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In the present paper the structures and dynamics of a food chain prey-
predator model are proposed and studied. The two stages and refuge in
prey and two predators (top and mid) are considered. Different types of
functional responses have been proposed. The conditions, which
guarantee the existence of equilibrium points, have been investigated.
Uniqueness and boundedness of the solution of the system are proven.
The local and global dynamical behaviors are discussed and analyzed.
Finally, numerical simulations are carried out not only to confirm the
theoretical results obtained, but also to show the effects of the refuge
and the variation of each parameter on our proposed system.

Copy Right, 1JAR, 2017,. All rights reserved.

Introduction:-

The first pattern formation of predator—prey model was introduced in 1927 by the well- known Lotka[15] and
Volterra[28] which starting from a simple and classical supposition, more complexity but factual predator—prey
models have been constructed by mathematicians and ecologists. In 1992, Berryman [6] considered that the dynamic
interaction between predators and preys has long taken and go on to be one of the most important and central
subjects which play a great role in each of the mathematical ecology, natural, social, and technological sciences,
especially in the research on biology and ecology [5, 17, 26, 27].

Many researchers working in these fields paying a great amount of attention to improve and generalize the pattern
formation of prey— predator models to more involvement and realistic system, and merging this advantage into
many applications that give the nature of existence and global asymptotic stability of predator—prey models a great
interest.

On the other hand, the dynamical behavior of prey-predator models has been investigated by a lot of articles
and peppers which results a significant expansion in the structural of the prey — predator models to involve multi-
species; different functional responses, several types of food chain, refuge, harvesting, stage-structure, several
types of diseases...etc.

Lately, Samantha[25] studied the existence and global asymptotic stability of a delay predator—prey model with
disease in the prey, Paletal.[20-24]proposed prey—predator harvesting model under impreciseness by considering
biological parameters as interval number, Naji and Mustafa [19] studied the dynamics of an eco-epidemiological
model with nonlinear incidence rate. Majeed and Shawka studied prey-predator model involving SI and SIS
infectious disease in prey population and the disease transmitted within the same species by contact and external
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source [4]. A lot of researches efforts have been made to investigating the interaction and coexistence mechanism of
the harvested prey—predator.

In fact, the influence of refuge, stage-structure and the multiplicity of functional responses in the prey—predator
ecosystem are the most important topics of interest. In recent years, stage structure models have been studies widely
by a lot of researchers, Aiello and Freedman (1990) studied the single species model with stage structure [1, 2],
several researchers studied prey—predator model with different functional responses. The prey—predator models with
prey refuge have been investigated by Kar[14]. Maetal. [16]studied the effects of prey refuges on a prey—predator
model with a class of function responses. Chenetal.[8] discussedaprey—predator model with Holling type 1l functiona
Iresponse in corporating a constant prey refuge.

Moreover, someoftheexperimentalandtheoreticalworkhavestudiedtheeffectsofpreyrefuges and drawn a
conclusion thatthepreyrefuges have a positively effectonthestabilityof the consideredinteractions,andprey
extinction canbeconserved by theadditionofrefuges[9, 11, 12, 13, 17],Kadhim, Majeed and Naji [29] studied the
stability analysis of food web stage structured prey-predator model with refuge involving Lotka-Volterra type of
function response, Ali and Majeed discussed stability analysis of a food chain stage structured prey-predator model
incorporating a preyrefuge and two types of functional responses such that the mid-predator consumed the mature
prey individual only according to the Lotka-Voltera type of functional response and the top predator consumed the
mid- predator individual only according to Holling type-11 functional response.

In spite of the effect of prey refuges on the dynamical behavior of the system is very difficult in the reality, but
it has been considered and analysis in this paper.

In this paper, a complicated four species food chain model with two functional responses has been proposed
and analyzed. Two such stages (mature and immature) with refuge in the prey and two predators (top and mid)
are also considered.

It is well known that the logistic function represents a mutualism interaction between the mature and immature
prey, and due to the short of resources the typellfunctionalresponse is considered to describe the nature of the
interaction between the mid predator and immature prey, while Lotka-Volterra type of functionalresponse
considered due to unlimited resources and the linearly relationship between the mid predator and mature prey.

Furthermore, there is not any relationship between the top predator and the two stages of prey, while according
to a food chain the interaction between the two predators has been considered by Lotka—Volterra type of
functionalresponse.

Actually, due to the complexity of interactions in the proposed model especially among the top predator and the two
stages of prey and the nature of interaction between the mid predator and the immature prey it was not easy to find
an example identical of this model in the nature, but in any case is not impossible, so after more efforts and with the
help of the biologist, we could find an example across two different environments represented by the aquatic and
terrestrial environment such that the two aquatic species Blue Shark (Prionaceglauca) and Wels Catfishrepresent the
top and mid predators respectively, and the terrestrial species pigeons ( doves ) represent the two stages of prey.

Finally, the behavior of the catfish when hunting pigeons is highlighted in the study, published on Dec. 5. The study
says: “Among a total of 45 beaching behaviors observed and filmed, 28% were successful in bird capture... Since
this extreme behavior has not been reported in the native range of the species, our results suggest that some
individuals in introduced predator populations may adapt their behavior to forage on novel prey in new
environments, leading to behavioral and trophic specialization to actively cross the water-land interface.” 10, 7].

The mathematical model:-

Consider the food chain model consisting of mid and top- predators, stage-structure prey in which the prey species
growth logistically in the absence of predation, while the predators decay exponentially in the absence of prey
species. It is assumed that the prey population divides into two compartments: immature prey population X; (t) that
represents the population size at time t and mature prey population X,(t) which denotes to population size at time t.
Furthermore the population size of the mid- predator at time t is denoted by Y;(t), while Y,(t) represents the
population size of top predator at time t.
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Now in order to formulate the dynamics of such system the following assumptions are considered:
1. The immature prey depends completely in its feeding on the mature prey that growth logistically with intrinsic
growth rater > 0 and carrying capacityk > 0. The immature prey individuals grown up and become mature prey
individuals with grown up rate s > 0 .However the immature and mature prey facing death with natural death rate
dy > 0 and d, > 0 respectively.
2. There is type of protection of the prey species from facing predation by the mid- predator with refuge rate
constantm € (0,1).
3. The mid-predator consumed the immature prey individual according to Holling type-Il functional response with
predation rate a; > 0 and half saturation constant b > 0.And consumed the mature prey individual according to
theLotka-Voltera type of functional response with predation rate a, > Oand contribute a portion of such food with
conversion rates 0 < e; <1 and 0 < e, < 1respectively. Moreover, the top predator consumed the mid-predator
individual only according to the Lotka-Voltera type of functional response with predation rate a; > Oand
contributes a portion of such food with conversion rate 0 < e3 < 1.

Finally, in the absence of food the mid and top predators facing death with natural death rated; > 0 andd, > 0
respectively.

Therefore the dynamics of the above proposed model can be represented by the following set of first order nonlinear
differential equations.

dX, Xy a(1—-m) Xy
= (1) T sk
dx,
ar = s%i- a,(1—m)X;Y, — dyX, 1
dY1 e aq (1 - m) Xl
ar - TXHH +ea,(1-m)XyYy —azh1 ¥, —doYy
dy,

d_T = e3a3Y'1 Yz - d4Y2 .

With initial conditions X;(0)=0and¥;(0)>0, i=1,2.

Not that the above proposed model has fourteen parameters in all which make the analysis difficult. So in order to
simplify the system, the number of parameters is reduced by using the following dimensionless variables and
parameters:

S d1 dy k d2 e1aq €2a2k
t=rT,u1=E,u2=;,u3=T,u4=?,u5=T,a6=T,u7= - ,
ds _esazk dy X X, _aY a3l

u8=7 ,Ug = ,u10=7,x= e

_ _ 7'31:7_' 2= Ty
Then the non-dimensional form of system (1) can be written as:

dx = x[y(l _y) - (1 _m)z_ (uZ + u3)] = fl(x'}’»Z'W)

dt x u +x
dy Uy X
E=y[i—u4(1—m)z—u5] =f,(x,y,2z,w) (2)
y
dz ug (1 —m)x
E—Z[ulT'F u7(1—m)y—W—u8] - fB(X,y,Z.W)
dw

dar = wlugz —uyl = fo(x,y,z,w).

Withx(0) =0,y(0)=0,2z(0)=0 andw(0) =0.

It is observed that the number of parameters have been reduced from fourteen in the system( 1 )to eleven in the
system( 2 ).

Obviously the interaction functions of the system ( 2 ) are continuous and have continuous partial derivatives on the
following positive four dimensional space.

Ri={(x,y,zw) €ER*:x(0)>0,y(0)>0,z(0)=>0,w(0)=>0}.
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Therefore these functions are Lipschitzian on R} , and hence the solution of the system( 2 )exists and is unique.
Further, all the solutions of system( 2 ) with non-negative initial conditions are uniformly bounded as shown in the
following theorem.

Theorem (1):All the solutions of system ( 2 ) which initiate in R% are uniformly bounded.

Proof:Let (x(t) ,y(t),z(t) ,w(t)) be any solution of the system (2) with non-negative initial condition
(x0,¥0,20,Wp) € RY .

According to the first equation of system ( 2 ) we have

dx a ) (1-m)xz N
a7 y T (up + uz)x .
S dx < 1 N

o, dt — 4 (uz u3)x.

Now, by using the comparison theorem on the above differential inequality with the initialpointx(0) = x,, weget:

1 1
- - — = e (uatuzt
x(t) S 4(uz+u3z) + (xo 4—(u2+u3))e ’

i <
Thus, lim,,.x(t) < Yoo T vt > 0.

Now define the function: N(t) = x(¢t) + y(t) + z(t) + w(t), and then taken the time derivative of N(t) along
the solution of the

dN 1—-—m)xz

T y—y*—(1- ”6)(u1—+1 — (uy —u7)yz — (1 — ug)zw — uzx — Usy — UgZ — U W.
So, due to the fact that the conversion rate constant from prey population to predator population cannot exceeding
the maximum predation rate constant from predator population to prey population, hence from the biological point
of view, always ugs <1 ,uq < 1and u; < uy,, we get,

, and hence supx(t) <

u
at <y-sN, where s = minf{us, us, ug, uy0}, and hence, ' < m —sN.
Then, 2 + sN < hereG = ——
Mgy TN = W T g (u + ug)

Again by solving this differential inequality for the initial value N(0) = N, ,we get:
N <2+ (N0 —%) e~. Then, limN(t) < £ . so,0sN@® <, ve>o,

hence all the solutions of system ( 2 ) are uniformly bounded andthe proofis complet.

The existence of equilibrium points:-

In this section, the existence of all possible equilibrium points of system ( 2 )is discussed. It is observed that, system
(2) has at most four equilibrium points, which are mentioned in the following:

@®@The equilibrium point E; = ( 0,0,0,0 ), which known as vanishing point is always exists.

@®@The free predators' equilibrium pointE; = (x,y,0,0 )t, where:

y=1-us (%) , andx = Z—z (1—us (%) , exists uniquely in Int.R2 (Interior of R2) of xy — plane if
the necessary condition holds:

< 3
Us Uu, + Us ' ( )
@®@The free top predator' equilibrium pointk, = (,9,2,0 ), where:
. UX —Usy (4a)
Z=—".
uy (1 —m)y
And,
ug(u; +x) —ug (1 —m)x
o s +3) — s (1= m) ah)
u; (1 —m)(uq + x)
While,x is a positive root of the following fourth order polynomial:
f) =yx* + y,x3 4+ y3x%2 + px +ys =0, (4¢)

where:

Y1 = u5(1 —m)3[uy(uy + uz) (ug(1 — m)—ug) — upu; (1 —m)]

Y2 = —us(1 —m)(ug(1 — m)—ug) [u; (1 —m) + (ug(1 — m)—ug)?]

—uF (1 — m)*[us (ug (1 — m)—ug) + ujusug(uy + uz)] — 2uus (1 —m)3luyu; (1 —m) — uy(ug(1 —m)—ug)].
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Y3 = wqugug (1 — m)(ug(1 — m)—ug) [3(ug (1 — m)—ug) — 2u; (1 — m)] + uqugus(1 — m)?(ug(—m)—ug)?

—ufuaub (up +uz)(1 — m)3(Bug—us(1 — m)) + uyuf (1 — m)3[usug — ugupuy (1 — m)]
—u1u5u%(1 - m)3(u6(1 —m)—ug).
¥a = ufuzug (1 — m)?[ugug + usu; (1 —m)] — ufusug (1 — m)(ug(1 — m)—ug) [3ug+2u; (1 — m)]
—uuduug(1 — m)3(u, + ug).
¥s = wuuuud(1 —m)? + wdugud(1—m) > 0.
Clearly, by using Descartes' rule of sign Eq.( 4 c¢)hasa unique positive root, denoted byzx, if

y; <0, i=123 and(y, <0 ory, > 0).

Therefore, the free top predator' equilibrium point E, = (£,9,2,0 ) exists uniquely in the interior R3 ofxyz — space
if the following conditions hold:

—u6(1_m)<u8<u6(1—m). (4d)

3
Us y Us Ug }
> _ . 4
e max{ 2 'uu; (1—m) (4e)
2u; (1 —m) upyu; (1 —m) uyu; (1 —m)
3 ’ Uy ’ Uy (uz +u3)’

uguy (uy + u3)(1 —m)Bug — ug (1 —m))}. (4 f)

U1 U
(ug(1 — m)—ug) < minif 132 8 ,

@Finally, the positive (coexistence) equilibrium point E5(x*, y*, z* ,w*), where:
«_ o

zZ = u— . ( 5 a)
9
. Us 1 -m)x+u;(1 —m)(uy + x)y —ug(uy +x) (55)
B u +x '
. (ugugg (1 —m)+ usug)y
x* = . (5¢)
UpUg
While, y* is a positive root of the following polynomial:
f) = y(6y*+ &y + 83) =0, (5d)
where:
61 = —uzug(U4 Uqg (1 - m)+ usug) < 0.

8y = Upug(ug o (1 — M)+ ustte) — ugudug — (up + ) (ug (1 — m)+ usuo)?.
83 = up[ugupud—(ug ugp (1 — m)+ usug) (ugo (1 — m) + ug(uy + u3))].
Straightforward computation shows that the quadratic eq.( 5 d), has a unique positive root, denoted by y*, if and
only if the following condition holds:
(ug ugp (1 — m)+ usuo) (ugo (1 —m) + ug(u, + uz))
u; > > . (5e)
UyUg

Therefore, the positive (coexistence) equilibrium pointE;(x*,y*,z* ,w*)exists uniquely in the interior R%if in
addition to the condition (5 €) the following condition holds:

Ug
u; (1—-m)’

y'> 59
The local stability analysis of system(2)

In this section, the local stability analysis of system( 2 )around each of the above equilibrium points is discussed
through computing the Jacobian matrix/(x, v , z, w)of system( 2 )at each of them which is given by:

](= [aij]§X4 , Where : ) (6)
w(1—-m)z 1—-m)x
a11=—m—(uz+ uz), a;p;=1-2y, a13=—m, a14 =0, az =u,,

B uug(1 —m)z

az = —u(l-m)z —us,ap —uy(1 —m)y,az =0, az = T +x)? 0 2T uy (1 —m)z,
1

ug(l—-m)x
433 =~ % tu;(1-—m)y—ug—w, azs ==z, ay =0, g =0,a43 = UgW, Ay = UgZ — Uyp.
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The local stability analysis at Ej :
The Jacobian matrix of system( 2 )atE,can be written as:
—(uz+uz) 1 0 0

_ _ Uy —us 0 0
Jo=JE)=| O w0 (7a)
0 0 0 —ay

Then the characteristic equation of J(E,) is given by:

[A2 + A2 + B](—ug — D) (—u;p— 1) =0, (7b)
where:
A=uy+uz+us , B =us(uy +uz) —uy,
so, either

(—ug = D(=up - =0,(7c¢)
this gives two eigenvalues of J, by: 1y, = —a3; < 0,and Ay, = —ag <0.

Or

A2 +AA+B=0, (7d)
where:
tT(A) AOX + Aoy = _(UZ + Us + u5) <0 and det(A) AOX . Aoy = u5(u2 + u3) -
Uy, which gives the other two eigenvalues of J, Wlth negative real parts provided that the following
condition holds:

_t 7¢)
Us > (uz +uz) (

Then E, is locally asymptotically stable in theR% . However, it is a saddle point otherwise.

The local stability analysis at E,
The Jacobian matrix of system (2) at E; can be written as:

](El [bl] ]4><4 ( 8 a)
where:
_ 1-m)x
byy ==+ uz), by =1-2Yy, b3 = —ulT yb1a = 0,by1 = uy, by, = —us,
3 us(1—m)x
by; —uy(1 —m)y, by, =0, b;; =0, bs; =0, bss = :LT +u;(1 —m)y — ug,
1

b3g =0, byy =0,by =0, byz =0, byy = —uyp.
Then the characteristic equation of J;is given by:
[AZ + A_A + E](b33 - /’l)(—ulo - A) =0 ) (8 b)
where:
A—tr(A) = u, +ug + us,
B =det(4) = us(u, +uz) — uy + uy¥,

so, either
(b33 = D (-uyp —4) =0, (8¢)
which gives two eigenvalues of J; by:
ug(1 —m)x _
Ay = W-l_ u; (1 —m)y — ug, and Ay, = —uyp <0
Or A +A4A1+B=0, (8d)

where:  tr(4) = Ao, + 4oy = —(uz +us +us) <0, and det(4) = Aoy . Aoy = us(u; +u3) —up +uy,
which gives the other two eigenvalues of J; with negative real parts due to the condition( 3).
Then, Eis locally asymptotically stable in R%if in addition to the condition (8 ), the following condition holds:
ug(1 —m)x
u8>ulT+u7(1—m)y (8e)
However, it is a saddle point otherwise.

The local stability analysis at E,
The Jacobian matrix of system (2 ) at E, can be written as:
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Ja= J(ED) = eyl (9a)
where:
w1 = m2 (uy + u3) <0 1-29 a-mzx_, 0 >0
Ciq1 = — —(u u , Cc1p =1-— , Ci13 = — = y Cla=VU, 4 =1u ’
11 (uy + 2)2 2 3 12 y 13 W+ % 14 21 2
—UyX R uug(1 —m)2z .
Crp =—— <0, —u,(1—m)y <o, Cy=0, 3y=—"——>0, C3y =u7(1—m)z>0,
22 9 23 4( )y 24 31 (u; + 2)? 32 7( )
ug(1 —m)x . ) )
C33 = u—+2+ U7(1 - m)y — Ug, C3q4 = —Z < 0, Cy1 = 0, Cyp = 0 ) Cy3 = 0 ) Caq = UgZ — Uqg-
1
Then the characteristic equation of J, is given by:
[A3+A112+A21+A3](u92,\_ulo_/’{):O, (9b)
where:
A= —(c1+¢22)>0
Ay = €116 — €C12€21 — €13€31 — €23C32
Az = €32(C11C23 — €13C21) + €22C13C31 — €12C23C31,
so, either
ugi—ulo—/‘{=0. (9C)
Or/13+A112+A2/1+A3=0. (9d)

Hence from equation (9 ¢ ) we obtain that:
Aaw = UgZ — Uqq , Which is negative if the following condition holds:
1< (9e)
Ug
SinceA; > 0, then by using Routh-Hawirtiz criterion equation (9 d) has roots (eigenvalues) with negative real
parts if and only if
A3 >0 and A= A4, — A3 > 0.
Straightforward computation shows that:
A= —(cy1 + cp2)c11C0p + €11 (C12€21 + €13€31) + €22C23C32 + €12C23C31 + €21 (C22C12 + Cr3C32).
Now, according to the form of A; and signs of the Jacobian elements all terms of A; will be positive under the
following conditions:
1
9> (9f)
wug(2y —1
w > — A1 6(29 ) — (99)
U (1 —m)z + (uy + uz)(uy + %)
However A becomes positive, since the first four terms of A are positive, while the last one will be positive if and
only if in addition to the condition (9 f ) the following condition holds:
u; (29 — D(uy + %)
u; < —
(1-m)?yz
Therefore, all the eigenvalues of J, have negative real parts under the given conditions and hence E, is locally
asymptotically stable. However, it is unstable otherwise.

(9n

The local stability analysis at E;
The Jacobian matrix of system( 2 )at E; can be written as:

]3=[dij]4><4 ) (10a)
where:
u (1 —m)z* i 1 -m)x*
di1 =_(ul+—x*)2_(u2+ u3) <0, dip=1-2y*, di; =—W<0, diy =0, dyy =uy; >0,
—u,x* . U ug(1 —m)z* i
dy; =T< 0, dy3 —u4(1—m)y <0, dyy =0, dx Zw>0 , diz» =u7(1—m)z >0,
ug(1 — m)x*
d33=—+u7(1—m)y*—u8—w*,d34=—Z*<0, d41=0, d4_2=0, d4_3=U.9W*>0,
U+ x*
d44 = ugz* — Uqp-
Then the characteristic equation of 5 is given by:
[/14 ‘|‘B1/’l3 +BzAZ +B3/1+B4] = 0, (IOb)
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where:

Bl = —Q > 0.

BZ =a1—0(2—a3—0_’4—0(5.

Bz = (agas — a6) + di1ay + dyya3 — as.

B4, = 0!5(6(2 - al) > 0, W|th,

ap = (dyy +dy3) <0 ,a; =dyydy; > 0,a; = dypdyy,

az = dy3d3 <0, @y =dpds <0, a5 =dsdsz <0,

ag = dipdy3d3y, a7 = dizdyds; <0.

Now by using Routh-Hawirtiz criterion equation ( 10 b ) has roots (eigenvalues) with negative real parts if and only
ifB; >0, i =1,3,4 and A= (BB, —B3;)B; — B?B, > 0.

Clearly B; > 0 and B, > 0 provided that:
1
y* > E (10 C)
Straightforward computation shows that:
A= [y (xp—o¢q) + (dyg X3+ 7)) + dyp Xyt K6 ][(Xgots— o) + (dy7 X4— Xg) + dpy X3— 7]

Now, according to the form of B3 and signs of the Jacobian elements the last three terms of B3 are positive, while
the first one will be positive in addition to the condition ( 10 ¢ ) the following condition holds:
. W ugte (1 —m)?(2y* — y*?

ug[ug (1 — m)y*z* + [(uy + uz)y* + upx*](uyg + x*)?]
On the other hand due to the conditions (10 c¢) and (10 d), all elements of A are positive and the two elements
(dqq 3+ <), (dq; ox4,— %) will be positive if the following condition holds:

*

(10 d)

Li<u; <L, , (10e)
where:
wug(2y* — 1) uug[ug (1 —m)z* + (up + uz) (uy + x)?]
Ly and L, = .

- uy (1 —m)z* + (uy +uz)(uy +x*)2’ Uy (uy + x*)4
Therefore, all the eigenvalues of J; have negative real parts under the given conditions and hence E; is locally
asymptotically stable. However, it is unstable otherwise.

The global stability analysis of system( 2)

In this section the global stability analysis for the equilibrium points, which are locally asymptotically stable,
of system( 2 )is studied analytically with the help of Lyapunov method as shown in the following theorems.
Theorem( 2 ): Assume that the vanishing equilibrium pointE, = (0,0,0,0) of system(2)is locally
asymptotically stable in R%. Then E, is globally asymptotically stable on the region w, € R} , wherew, =
{(x,y,z,w) ER} : y > 1}

Proof: Consider the following function:
Vo(x,y,z,w)=x+y+z+w,
Clearly V,: RY — R is a C! positive definite function.
Now by differentiating 1, with respect to time t and doing some algebraic manipulation, gives that:
dV 1—-m)xz
d_to =yQ-y)—-Q1- ua)(ul—_l_zc —(us — up)yz — (1 — Ug)zw — UzX — Uy — UgZ — UgoW.
Now, due to the facts that is mentioned in theorem (1), always ug < 1, ug < 1 and u; < u, , We get,
dv,
dt
Hence ‘% < 0 in the region w, and then V, is strictly Lyapunov function. Thus we obtain that E, is a globally

asymptotically stable in the regionw,, and the proof is complete.

Theorem (3 ): Assume that the free predators equilibrium point E; = (X, ,0,0 )of system( 2)is a locally
asymptotically stable in Rf. Then E; is a globally asymptotically stable on the region w,; ¢ R% that satisfies the
following conditions:

1 +79y Uy U uu; (y — y2
__(y }’)+ 2Uy S2’27()’ }:) (11a)
X X UgUeg Y UsUeX YY

y*<y(11b)

<yl —y)—uzx — usy — UgZ — uUyoW .
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X< x (11c¢)
Proof: Consider the following function
Vi(x,y,z,w)=q¢ (x—f—fln%) +c2(y—)7 ¥yIn )+ C3Z + cyw,
where: ¢; , ¢, , c3 and c,are positive constants to be determined.

Clearly V,: Rt - R is a C! positive definite function. Now by differentiating V;, with respect to time t and doing
some algebraic manipulation, gives that:

av, y -5 a 1_G+y
d_tl = —61%(36—3?)2 —Cz%()’_y)z + [61 (;— (y:y)> Czuz] x—x0)(0Q-y)

1-mxz (1 -m)x _
—(c1 = C3u6)ulT — (cauy — c3u7) (1 —m)yz + ulT + couy(1 —m)y — c3ug|z
—(c3 — cqug) W Zz — cyuqow.
By ch =1 = _ 1! _ 1 t:
ychosen ¢; =1, ¢, = ity c3 = w Cy = . we get:
av F-99 UsU X 1 +y UsUy
i S A AoV I _ =)2 - V(v S
dt — XX (= %) u6u4y37(y ) + X x + UgUyy =D& =
[Ua 1-mx u,(1- m)}"/] Uqo
—|—- + z— w
Ug U +x Ug Uglq

Now by using the conditions( 11 a ), (11 b ) and ( 11 ¢ ) we obtain that:

dVl (y y St UpUr X _ - @_(1—771)9?_'_“7(1—7”))7 ;0
u u4yy u6 U +x Ug Ugly

Clearly, d—tIS negative definite on the region w; due to the local stability condition (8e) . Hence V; is strictly
Lyapunov function. thus E; is a globally asymptotically stable on the region w;and the proof is complete .

Theorem( 4 ): Assume that the free top predators' equilibrium pointk, = (%,7,2,0) of system (2) is locally
asymptotically stable inR%. ThenE, is a globally asymptotically stable on any region w, c R%that satisfies the
following conditions:

2 <9(12b)
Uz < Yy , (12¢)
where:
Cowus (1 (v +9) | wuy -39 . (1-m)z
“1‘u1+32(}_ X >+u4y' =% BT im0

Proof: Consider the following function:
Vo(x,y,z,w) =¢; (x—a? —fln%) + ¢ (y—j/‘ —ﬁln§)+ 3 (z—i —2ln§) +cuw,
where: ¢;,c¢;,c3 and c,are positive constants to be determined.

Clearly V,: RY - R is a C! positive definite function. Now by differentiating V, with respect to time t and doing
some algebraic manipulation, gives that:

ava _ G-9H  A-mz )(x_f)z_(cl_%uﬂla) (1-m)

(x—x)(z—-2)

= —C
dt T\ oxz (uy + %) (uy + x) uy + 2/ (ug +x)

+[C1<l—(y+y)> CZuz](ac—ac)(y y)—CzyA(y $)?

x x
—(cauy — c3u7) (A —m)(y — 9)(z — 2 — (c3 — caulo) W z — (C4uq9 — C32)W.
Ui Ug Uy 1

By chosen c¢; = — c, =— ;=1 c, =— weget:
y 1 W+ xS 2 u 3 , 4 U g
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u2u72

dv. uu y — 92 1—-m)z
o _we (G2F)_ Q-mz ) o = (y - 9)?
dt u+x x X (ug + %) (ug +x) Uy y
wu, (1 (+9)\  wu, . R .
+ [ul T3 (x . >+ u4y] (x =D —9) — (U — ug2w.
Now by using the conditions( 12 a ) and( 12 b ) we obtain that:
2
av, wug | | =92 1-m)z R Uus X " .
S it @i E 97 [uyy @ 9| G —wdw

Clearly, %is negative definite on the region w, due to the conditions( 12 ¢ ) and the local stability condition( 9 e ).

Hence V, is strictly Lyapunov function. thus E, is a globally asymptotically stable on the region w,and the proof is
complete .

Theorem (5 ): Assume that the positive (coexistence) equilibrium point E5(x*, y*,z* ,w*) of system ( 2) is locally
asymptotically stable in theR%. ThenE; is a globally asymptotically stable on any region w; < R that satisfies the
following conditions:

Uy Us (l_ +y )) LY 2\/11111211671796 (B1—P2)

u; +x*\x X ULy uy(ug + x*) yy*

(13a)

y*? <y*(13b)
z <m(13c)
Ug
wr<w (134d)
B, < By, (13e)

where:
ﬁ B (y* _ y*Z) B B (1 _ m)Z*

Y7 xxr 7 PP T up A x)(u +x)°
Proof: Consider the following function:

* * i —_ * —_ * l — * — * i
V3(x,y,z,w)—cl(x—x —x lnx*)+c2(y v —y lny*) +c3(z z¥ —z lnz*)
w
W*)'
where: ¢; , ¢, , c3 and c, are positive constants to be determined.

Clearly V5: R — R is a C'positive definite function. Now differentiating by V;with respect to time t and doing some
algebraic manipulation, gives that:

+C4(W—W* —w*ln

dav. * oyl 1-m)z* CoUyx”
— = b : )__{ : i (x—x)? ==L (y—y")?
dt XX (ug +x*)(ug + x) yy
1 +y)\ cu . . czuug ) (1 —m) X .
+[c1(;— e e [ R R (e [ess ICREDICRED
—(cauy — c3u7) (A —=m)(y —y*)(z — z*) — (c3 — caug) (z — 2z ) (W — w™).
Bchoosinc=ﬁ c=Iﬁ c3 =c, = 1,we get:
y g1u1+x*'2 w 3 4 , get
%<_ Urle (y*_y*Z)_ (1-m)z (x_x*)z
dt = u;+x* xx* (ug + x*)(ug +x)
uug (1 (y+y" UyUy X i
u1+x*(x p + " (x=x)@y -y
UyUyx™

(Y —y)i -1 -u)(z—-z)w—-w")
Uyy
Now by using the conditions( 13 a ) and( 13 b ) we obtain that:
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av; Uy Uy x*

ar -

Uy + x* Wy Y =y —A=uy)(z—z)(w—-w").

j Ml (g~ B (x—x") -

Clearly, %is negative definite ontheregion w5 due to the conditions( 13 ¢ ), (13 d), (13 e)and the fact that is

mentioned intheorem( 1), uq < 1.
Hence V5 is strictly Lyapunov function. Thus E3 is a globally asymptotically stable on the region wzand the proof is
complete .

Numerical analysis of system(2 )

In this section, the dynamical behavior of system ( 2) is studied numerically for different sets of parameters and
different sets of initial points. The objectives of this study are: first investigate the effect of varying the value of each
parameter on the dynamical behavior of system (2) and second confirm our obtained analytical results. It is
observed that, for the following set of hypothetical parameters that satisfies stability conditions of the positive
equilibrium point, system (2) has a globally asymptotically stable positive equilibrium point as shown in
Fig.(6.1).

u;=0.6 ,u; =0.4 ,u3=0.1 ,u;,=0.5 ,u3=0.1,u =0.3,
u7=0.3,u3=0.1,u9=0.5,u10=0.1, m=0.5.
a b
0 ‘ , (a) ‘ 1 (b)
‘ —xi —
X2 0.9 —2
e X3 . y3
— x4 08 —y4| 4
0.35
~ 0.7
: 3
Q =
0 03 Q06
:
@ =1
€ 025! @ 05
£ 2
04F
0.2
03f
0.151
02r
04 ! ‘ w w o \ ‘ ‘ ‘
0 0.5 1 15 2 25 0 05 1 15 2 25
Time w10t Time x10*
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Fig.(6.1):-The time series of the solution of system(2)started from the four different initial
points( 0.4,0.5,0.6,0.7),(0.1,0.2,0.5,0.6),(0.2,0.3,0.4,0.5), and (0.3,0.5,0.7,0.8), for the data given
by(6.1)(a), the trajectories of x as a function of time, (b) the trajectories of y as a function of time, (c) trajectories
of z as a function of time, (d) the trajectories of w as a function of time.

Clearly, Fig.(6.1) shows that system(2) has a globally asymptotically stable as the solution of
system( 2 )approaches asymptotically to the positive equilibrium point E; = (0.28,0.77,0.2,0.06 )starting from
four different initial points and this is confirming our obtained analytical results.

Now, in order to discuss the effect of the parameters values of system( 2 )on the dynamical behavior of the system,
the system is solved numerically for the data given in( 6.1 )with varying one parameter at each time.

By varying the parameter u; which represents the half saturation rate of the mid-predator upon the immature prey
and keeping the rest of parameters as data given in(6.1) in the range0.01 < u; < 2, it is observed that the
solution of system( 2 )approaches asymptotically to the positive equilibrium point E;. , as shown in Fig.( 6.2) , for
typical value u; = 0.4.

1

Immature prey|

Mature prey | |
Mid-predator
Top-predator | |

0.8

0.7

(\[\/\/v\/\,\ R

o)

g oo
s
S 051
a
Iy
0.4
0.3 ’\}L/\/\/\/\A,\,\———
0.2
o1 J\/\N\MN\A
ol . . .
0 0.5 1 1.5 2 2.5

Time « 10%
Fig. (6.2 ):-Time series of the solution of system (2 ) for the data given in(6.1) with u; = 0.4, which approaches
toE; = (0.28,0.75,0.2,0.07 ) in the interior of R% .

Now, varying the growth rate parameter of immature prey u, and keeping the rest of parameters values as data given

in (6.1), it is observed that for 0.1 < u, < 2 the solution of system ( 2) approaches asymptotically to a positive
equilibrium point E5 .
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On the other hand varying the natural death rate of immature prey parameter u; and keeping the rest of parameters
values as data in(6.1), it is observed that for0.01 < u; < 0.90 the solution of system (2 )approaches
asymptotically to the positive equilibrium point E;, as shown in Fig. (6.3 ) a, for typical valueu; = 0.6 , while
increasing this parameter for0.90 < u; < 1 causes extinction in the top-predator and the solution of system (2)
approaches asymptotically to E, = (£,7,2,0) in the interior of the positive quadrant ofxyz — space, as shown in
Fig. (6.3) b, for typical value u; = 0.95 .

a (b)
0.8 T T (a) T T 0.8 T T
Immature pre) Immature prey|
0.7 Mature prey | 0.7 Mature prey | <
Mid-predator — Mid-predator
Top-predator Top-predator
0.6 \ 1 0.6 1
e
c 05 / c 05
il 9]
B - K
2 0.4 2 0.4
o o
o o
0.3 0.3
0.2 L/\—/ 0.2
0.1 k 0.1
s ‘ ‘ ‘ :

, . \
0 05 1 1.5 2 25 0 0.5 1 15 2 25
Time % 104 Time % 104

Fig(6.3) (a) :-Time series of the solution of system (2) for the data given by(6.1) with u; = 0.6, which
approaches to E; = (0.21,0.57,0.2,0.02) in the interior of R%, and (b): Time series of the solution of system
(2) for the data given by(6.1) with u; = 0.95, which approaches to E, = (0.16,0.44,0.19,0 ) in the interior of
the positive quadrant of xyz — space .

Moreover, varying the parameter ru, which represents the predation rate of the mid-predator upon the immature
prey, and keeping the rest of parameters values as data given in( 6.1), it is observed that for 0.01 < u, < 1.5the
solution of system( 2 )still approaches asymptotically to a positive equilibrium point E5.

The effect of varying the mature prey natural death rate parameter us with0.01 < us < 0.41 and keeping the rest
parameters values as data given in (6.1), it observed that the solution of system ( 2 ) approaches asymptotically to a
positive equilibrium point E;, for typical value uz = 0.3 as shown in Fig.( 6.4) a , however increasing this
parameter in the range 0.41 < us < 0.58causes extinction in the top-predatorand the solution of system (2)
approaches  asymptotically  toE, = (%,9,2,0) in the interior of the positive quadrant
of xyz — space, as shown in Fig. ( 6.4) b, for typical value us = 0.5 , further increasing in the range 0.58 <
us < 0.8causes extinction in the mid-predator and the solution of system ( 2 ) approaches asymptotically to the free
predators  equilibrium  pointE; = (x,y,0,0) in the interior of the positive quadrant of
xy — plane, as shown in Fig. ( 6.4) ¢, for typical value us = 0.77, then more increasing of this parameter in the
range 0.8 < us < 1causes extinction in all species and the solution of system ( 2) approaches asymptotically to
the vanishing equilibrium pointE, = (0,0,0,0 ),as shown in Fig( 6.4) d , for typical value us = 0.9.

(a) (b)

Immature pres
Mature prey | -
Mid-predator
Top-predator
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°©
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QT
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o] 0.5 1 1.5 2 25 [ 0.5 1 1.5 2 25
Time = 10% Time x 104
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Fig(6.4)(a) :- Time series of the solution of system (2) for the data given by(6.1) with us = 0.3, which
approaches toE; = (0.41,0.47,0.2,0.03) in the interior of R%, (b): Time series of the solution of system (2)
for the data given by(6.1 ) with ug = 0.5, which approaches toE, = (0.37,0.28,0.09,0) in the positive quadrant
of xyz — space, (¢ ): Time series of the solution of system (2 ) for the data given by(6.1 )with ug = 0.77, which
approaches to E; = (0.07,0.03,0,0) in the positive quadrant ofxy — plane, ( d ): Time series of the solution of
system (2 ) for the data given by(6.1 ) with ug = 0.9, which approaches toE, = (0,0,0,0).

The varying of the parameterugswhich represents the conversion rate from the mature prey to the mid-predator, and
keeping the rest of parameters values as data given in( 6.1), it is observed that for0.01 < u, < 1the solution of
system( 2 ) still approaches asymptotically to a positive equilibrium point E;.

For varying the conversion rate parameter from the mature prey to the mid-predator u,, with 0.01 < u; < 0.15 the
solution of system ( 2 ) approaches asymptotically to the positive free predators equilibrium point E; = (¥,%,0,0)
in the interior of the positive quadrant of xy — plane, as shown in Fig.( 6.5) a, for typical value u; = 0.1, while
for u; = 0.15 the solution of system (2) approaches asymptotically toE, = (£,¥,2,0) in the interior of the
positive quadrant of xyz — space, as shown in Fig.( 6.5) b , which means revival of the mid-predator population,
then increasing this parameter in the range 0.15 < u; < 0.21 leads revival of the top-predator and a small periodic
attractor appears, as shown in Fig.(6.5) ¢ , for typical value u; = 0.16 for more increasing in the range
0.21 < u; < 0.5 the solution of system ( 2 ) approaches asymptotically to a positive equilibrium pointE; ,for typical
value u; = 0.22, as shown in Fig.(6.5) d .
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(c)
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Fig( 6.5 ):- (a)Time series of the solution of system (2 ) for the data given by(6.1) with different values of u, (
a ):E; =(0.21,0.87,0,0)is a asymptotically stable with u;, =0.1, ( b ): E, =(0.32,0.63,0.4,0)is a
asymptotically stable withu;, =0.15, ( ¢ ): periodic attractor withu; =0.16,( d ). E;=
(0.28,0.77,0.19,0.03 )is a asymptotically stable with u; = 0.22.

The varying of the mid-predator natural death rate parameter ug, it is observed that for 0.01 < ug < 0.16 the
solution of system( 2) approaches asymptotically to the positive equilibrium pointE;, further increasing of this
parameter withug = 0.16 which causes extinction in the top-predator and the solution of system (2 ) approaches
asymptotically to E, = (X,7,2,0) in the interior of the positive quadrant of xyz — space,as shown in
Fig.(6.6 ) a, for typical valueug = 0.16 . While for 0.16 < ug < 1 causes the extinction of the mid —predator the
solution of system (2 ) approaches asymptotically E; = (x,¥,0,0)in the interior of the positive quadrant of
xy — plane,as shown in Fig. (6.6 ) b, for typical value ug = 0.25 .

(a) ‘ ' __(b)

1 1
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oop Mature prey | | 0.9 Mature prey ||
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% 04 & 04
0.3 0.3
0.2 0.2
0.1 0.1
0

o

. . . . \ \
0.5 1 1.5 2 25 0 0.5 1 1.5 2 25
Time % 104 Time « 104

Fig(6.6) (a):- Time series of the solution of system (2) for the data given by(6.1) with ug = 0.16, which
approaches to E, = (0.30,0.73,0.26,0 ) in the interior of the positive quadrant of xyz — space, (b)) : Time series
of the solution of system (2) for the data given by(6.1) with ug = 0.25, which approaches to
E; =(0.21,0.87,0,0) inthe interior of the positive quadrant of xy — plane.

S}

On the other hand, the varying of predation rate parameter of the top-predator upon the mid-predator, for0.01 <
Ug < 0.15 the solution of system ( 2) approaches asymptotically toE, = (X, ,2,0) in the interior of the positive
quadrant of xyz — space, as shown in Fig.( 6.7) a , for typical value ug = 0.1, while for 0.15 < uq < 1 the top-
predator population revives and the solution of system ( 2) approaches asymptotically to a positive equilibrium
point E3, as shown in Fig.( 6.7) b , for typical value ug = 0.5.
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Fig( 6.7 ):- (a) Time series of the solution of system (2) for the data given by(6.1) with ug = 0.1, which
approaches to E, = (0.25,0.36,0.7,0) in the interior of the positive quadrant ofxyz — space, (b ):Time series of
the solution of system (2 ) for thedatagivenin(6.1 )withuy = 0.5, whichapproachesto E; = (0.28,0.77,0.2,0.06 )
in the interior of R% .

Moreover, increasing the natural death rate of top-predator parameter u, in the range 0.1 < uyy < 0.35, the
solution of system ( 2 ) approaches asymptotically to a positive equilibrium point E3, as shown in Fig.( 6.8) a , for
typical value u;, = 0.3, while the increasing of this parameter for 0.35 < u;, < 1 causes extinction of the top-
predator population and the solution of system ( 2) approaches asymptotically toE, = (£, ,2,0 ) in the interior of
the positive quadrant of xyz — space, as shown in Fig.( 6.8) b, for typical value u;y = 0.5.

(a) , _(b)
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Fig.(6.8):-( a ): Time series of the solution of system (2) for the data givenby(6.1 )with u;y = 0.3, which
approaches to E; = (0.29,0.47,0.6,0.02 )in the interior of R% . (b): Time series of the solution of system (2 ) for
the data given by(6.1) with u;, = 0.5, which approaches to E, = (0.25,0.36,0.7 ,0) in the interior of the positive
quadrant of xyz — space.

Finally, varying the number of prey inside the refuge parameter m and keeping the rest of parameters values as data
given in( 6.1), it is observed that for0.01 < m < 0.63the solution of system( 2 )approaches asymptotically to the
positive equilibrium pointEs;, as shown in Fig.( 6.9) a, for typical valuem = 0.5, while increasing this parameter in
the range 0.63 < m < 0.69 leads that the solution of system ( 2 ) approaches asymptotically to a periodic dynamics
in Int. R%, as shown in Fig.( 6.9)b, for typical value m = 0.67, more increasing of this parameter in the range
0.69 < m < 0.71 causes extinction of the top-predator population and the solution of system (2) approaches
asymptotically to the free top-predator equilibrium point E, = (% ,9, 2,0 )in the interior of the positive quadrant of
xyz — space.as shown in Fig.( 6.9) c, for typical value m = 0.7 .and for 0.71 < m < 1the solution of system (2)
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approaches asymptotically to the free predators' equilibrium point E; = (Xx,¥,0,0) in the interior of the positive
quadrant of xy — plane, as shown in Fig.( 6.9)d , for typical value m = 0.9.
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Fig( 6.9 ): — Time series of the solution of system (2 ) for the data given by(6.1 ) with different values of m, (a):
E; = (0.28,0.77,0.02,0.06 ) is a asymptotically stable with m = 0.5, ( b ): A small periodic attractor with
m = 0.67, (c):E, = (0.22,0.86,0.02,0 ) is a asymptotically stable with m = 0.7, (d):E; = (0.21,0.87,0,0) is
a asymptotically stable with m = 0.9.

Conclusions and discussion:-

In this chapter, we proposed and analyzed an ecological model that described the dynamical behavior of the food
chain real system. The model included four non-linear autonomous differential equations that describe the dynamics
of four different population, namely first immature prey (X;), mature prey (X;), mid-predator (¥;) and (¥,) which
is represent the top predator. The boundedness of system (2) has been discussed. The existence conditions of all
possible equilibrium points are obtain. The local as well as global stability analyses of these points are carried out.
Finally, numerical simulation is used to specific the control set of parameters that affect the dynamics of the system
and confirm our obtained analytical results. Therefore system (2) has been solved numerically for different sets of
initial points and different sets of parameters starting with the hypothetical set of data given by Eg. (6.1) and the
following observations are obtained.

1-System ( 2 ) has two types of attractor in Int. R} either a stable point or a periodic attractor.

2-For the set hypothetical parameters value given in Eq. (6.1), the system (2) approaches asymptotically to globally
stable positive pointE; = (0.28,0.77,0.2,0.06 ). Further, with varying one parameter each time, it is observed
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that varying the parameter values, u; i = 1,2,4 and 6 do not have any effect on the dynamical behavior of system( 2
) and the solution of the system still approaches to positive equilibrium point E5 = (x*,y*,z*,w*).

3-As the natural death rate of immature prey us increasing to 0.89 keeping the rest of parameters as in Eq. (6.1), the
solution of system (2) approaches to positive equilibrium pointE;. However if 0.90 < uz < 1, then the top predator
will face extinction then the trajectory transferred from positive equilibrium point to the equilibrium pointE, =
(%,9,2,0), thus, theus = 0.9 parameter is a bifurcation point.

4- As the natural death rate of mature prey us increasing to 0.40 keeping the rest of parameters as in Eq. (6.1), the
solution of system (2) approaches to positive equilibrium E5, however if 0.41 < us < 0.58, then the top predator
will face extinction then the trajectory transferred from positive equilibrium point to the equilibrium pointE, =
(&,9,2,0), further increasing in the range0.58 < us < 0.8causes the mid-predator faced extinction in andthen the
trajectory transferred from the free top predator equilibrium point E, = (£,7,2,0), to the free predators
equilibrium point E; = (x,¥,0,0), then more increasing of this parameter in the range0.8 < us < 1lcauses
extinction in all species and then the trajectory transferred from equilibrium point E; = (x,%,0,0 ),to the vanishing
equilibrium point E, =(0,0,0,0) , thus, theus parameter when us = 0.41,us = 0.58 and u; =0.8 is a
bifurcation point.

5- As theparameter u; which represents the conversion rate from the mature prey to the mid-predator decreasing to
0.15 keeping the rest of parameters as in Eq.(6.1), the solution of system ( 2 ) approaches to the positive free
predators equilibrium point E; = (x,3,0,0), while for the u; = 0.15, then the trajectory transferred from the free
predators equilibrium point E; = (x,y5,0,0) to E, = (£,7,2,0), which means revival of the mid-predator
population, then increasing this parameter in the range 0.15 < u; < 0.21 leads revival of the top-predator and the
trajectory approaches asymptotically to a periodic dynamics in Int. R% , for more increasing in the range0.21 <
u; < 0.5,the trajectory will transferred asymptotically from a periodic dynamics in Int. R% and then approaches
asymptotically stable to a positive equilibrium point E;(x*,y*, z*,w"), thus, the parameter u; when u, = 0.15
and u; = 0.21 is a bifurcation point.

6-As the natural death rate of the mid predator ug increasing to 0.15 keeping the rest of parameters as in Eq.(6.1),
the solution of system ( 2 ) approaches to the positive equilibrium point E5, further increasing in the range0.16 <
ug < 0.18 causes the top-predator faced extinction and the trajectory transferred from the positive equilibrium point
Esto the free top predator equilibrium pointE, = (,9,2,0) , but for 0.18 < ug < 1 causes the mid —predator
faced extinction and the trajectory transferred from E, = (2,9,2,0)to E; = (¥,¥,0,0), thus, the parameterug
when ug =0.16 and ug =0.18 is a bifurcation point.

7-As the predation rate parameter of the top-predator upon the mid-predator uq increasing to 0.14 keeping the rest of
parameters as in Eq.(6.1), the solution of system ( 2 ) approaches the free top predator equilibrium pointE, =
(%,9,2,0), while for 0.15 < uq < 1 the top-predator population revives and then the trajectory transferred from
the pointE, = (£,7,2,0) to the positive equilibrium point E3, thus, the parameterug = 0.15 is a bifurcation point.

8- As the natural death rateof the top-predator parameter u;gincreasing in the range 0.1 < uyy < 0.35 keeping the
rest of parameters as in Eq. (6.1) the solutionof system ( 2 )approaches asymptotically to a positive equilibrium
point E3, while increasing this parameter in the range 0.35 < u;, < 1 causes extinction of the top-predator
population and then the trajectory transferred from positive equilibrium point to E, = (£,7,2,0), thus, the
parameter u,o = 0.35is a bifurcation point.

9- As the number of prey inside the refuge parameter m varying in the range 0.01 < m < 0.63 and keeping the rest
of parameters values as data given in Eq.( 6.1 ), the solution of system ( 2 ) approachesasymptotically to the positive
equilibrium pointE;, while increasing this parameter in the range 0.63 < m < 0.69leads that the trajectory
approaches asymptotically to a periodic dynamics in Int. R4, while increasing this parameter for0.69 < m < 0.71
causes extinction of the top-predator population and restore the stability andthen the trajectory transferred
asymptotically from a periodic dynamics in Int. R} to the stablefree top-predator equilibrium pointE, =
(%,9,2,0), then more increasing of this parameter for 0.71 < m causes extinction of the mid-predator population
and the trajectory transferred from E, = (£,9,2,0),to E; = (x,¥,0,0 ),thus, them parameter when m = 0.63 , m
=0.69 and m = 0.71 is a bifurcation point.
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