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INTRODUCTION

The Burr type XII distribution is one of the most important members in the family of Burr distributions. It is one
of the most popular distribution of failure time, life testing and reliability theory. Its capacity of the various shapes
often permits a good fit when used to describe biological, clinical or other experimental data [7].
Burr type XII distribution has been studied by many authors some of whom are Soliman et al [8], Wu et al [11],
Jang et al [2], Makhdoom and Jafari [3], Panahi and Asadi[ 4], Sinhu and Aslam[6] and AL-Saiari et al [1] .
The Baysian approach has a lot of advantages in comparison with the classical approach; it can utilize the
information in a formal way, satisfies the axioms of coherence and utilize decision theory [9].
A comparison of priors made by Taher, M. and Saleem, M. (2011) showed that the informative priors are more
advantageous than the non-informative priors [10]. In this research we will consider Bayes estimators under Jeffreys
prior information as a non informative prior and the exponential prior as an informative prior with the generalized
square loss function.

The Model
Let ty, tp, ..., t, be independent identically distributed lifetimes from Burr type XII distribution. The probability
density function is given by:
FEoD) =2 0<t<oo; 6,150 1)
(1+t%)
where 6 and A are the shape and scale parameters, respectively.
The cumulative distribution function and the reliability function are given, respectively, by:

FO=1-(1+ tl)_g, and, R(t)=(1+ t’l)_g
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The likelihood function (when A is known) for the given the sample observation is:

—(6-1)
L) x 6T, (1 + t})] )
And the log- likelihood function is

2(0) < nind — (6 — 1)2 In(1+t})
i=1

Yarmohammadi and Pazira [12] obtained three classical estimators and three minimax estimators of the shape
parameter 6 for the Burr type XII distribution with the corresponding mean squared error. The classical estimators
are the maximum likelihood estimator (MLE), the uniformly minimum variance unbiased estimator (UMVUE) and
the minimum mean squared error estimator (MinMSE).The results are summarized in the following table:

n-—2
Ly In(1+t)

(n+2)6* . 62 R PP
(n—1D(n-2) MSEg(Bumpue) = MSE¢(Ouinmse) =

OMinmse =

MSEG@MLE) =

n—2 n—1

Further, they showed that

MSEy(Oyinuse) < MSEg(Bumune) < MSEg(By1i)

They finally showed the minimax estimator under the weighted balanced squared error (MWBSE) loss function is
the best and that for large sample size the MinMSE and the MWBSE are identical.

Hence, in this research we will consider the MinMSE estimator since it has the smallest MSE along with the Bayes
estimators under Jeffreys prior information as a non informative prior and the exponential prior as an informative
prior with the generalized square loss function.

Bayes Estimators under the generalized square loss function
It is well known that, the performance of Bayes estimators depend on the form of the prior distribution and the loss

function assumed. We will consider the generalized square loss function (GSLF) to obtain our Bayes estimators. It is
introduced as follows [5]

1(6,6) = (Z*_yq;6/)(8 - 6)" k = 0,1,2,3 .. 3)
where a;, (j = 1,2,3, ..., k) is a constant.

The risk function is the posterior expectation of the loss function 1(9, 9) with respect to h(8|t). That is

R(8,0) = f:l(é, 8)h(8]|t) do

= f (ap + a10 + ay0% + - + a;,0°)(8% — 206 + 62)h(6|t) dO
0

Thus,
R(8,0) = ag8% — 2a0BE(0|t) + apE(0?|t) + a,0%E(8]t) — 2a,0E (62|t) + a,E(83|t) + - + @, O2E (8%|¢)
— 20, 0E(0%*|t) + a, E(6F*2|t)
The value of 8 that minimizes the posterior risk R(é, 9) is obtained by setting its first partial derivative with respect

to 8 equal to zero. That is 8 is the solution for the equation
1. Posterior distribution under non-informative prior
The Jeffreys prior information for the parameter 0 is given b

91(8) « \J1(6)
where [(8) is the fisher information.
For the Burr type XII distribution, the fisher information is

n
1(9) = ﬁ
Hence
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g1(0) =c¢ g, where c is a constant 4)
Combining the prior distribution (4) with the likelihood function (2), the posterior distribution of § is

_ 971—1[2?:1 ln(1+ti}“)]ne_9 2?21 In (1+[?)
91(616) = o (5)

Thus, the posterior density has a gamma distribution with parameters
(n, (1 +¢]) ) with the following r' moment

o gr-1[yn | 1+t-l n —02?:1ln(1+til)
mmmﬂd9=f or & Zn(1+ )] e
0 r'(n)

(oo}

do

E(67|t) =f
0
I'n+71)

= T

) (. in(1+¢) )
Hence, Bayes estimator under the generalized square loss function is given by

ag n +ay (n+1)n +ay (+2)@tn tay (nt+k) (n+k—1)..n
A @Lin(ed) e m(ed)” (e n(ed)’ (S m(14e8))
91 = otay n +ay (n+1)n ety (ntk—1)..n (6)
T () (51 m(146)))’ (S, m(1+64))"

2. Posterior distribution under exponential prior distribution.
This is a conjugate prior distribution. It is given as

g,(60) =6e7%; 6>0,6>0 )
Combining the prior distribution (7) with the likelihood function (2), the posterior distribution of 6 under the
exponential prior is

o115 + 3 (1 + t?)]n+1e—9(5+2?=1 in(1+6}))

olt) =
9(610) r(n+1)
Again, the posterior density has a gamma distribution with parameters

(n+1), (6 + z n(1+ tﬁ))
i=1

Hence, Bayes estimator under the generalized square loss function is given by
a0 (n+1) +ay (n+2)(n+1) +a, (n+3)(n+2) (n+1) botay (nt+k+1)...(n+1)
~ (g m(1+e)  (paxm m(1eed)) (64X im(1+6)))’ (5+37, m(1461))"
0, = (n+1) (n+2) (n+1) (ntk)..(n+1) )
a0+a1(6 2'-’ . (1 a))+a2 7 2+..‘+ak P %
+oi=1 In1+t; (6+X 1 m(1+¢})) (6+X™; m(1+t}))

Simulation and Results

In order to investigate the performance of the estimators obtained in the above section, a simulation study is
conducted. Samples of size n = 5, 10, 30, 50, and 100 are generated from the Burr type XII distribution with two
values of the shape parameter, #=1and 3. Two values for the parameter of the exponential prior are chosen, & =1 and
1.8. For the GSLF with k=1, values of the constants were chosen as a;=10 and 100, a;=50, and with k=2, the same
values of a; and a; in addition to a,= 10 and 100 were applied.

The number of replication taken was 5000, and the mean of the estimated values for the parameter @ is obtained
along with its mean square error (MSE) to compare the efficiency of the estimators ,where
~ 2
21 (6-0)

o X0 g, )
1(®) =500 and  MSE(9) = ==c55

The results of the simulation study are summarized and tabulated in tables 1- 8 for each estimator and for all
sample sizes.
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Table 1: Estimated mean of the shape parameter with 6=1, 6=1, ap=1

00, 3;=50, a,=10

Jefrreys prior

Exponential prior

n Criteria MinMSE
k=1 k=2 k=1 k=2

5 Mean 0.7539 1.3623 1.4179 1.2269 1.2603
MSE 0.2629 0.8730 1.0810 0.3060 0.3558
10 Mean 0.8864 1.1494 1.1662 1.1218 1.1358
MSE 0.1090 0.1922 0.2102 0.1365 0.1477
30 Mean 0.9648 1.0456 1.0450 1.0428 1.0468
MSE 0.0343 0.0416 0.0427 0.0383 0.0393
50 Mean 0.9770 1.0247 1.0269 1.0237 1.0259
MSE 0.0220 0.0224 0.0228 0.0214 0.0218
100 Mean 0.9891 1.0127 1.0114 1.0124 1.0135
MSE 0.0104 0.0110 0.0111 0.0108 0.0109

Table 2: Estimated mean of the shape parameter with 6=1, 6=1.8, 8,=100, a;=50, a,=

Jefrreys prior

Exponential prior

n Criteria MinMSE
k=1 k=2 k=1 k=2
5 Mean 0.7539 1.3624 1.4180 1.0385 1.0607
MSE 0.2629 0.8730 1.0810 0.1273 0.1425
10 Mean 0.8865 1.1494 1.1662 1.0314 1.0429
MSE 0.1090 0.1912 0.2110 0.8625 0.0918
30 Mean 0.9648 1.0456 1.0497 1.0475 1.0184
MSE 0.0343 0.0416 0.0427 0.0328 0.0335
50 Mean 0.9770 1.0246 1.0269 1.0072 1.0094
MSE 0.0212 0.0243 0.0279 0.0196 0.0198
100 Mean 0.9891 1.0122 1.0137 1.0042 1.0054
MSE 0.0104 0.0110 0.0111 0.0103 0.0104
Table 3: Estimated mean of the shape parameter with 6=3, =1, a,=100, a;,=50, a,=10
n Criteria MinMSE Jeffreys prior Exponential prior
k=1 k=2 k=1 k=2
5 Mean 2.2617 4..2757 4.6770 2.6525 2.7976
MSE 2.3663 8.7246 12.245 0.6685 0.7038
10 Mean 2.659 3.5349 3.3684 2.8289 2.9193
MSE 0.9814 1.8862 2.3135 0.5347 0.5735
30 Mean 2.8940 3.1641 3.2050 2.9509 2.9650
MSE 0.3093 0.3889 0.4213 0.2566 0.2657
50 Mean 2.9309 3.0909 3.1136 2.9659 2.9873
MSE 0.1818 0.2067 0.2170 0.1627 0.1661
100 Mean 2.9672 3. 0460 3.0574 2.9849 2.9958
MSE 0.0940 0.1005 0.1030 0.0890 0.0900
Table 4: Estimated mean of the shape parameter with 6=3, 6=1.8, a,=100, a,=50, a,=10
n Criteria MinMSE Jefrreys prior Exponential prior
k=1 k=2 k=1 k=2
5 Mean 2.2617 4.2758 4.6777 1.9550 2.0346
MSE 2.3663 8.7247 12.2452 1.2586 1.1264
10 Mean 2.6594 3.5349 3.6844 2.3377 2.4060
MSE 0.9814 1.8862 2.3135 0.6731 0.6191
30 Mean 2.8942 3.1641 3.2050 2.7391 2.7694
MSE 0.3093 0.3889 0.4214 0.2559 0.2490
50 Mean 2.9310 3.090 3.1136 2.8327 2.8520
MSE 0.1817 0.2067 0.2171 0.1622 0.1599
100 Mean 2.9672 3.0460 3.0574 2.9155 2.9260
MSE 0.0936 0.1005 0.0103 0.0880 0.0870
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Table 5: Estimated mean of the shape parameter with 6=1, 6=1, a,=10, a,=50, a,=100

Jefrreys prior

Exponential prior

n Criteria MinMSE
k=1 k=2 k=1 k=2

5 Mean 0.7539 1.4740 1.6810 1.3169 1.4709
MSE 0.2629 1.0310 1.5620 0.3810 0.5882
10 Mean 0.8865 1.2022 1.2886 1.1693 1.1246
MSE 0.1090 0.2220 0.2983 0.1587 0.2118
30 Mean 0.9477 1.0626 1.0882 1.0593 1.0840
MSE 0.0304 0.0414 0.0501 0.0409 0.0467
50 Mean 0.9769 1.0347 1.0498 1.0336 1.0483
MSE 0.0220 0.0233 0.0255 0.0223 0.0243
100 Mean 0.9891 1.0177 1.0251 1.0174 1.0247
MSE 0.0104 0.0113 0.0118 0.0110 0.0154

Table 6: Estimated mean of the shap

e parameter with 0=1, 6=1.8, 3,=10, a;=50, a,=100

Jefrreys prior

Exponential prior

n Criteria MinMSE
k=1 k=2 k=1 k=2

5 Mean 0.7539 1.4740 1.6814 1.1186 1.2445
MSE 0.2629 1.0310 1.5603 0.1554 0.2437
10 Mean 0.8864 1.2022 1.2886 1.0761 1.1448
MSE 0.1090 0.2220 0.2983 0.0969 0.1275
30 Mean 0.9648 1.0626 1.0882 1.0308 1.0547
MSE 0.0344 0.0445 0.0519 0.0344 0.0385
50 Mean 0.9787 1.6387 1.6497 1.0170 1.0314
MSE 0.0202 0.0234 0.0255 0.0200 0.0216
100 Mean 0.9890 1.0176 1.0250 1.0090 1.0160
MSE 0.0104 0.0113 0.0179 0.0105 0.0109

Table 7: Estimated mean of the shap

e parameter with 0=3, 6=1, ap=1

0, a,=50, a,=100

Jefrreys prior

Exponential prior

n Criteria MinMSE
k=1 k=2 k=1 k=2

5 Mean 2.2617 4.4859 5.1951 2.8014 3.1670
MSE 2.3663 9.4887 14,731 0.6186 0.7846
10 Mean 2.5940 3.6380 3.9448 2.9148 3.1355
MSE 0.9813 2.0423 2.8388 0.5273 0.6267
30 Mean 2.8940 3.1981 3.2921 2.9828 3.0672
MSE 0.3093 0.4046 0.4746 0.2571 0.2776
50 Mean 2.9369 3.1103 3.1657 2.9855 3.0374
MSE 0.1818 0.2120 0.2355 0.1628 0.1703
100 Mean 2.9672 3.0562 3.0855 2.9948 3.0210
MSE 0.0939 0.1018 0.1075 0.0891 0.9127

Table 8: Estimated mean of the shap

¢ parameter with 8=3, 6=1.8, a,=

10, 2,=50, 2,100

Jefrreys prior

Exponential prior

n Criteria MinMSE =1 =2 =1 =2
Mean 2.2617 4.4486 5.5915 2.0819 2.3446
5 MSE 2.3663 9.4887 14.7312 1.0224 0.6646
Mean 2.6590 3.6379 3.9948 2.4159 2.5952
10 MSE 0.9813 2.0423 2.8388 0.5842 0.4489
30 Mean 2.8940 3.1981 3.2921 2.7699 2.8476
MSE 0.3093 0.4046 0.4746 0.2429 0.2252
50 Mean 2.9309 3.1103 3.1657 2.8519 2.9012
MSE 0.1817 0.2120 0.2351 0.1571 0.1501
100 Mean 2.9672 3.0561 3.0835 2.9253 2.9512
MSE 0.0940 0.1019 0.1075 0.0866 0.0850
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Discussion

From simulation results it is noted that Bayes estimators based on exponential prior information with GSLF were
generally better than Jeffreys prior information especially when the exponential parameter & is large. On the other
hand the MSE of the estimates of the parameter based on the classical MinMSE estimator performs better
exceptionally when 0 is small.

Finally, comparison with respect to GSLF showed that results are better when k=1 and a, is large enough.
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