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Introduction:-

Let GF(l) be a field of odd prime order l.Let z > 1be an integer with gcd(l,z) = 1.Let R, =
GF (1)[x]/(x? — 1). The minimal cyclic codes of length z over GF (1) are ideals of the ring R,.For z = p™ S.K. Arora
and Manju Pruthi [1] obtained n+l primitive idempotents in R, .Again for z =
2p™ S.K. Arora and Manju Pruthi [2] obtained 2n + 2 primitive idempotentsin R, . For z=p"  Anuradha
Sharma, G.K.Bakshi, V.C. Dumir, M. Raka, [3] obtained nd+1 “Cyclotomic Numbers and corresponding Primitive
idempotents in R,.G.K. Bakshi and Madhu Raka [4] obtained 3n + 2 primitive idempotents in R,for z = p™q where
p, q,l are distinct odd primes, / is a primitive root both modulo p™ and q and gcd( @ (p™), ¢(q)) = 2. Amita Sahni
and P.T. Sehgal [5] extended the results of G.K. Bakshi and Madhu Raka and obtained (d + 1)n + 2 primitive
idempotents in R, for z = p™q where p, q, [ are distinct odd primes, / is a primitive root both modulo p™ and q and
gcd( (™), 9(q)) = d. When d = 2 In [5], they obtain all the results of [4]. So [4] becomes a special case of [5]. In
this paper, we consider the case when z=4p™q™ where p, q, [ are distinct odd primes, / is a primitive root both modulo
p™ and q™.Explicit expressions for all the 4( mXxnxd+m+n+1) Cyclotomic Cosets are obtained.
gcd(e(®™), e(@™)) = d, p does not divide g — 1. Here, we extend the results of Amita Sahni and P.T. Sehgal [5].

REMARK2.1For0 < s < z—1,letC; = {s,sl,sl?,...,sl*1}, where t, is the least positive integer such that slfs =
s (mod4 p™q™) be the cyclomic coset containing s.

LEMMAZ2.1. Letp, q, be distinct odd primes, n > 1 an integer,0(1),n-j = o(2p" ), o(l)yqm-k = o(2q™7K) and
) n-j m-k
ged(o(2p™ 7)), 0(2q™ %) =d theno(l)4pn_qu—k = Wp—]q), forall0 <j<n—1land0<k<m-1.

d

Proof.Leto (1) yn-j m-« =¢t,0<j<n-1land 0 < k <m — 1.Then I* = 1mod 4p™ 7/ q™ *¥Butp and q are distinct
odd primes.  Hence I = 1mod 2p™/and I* = 1mod 2q™ *Since o(1),,n-j = (2p"~/) and, o) m-« =
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. ) n—j m-—k
@(2q™ %) therefore, (2p™ /) and ¢ (2g™ ¥)divides t. Thenlem (e (2p™ /), go(qu‘k)):(mpTJq) divides t.On
aph— ]qm k
— )

the other hand, since o(l),,m-x = @(2q™" k), therefore, 194" = 1mod 2q™* hence ¢

apn— qu ke apn— )qm k
1mod 4q™* Slmllarly 19¢ ) = 1mod 2p™ /. As p and q are distinct primes, we get 19¢ ) =
1mod 4p™/ q™

n—jgm-k n-j,m-k
Hence, t = o(1) 4,n-jqm-xdivides oUP 9 ) and we get that t = UG S ) dq ).

LEMMAZ2.1. Let p, g, be distinct odd primes, n 2 1 an integer,0(1),,n-j = e(2p™ ), o(D)yqm-r = ©(2q™ %) and

3 n—j m—k
ged(p(2p™), p(2q™ %)) = d theno (1) n-jgm-r = “’(‘”’f’q) forall0<j<n—1and0 <k <m-—1.

Proof.Let 0(l)4pn jgm-k =t, 0 <j <n —land 0 <k <m —1.Then I* = 1mod 4p™~ q™ *But p and q are

distinct odd primes. Hence 1* = 1mod 2p™/and 1* = 1mod 2q™ ¥ Since o(Dypn-i = 9(2p™" 7Y and,

O(ZQM = k§0(2qm"‘) therefore, @(2p™7) and @(2q™ %) divides t.Then lcm((p(_ka” N, (2q™ "))
s ,gh[wdes t.On the other hand, since Ogi)-zqm-k = @p(2q™ "), therefore, 1924™) = 1mod 2q™

hence lj‘ﬁ( ,qmﬁk = 1mod 4q™* Szmzlarly 19¢ ) = 1mod 2p™J. As p and q are distinct primes, we

get 17¢ = 1mod 4p™/ q™

pUp™ g™k p(ap™ g™k

and we get that t = y

Hence, t = o(1) 4pn—qu—kdiVideS

LEMMAZ2.2. For given p, q, ldistinct odd primes such that ged (9 (p),@(q))=d, and [ is a primitive root mod(p) as
well as ¢, then there always exists a fixed integer a satisfying gcd(a, pg)=1,1 <a <  pq, such that a is a primitive
root mod(p) and the order of a mod g is @(q).Also a,a> a’ ,...... a®! does not belong to the set S={1, [, I?, ...,
w(pq) p@p™Iqmh

! Further, for this fixed integera and for0<j<n-1,0<k<m-1theset {l,[, 7 ..., 1 d ,a,al,
...,alw_l, a2, a%l, a?l?, ..., azlw_l, at lw_

l

; 13 forms a reduced residue
system modulo 4p™ /g™ ¥

Proof: See [10, Lemma 4].

THEOREM2.1.1f n = 4p™q™ (m and n > 1), Then the 4(m X n X d + m + n + 1) cyclotomic cosets modulo
4p™q™ are given by

(i) Co= {0} , (iD)Cpngm= {p™q™ } (iiD)Copngm= {2p"q™ } (iv)C3pngm= {3p™q™ } (v) for 0 <k <m-1

Con= AP™, Py oy " 19" (WD) Copn= (2D7, 2D, ..., 25" 19@ O (i) Capn= (37, 3P, .., 3
1@ (i) Cyyn= {4p™, 4p™L, ..., 4" 19@" I and for 0 <j<n-1,

(iX)Cqm= {q™, q™, ..., 4" 1@ D71 ()Cpqm= {2q™2 q™1, ..., 24" 19@" D1}

(XI)C3qm={3q™3 q™1, ..., 34" 19@" D1} (xii)Cyqm= {4q™,4 g™, ..., 44" 19@" -1}

P(ap™~ ’qm WIN

For 0 <j<n-1,and 0 <k, <m-1 for 0 <w < d-1, (xiii)C, w,j k=1 a¥p’q",a*p’q"l, ....a*p’q" | }
) ) . . e@p™ g™k | - -
, (%) Coqwpi k=1 2a¥plq*2a%p/q%l, ... 2a"p/q* 1 a §o (xv) Cagwpige={  3p’q".2a"p’q"l,
FRC i lqm k_ ) - - PEp™” qu wiN
L3avplgkl 1, (xvi) Chqwpigh=1{ 4a"¥plq* 4a¥piq¥l, ..., 4a%plq¥ | } where

the number a is given by Lemma 4 [10].
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Proof:-As per construction of above cyclotomic cosets from (i) to (xiii) we can check that these are the only
cyclotomic cosets also we can see that order of Co= {0} , (ii)Cpngm= {p™q™ } ({ii)Copngm= {2p"q™ } (iv)C3pngm=
{3p™q™ is one, i.e., ICI=1 IC,ngmI=1, IC;pngmlI=1 1C5ynamI=1 .For for 0 <k < m-1 order of / modulo qmk
©(g™ %) so cardinality of Cpn. Capn C3pn and Cypn is @(g™"). Similarly for 0 < j < n—1, so the cardinality of
Cqm. Cagm. C3qm. and Cygm is @ (™7 ).0On Similar lines we can see For 0 <j <n—1, and 0 <k, <m—1 for 0 < w <
d-1,

n—j m-k
ku M’ Ic

_p(p™ g™k
y 2qwpigtl =————= IC

_p(p™ g™ H
n sqwpigtl =————= IC

' n—]qm—k)
P 4a%pl .

_¢Up
1C ku =

avpl d
Then, by order considerations, it follows that the sum
ICoI+ ICyngmI+, IC, yngml+ IC3yngmI+ICyn T+ ICon I +1 Capn I +
[ Copnl+ICqm I+ I+ICyqm I+ +1C3qm I+ 1 Cyqml +

n-1 m-1 d-1

DD UC gl + 1€l + 1Cs s+ 1C, ]

d
j=0 k=0 w=0

M1 p(apn-igm=ky

-1 _ -1 — -
=1+1+1+1+4 Z;nzo.w(qm Y+4 27:0.(/)(;9" ) ++4 Z?zol.zkzo y =4p"q™.
3. REFERENCES
[1] S.K.Arora, M.Pruthi, “Minimal Cyclic Codes of prime power length”, Finite Fields Appl.3 (1997)99-113.

[2] S.K. Arora, M. Pruthi, “Minimal Cyclic Codes of length 2p™” Finite Fields Appl. 5 (1999) 177-187.

[3] Anuradha Sharma, G.K.Bakshi, V.C. Dumir, M. Raka, “Cyclotomic Numbers and Primitive idempotents in the
ring GF (/) [x]/<xpn — 1>”, Finite Fields Appl. 10 (2004) 653-673.

[4] G.K.Bakshi, Madhu Raka, “Minimal cyclic codes of length p"q”, Finite Fields Appl. 9 (2003) 432-448.
[5] A.Sahni and P.T.Sehgal, “Minimal Cyclic Codes of length pnq, ” Finite Fields

Appl. 18 (2012) 1017-1036.[6] G.K.Bakshi, Madhu Raka, “Idempotent Generators of Irreducible Cyclic Codes”
Ramanujan Math Soc, Mysore (2008) 13-18.

[7] Ranjeet Singh, M.Pruthi, “Primitive Idempotents of Irreducible Quadratic Residue Cyclic Codes of Length p"q™
” International Journal of Algebra vol.5 (2011) 285-294.

[8] F.J. Mac Williams & N.J.A. Sloane; The Theory of Error-Correcting Codes, Bell
Laboratories, Murray Hill NJ 07974 U.S.A.

[9] Vera Pless, “Introduction to the Theory of Error-Correcting Codes”, Wiley-

1218



ISSN(O): 2320-5407 Int. J. Adv. Res. 13(06), June-2025, 1216-1219

Intersci. Ser. Discrete Math. Optim., (1998).

[10] A.Sahni and P.T.Sehgal,“Minimal Cyclic Codes of length png,” Finite Fields

Appl. 18 (2012) 1017-1036.

1219



	Introduction:-
	Proof.Let𝑜(𝑙,)-,4𝑝-𝑛−𝑗.,𝑞-𝑚−𝑘..=𝑡, 0 ( j ( n ( 1and 0≤𝑘≤𝑚−1.Then ,𝑙-𝑡.≡1,𝑚𝑜𝑑-,4𝑝-𝑛−𝑗..,𝑞-𝑚−𝑘.Butp and q are distinct odd primes.   Hence ,𝑙-𝑡.≡1,𝑚𝑜𝑑-2,𝑝-𝑛−𝑗..and ,𝑙-𝑡.≡1,𝑚𝑜𝑑-,2𝑞-𝑚−𝑘...Since 𝑜(𝑙,)-2,𝑝-𝑛−𝑗..=𝜑...
	Proof.Let 𝑜(𝑙,)-,4𝑝-𝑛−𝑗.,𝑞-𝑚−𝑘..=𝑡, 0 ( j ( n ( 1and 0≤𝑘≤𝑚−1.Then ,𝑙-𝑡.≡1,𝑚𝑜𝑑-,4𝑝-𝑛−𝑗..,𝑞-𝑚−𝑘.But p and q are distinct odd primes.   Hence ,𝑙-𝑡.≡1,𝑚𝑜𝑑-2,𝑝-𝑛−𝑗..and ,𝑙-𝑡.≡1,𝑚𝑜𝑑-,2𝑞-𝑚−𝑘...Since 𝑜(𝑙,)-2,𝑝-𝑛−𝑗.....


