®) = — | f(x)P(x)dx
Et

1
dSL(t, @,d)) llﬂ(’)lm [L(XO‘S)]C(X)‘I)(X)]

d;L(0,0,®) = f(xg)P(x).
We will now define R(t) by.

R(t) = fl dplL (t, uq, + P (uq, — U, Py, (uﬂt u%)) diy.

By substituting @ = andlp = tTQO into the adjoint equation for pgg, we obtain:

R(t) = ZaJ [\7 (M) - Vvo].v(uﬂ‘%) dx

Q
Ug, +u Uq, —
van [ [ (Ladton) o, ] (22 g
q 2 t
-1

Uqg, — Ugq, Ua—ugy (Ua, T Uay\?
+LV(7t )Vp90+q< )( > ) Pa,dx

t
0= 20 [ [7 ()7 ()47 () 7 (5) - pf-p (5 )
+2bf [&"'___0—%—1}1] V(uﬂt tuno)dx

+ J;z [V % - l7 TO)] Vpa, +4 (ugt - uQO) (uﬂt ;uﬂo)q_l Po,dx

t
o] a ()~ oy
Q
_ 2af p (2 . o) p (R T ) i + be u“") (B - %)
Q
+Lq (uQt :uno) [(unt ;u%)q_l - uq_l] Pa, dx.

a 2 b 2
R(t) = = [ [Vug, —ug,|*dx+ = [ [Vug, —ug,|*dx
tly tJg

ug, +u q-1
+ %fn(ugt — Ugq,) [<—nt > QO) - uq_l] Pa,dx.

Theorem 4.4Let 0 < d <N, E verify Hypothesis H1 and t = ay g™ . The topological derivative exists if the
functionR(t) has a finite limit. Therfore, the topological derivative of the function is given by the expression:
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L J(Q) = 1(Q)
dJ = lim sup N — ™

dJ = R(xo, pa,) — f(x0)Pa, (xo)-

where pg,ug,are solutions of systems

L [2a(Vug, — Vvo). V8’ + 2b(ug, — v1)® + V@' Vpg, + q@ u'po,Jdx = 0.

5. Conclusion:-

In this paper we start by establishing an existence result of optimal form. Then we proved the shape drift using the
Lagrange method. The last part of the document was devoted to the topological derivative of the functional. we plan
to look at the numerical problem of these already established derivatives.
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