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Parallel propagating whistler mode waves, in the presence of AC 

electric field perpendicular to the ambient magnetic field has been 

studied for magneto-plasma under the effect of beam injection. The 

dispersion relation and growth rate have been derived and calculations 

are performed for pitch angle loss cone unperturbed distribution 

function. The present analysis shows that the growth rate of whistler 

mode wave has been found to be varying with the values of 

temperature anisotropy, number density of injected beam and loss 
cone angle. It is also inferred that even in the absence of temperature 

anisotropy, there is growth of whistler waves, implying dominant role 

played by loss-cone angle in generating whistler mode instability.  
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Introduction:-  
In plasma the charged particles respond very well to electrostatic and electromagnetic fields. The fields could be 

oscillatory or static. Strong interactions occur between charged particles and plasma waves leading to instabilities. 

The study of these plasma waves and instabilities is important in understanding and explaining the state of plasma, 

plasma flux in magnetized plasma, evolution of energy and plenty of more interesting phenomena. When plasma 
waves propagate, they are strongly influenced by magnetized plasma.  

 

Whistlers are low frequency, circularly polarized electromagnetic waves in the audio-frequency range. Wave 

particle interaction can also create whistler mode radiations in the magnetosphere. Whistler mode emission 

constitutes electromagnetic waves with frequency below either electron gyro frequency or local electron plasma 

frequency, whatever is less. Calculation shows that either a loss-cone or a thermal anisotropy in the hot plasma 

component of the magnetosphere can lead to the generation of incoherent emission of low frequency whistler waves 

(Pandey and Singh, 2010). Coherent, oblique whistler chorus elements may provide the scattering mechanism that 

drives the precipitation. Two types of electron trapping by whistlers can be studied in literature. First one is trapping 

of electrons at a fixed phase of the whistler in a cyclotron resonance. In this case electrons are considered moving 

through the whistler, and then encounter an electric field that rotates in synchronism with the velocity of electron 

(Matsumoto and Omura, 1981; Omura and Matsumoto, 1982). The second one, is trapping in the electrostatic 
potential of an oblique whistler (Kumagai et al. 1980). 

 

A substantial increase in the energetic electron precipitation was found by the injection of very modest amount of 

cold plasma into the radiation belt of magnetosphere (Brice and Lucas, 1971). Since then, because of the possibility 

Corresponding Author:- Rajbir Kaur. 

Address:- Department of  Physics, Amity Institute of Applied Sciences, Amity University, Sector 125, 

Noida, Uttar Pradesh – 201313, India. 

 

 

http://www.journalijar.com/


ISSN: 2320-5407                                                                                      Int. J. Adv. Res. 4(9), 493-501 

494 
 

of excitation of specific modes in magnetosphere, more investigations have been done in whistler mode instability. 

Parallel propagating plasma waves in the vicinity of magnetosphere at very low frequencies have been studied by 

many workers. Using a series of 1-d simulations, the growth of whistler wave was studied by Zhang et al. (1993) 

from an anisotropic electron beam of various electrostatic and electromagnetic wave modes at various propagation 

angles. The charged particles in ionosphere and magnetosphere exhibit anisotropic distribution in momentum space, 

which is suitable for cyclotron instability. This leads to growth in wave, so particle precipitate into the atmosphere. 
Singh et al. (2006) evaluated the effect of thermal velocity of plasma particles on the energy of resonantly 

interacting energetic electrons with the propagating whistler mode waves as a function of wave frequency and L-

value for the normal and disturbed magnetospheric conditions. Bret et al. (2006) systematically worked the 

electromagnetic instabilities in the whole k space for a cold relativistic beam interacting with transversely hot 

plasma.  

 

The acceleration and scattering of particles, the damping or the growth of waves and the emission of radiations are 

the consequences of wave-particle interaction. The interactions in which wave exchanges energy with the particles, 

play crucial role in several phenomena occurring in space plasma (Gary, 1992) and in laboratory (Gill, 1981). 

Resonant wave-particle interactions are a basic problem, particularly in magnetospheric physics. Since low 

frequency waves interact with charged particles over long scale lengths within magnetospheres and can transfer 

energy from one region to another, we chose to study these low frequency whistler mode waves in an 
inhomogeneous magnetosphere. 

 

Being inspired from above findings, in this paper whistler mode instability with field lines propagation for loss cone 

unperturbed distribution function in presence of injected beam are analyzed for magneto-plasma. In present study, 

we have investigated the wave-particle interaction taking place between the whistler mode waves in the 

magnetosphere and energetic electrons trapped in the radiation belts of the magnetosphere. The magnetic field 

considered is the magnetic field of Earth, thus called the external magnetic field, assumed constant. And the time 

varying electric field considered, is the field generated by the particles oscillating along the magnetic field lines of 

the planet. AC electric field perpendicular to the ambient magnetic field is studied. The dispersion relation in growth 

rate have been derived and calculated for magneto-plasma. Parametric studies are performed by changing plasma 

parameters: temperature anisotropy, AC frequency, thermal velocity and loss-cone angle. 

 

Dispersion Relation:- 
A spatially homogeneous an isotropic, collision less magneto plasma subjected to an external magnetic field Bo = 

Boêz and electric field E0= (E0 sin υ t êx) has been considered in order to obtain the relation. In case, the Vlasov-

Maxwell equations are lineralized. The linearlized equations obtained after neglecting the higher order terms and 

separating the equilibrium and non- equilibrium parts, following the techniques of Pandey and Singh (2012) are 

given as       
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Where force is defined as F= m dv/dt 

  oBvF   t)sin(υEe os                             ...(3) 

 

The particle trajectories are obtained by solving equation of motion defined in equation (3) and S(r,v,t) is defined as: 
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where sdenotes species and E1, B1 and fs1 are perturbed quantities and are assumed to have harmonic dependence in 

E1, B1 and fs1=exp i(k.r − ωt). 

 

The method of characteristic solution is used to determine the perturbed distribution function, fs1, which is obtained 

from Eq. (2) by 
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The phase space coordinate system has been transformed from  t,vr,  to 
 tt, oo v,r

. The particle trajectories 

which are obtained by solving eq. (3) for the given external field and wave propagation, 
 zx ê,0,ê ||kkk 

 are: 
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and the velocities are 
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 and AC electric field is varying as 
tsinEE 0x 
,  being the angular AC frequency. 

 

After doing some lengthy algebraic simplification and carrying out the integration, the perturbed distribution 

function f1 is written as Pandey et al [2010]. 
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where the Bessel identity    
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The conductivity tensor 


 is written as 
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The Maxwellian distribution function with loss-cone angle c taken from Huang et al. (Lu et al. 2004) is written as 
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where normalization constant M is given as  
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The generalized dielectric tensor may be written as: 
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After using the limits in above tensor 0ksinθ1 k  and 1kcosθ||k
, the generalized dielectric tensor becomes 

simplified tensor: 
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For EMEC waves, it is rewritten in more convenient form: 
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Neglecting the higher order terms of n, the relation becomes: 
2
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Now the dispersion relation for whistler wave is obtained from above relation for 
1J1,Jand1p1,n qp 
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The required expression for growth rate and real frequency are obtained as  
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Results And Discussion:- 
Following plasma parameters have been adopted for the calculation of the growth rate for the loss-cone driven 

whistler instability in magnetosphere. Ambient magnet field Bo=2x10-7T, electron density no =5x106 m-3 and 
magnitude of AC electric field Eo= 20 mV/m has been considered. Literature shows that loss cone in hot plasma 

component (which is background plasma in our study) of magnetosphere can lead to generation of whistler waves 

[Huang et al. 1990]. Therefore, we have considered the model of magnetosphere with constant external magnetic 

field, AC electric field, thermal anisotropy and variable finite loss cone angle.   Temperature anisotropy AT is 

supposed to vary from 0.25 to 0.75 and loss-cone angle θ˚ is to vary from 0˚ to 30˚. Electron energy, KBT|| is taken 

to be 5KeV, 7.5KeV and 10KeV. Also AC frequency varies from 2 KHz to 6 KHz. A cold electron beam has been 

injected in background plasma such that ratio of number density of cold electrons to warm electrons (nc/nw) remains 

10. 

 

Figure 1 shows the variation of dimensionless growth rate with respect to wave number ( k
~

) for various values of 

temperature anisotropy AT, in the presence of magnitude of  AC electric field with frequency of 2 KHz and loss-

cone angle θ=10˚.  For AT = 0.25, cωγ
= 0.0089, for AT = 0.5, cωγ

= 0.0126 and for AT = 0.75, cωγ
= 0.0171. It 

is observed that the growth rate increases by increasing the value temperature anisotropy for 0.25<AT<0.75. It 

implies that temperature anisotropy behaves like a free energy source for the propagation and amplification of waves 

(Huang et al. 1990). It is observed that in presence of AC electric field, bandwidth increases, showing that AC field 

has additive effect. Therefore, minimum of electric field magnitude is enough to trigger the whistler emission and 

increasing the growth rate, thus increasing the power (Pandey and Kaur, 2012). 
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Fig.1: Variation of Growth Rate with respect to k

~
 for various values of Temperature Anisotropy at other fixed 

plasma parameters. 

 

In figure 2, the variation of dimensionless growth rate with respect to wave number ( k
~

) for different values of loss 

cone angle θ, in presence of temperature anisotropy has been shown, other parameters being listed in figure caption. 

The growth rate is 0.0089 for θ =10o at k
~

=0.36, the growth rate is 0.0291 when θ =20o at k
~

=0.40 and growth rate is

cωγ =0.0499 for θ =30 o at k
~

=0.46. The graph shows that growth rate increases with increasing the value of loss 

cone angle and bandwidth also shifts for higher order of loss cone angle. It implies that loss cone angle is also a free 

energy source to produce the instabilities and propagation of waves. 

 

 
Fig.2:- Variation of Growth Rate with respect to k

~
 for various values of Loss-cone Angle at other fixed plasma 

parameters  

 

Figure 3 shows the variation of dimensionless growth rate versus wave number ( k
~

) for various values of AC 

frequency , in the case when temperature anisotropy is 0.25, loss-cone angle 10˚ and other parameters as listed in 

figure caption. The growth rate for = 2KHz is 0.0089 at k
~

=0.36, the growth rate for  =4KHz is 0.0108 at k
~

=0.34 

and for  =6KHz, the growth rate is cωγ
=0.0125 at k

~
=0.32. The growth rate increases by increasing the AC 

frequency and the bandwidth is fixed. Although the effect of AC frequency is to trigger the instability, but it is seen 

that it also affects the growth rate marginally. Therefore, it represents the modified real frequency of waves. 
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Fig.3:- Variation of Growth Rate with respect to k

~
for various values of magnitude of AC Field Frequency. at other 

fixed plasma parameters. 

 

Figure 4 shows the variation of dimensionless growth rate with respect to wave number ( k
~

) for various values of 

ratio of number density of cold injected electrons to warm background nc/nw at other plasma parameters being listed 

in figure caption. The number density of background warm plasma is assumed to vary to give ratios of cold and 

warm electrons, nc/nw, as 10, 20 and 30. Analysis of the figure shows that for nc/nw = 10, cωγ = 0.0089, for nc/nw = 

20, cωγ = 0.0047 and for nc/nw = 30, cωγ = 0.0032 at k
~

=0.36. The graph shows that growth rate decreases by 
increasing the number density of injected cold electrons in warm background plasma of magnetosphere. The energy 

exchange between the electrons, the component of wave electric field, electrons and the AC field perpendicular to 

magnetic field are the main factors contributing to cyclotron growth or the damping of waves. 

 
Fig. 4:- Variation of Growth Rate with respect to k

~
for various values of ratio of number density of cold injected 

electrons to warm background nc/nw at other fixed plasma parameters. 

 

Figure 5 is the graph showing the variation of dimensionless growth rate with respect to wave number ( k
~

) for 

various values of thermal energy when cold electron beam is injected. Other parameters being listed in figure 

caption. The magnitude of electron energy KBT|| has been varied. For KBT||=5 KeV, growth rate is 0.0089 at k
~

=0.36, 

for KBT||=7.5 KeV, growth rate is 0.0116 at k
~

=0.4 and for KBT||=10 KeV, growth rate is 0.0137 at k
~

=0.44. It is seen 

that growth rate increases by increasing the thermal energy of background plasma and the bandwidth increases to 

higher order of k
~

.This implies that emission is possible for extended values of k
~

. 
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Fig. 5:- Variation of Growth Rate with respect to k

~
for various values of Electron Energy KBT|| at other fixed plasma 

parameters. 

 

In figure 6 the variation of dimensionless growth rate versus wave number ( k
~

) for various values of loss cone angle 

for isotropic temperature has been shown and other parameters being listed in figure caption. As per graph, cωγ  is 

0.0061 for θ =10o at k
~

=0.36, cωγ  is 0.02486 when θ =20o at k
~

=0.42 and cωγ is 0.0491 for θ =30 o at k
~

=0.46 in 

absence of temperature anisotropy. The growth rate increases and bandwidth shifts to higher value of k
~

 as the value 

of loss-cone angle increases. It is clear from figure that even if temperature anisotropy does not exit, whistler mode 

waves exhibit growth. Therefore, it can be said that instability has been generated due to loss cone angle. 

 

 
Fig.6:- Variation of Growth Rate with respect to k

~
for various values of Loss-cone angle at AT =0 and other fixed 

plasma parameters. 

 

Figure 7 shows the variation of dimensionless growth rate versus wave number ( k
~

) for various temperature 

anisotropy for zero loss cone angle and other parameters being listed in figure caption. For AT = 0.25, cωγ = 0.0037, 

for AT = 0.5, cωγ = 0.0076 and for AT = 0.75, cωγ = 0.0126. The graph shows that growth rate increases by 

increasing the anisotropy for a fixed bandwidth. The increase in the growth rate is less than that in case of non-zero 

loss cone angle, shown in figure1.  
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Fig.7:- Variation of Growth Rate with respect to k

~
 for various values of Temperature Anisotropy at Loss-cone angle 

θ = 0o and other fixed plasma parameters.  
 

Conclusion:- 
A comprehensive study of whistler mode emissions when cold electron beam has been injected, using loss cone 

distribution function in the presence of perpendicular AC electric field has been done. By considering the kinetic 

approach and applying the method of characteristic solution, numerical calculations have been performed. The 

derived expressions of dispersion relation and growth rate are analyzed for whistler waves propagating parallel 

along the ambient magnetic field. The detailed study shows that the growth rate of electromagnetic whistler mode 

wave increases with increasing temperature anisotropy and loss cone angle. It is also concluded that even in the 

absence of temperature anisotropy, growth of whistler waves takes place. This shows that loss-cone angle is an 
important free energy source in generating whistler mode instability. Also frequency of AC electric field modifies 

the resonant frequency conditions of Doppler shift and show the triggering effect. The work also shows that growth 

rate of whistler mode waves decreases by increasing the number density of injected cold electrons in warm 

background plasma of magnetosphere. 
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