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1. INTRODUCTION  

 Descriptor systems are those the dynamics of which are governed by a mixture of algebraic and differential 

equations .During the past decades descriptor systems have attracted much attention due the comprehensive 

applications in chemical engineering, control theory [3], electrical [1] and mechanical models[5] atc. 

   Bilinear systems are important sub classes of nonlinear systems with many applications in engineering, biology 

and economics. The control of bilinear systems has been extensively studied in the 70s and at the beginning of the 

80s of the last century and remarkable by [4]. 

 

2. PROBLEM FORMULATION 

Consider the following uncertain time-varying bilinear descriptor system which is described by: 

                                                 𝑍1
 (𝑡) =  𝐴 + 𝛿𝐴 (𝑡)𝑍1 𝑡 +  𝐵 + 𝛿𝐵 𝑢 𝑡 𝑍1 𝑡                                   ...(1) 

                                                         0 =  𝐶 + 𝛿𝐶 𝑍1 𝑡 +  𝐷 + 𝛿𝐷 𝑍2 𝑡                                              ... (2) 

Where 𝑍1 ∈ ℝ𝑟 , 𝑍2 ∈ ℝ𝑛−𝑟 , 𝐴 𝑡 ∈ ℝ𝑟×𝑟 , 𝐵 ∈ ℝ𝑟×1, 𝐶 ∈ ℝ 𝑛−𝑟 ×𝑟 , 𝐷 ∈ ℝ 𝑛−𝑟 × 𝑛−𝑟 . 
And 𝛿𝐵, 𝛿𝐶 , 𝛿𝐷 are constant perturbations matrices with appropriate dimensions and which are bounded 

i.e. 𝛿𝐵 ≤ 𝑏 ,  𝛿𝐶 ≤ 𝐶 ,  𝛿𝐷 ≤ 𝑑 . and  𝛿𝐴(𝑡) ≤ 𝑎 ,     for some constant  a , b , c , d , 
 

3. BASIC CONCEPT 

Some basic definitions, lemmas and theorems as  well as necessary requirements for the solvability of time 

varying uncertain linear descriptor system have been presented and as follows: 
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 3.1 Definition [6] 

      Consider the time – varying linear descriptor system 

                                                                  𝐸 𝑡 𝑋′(𝑡) = 𝐴 𝑡 𝑋 𝑡                                                                   …(3) 

 

Where  𝐸(𝑡), 𝐴(𝑡) ∈  𝐶 𝐼, ℝ𝑛×𝑛 2
, 𝑛 ∈ ℕ then a function 𝑋: 𝒥 → ℝ𝑛  is called solution of  (3) if and only if 𝑋 is  

a continuously  differentiable function on open interval  𝒥 ≤ ℝ ≤ 𝐼  and solve (3) for  𝑡 ∈ 𝒥 ;it called global 

solution if  𝒥 = 𝐼 ≤ ℝ  for  𝑡 ∈ 𝒥. 

3.2 Remark [6] 

     If (𝑆(𝑡), 𝑇(𝑡)) ∈ 𝐶(𝐼; 𝐺𝐿𝑛(ℝ) × 𝐶1 (𝐼; 𝐺𝐿𝑛  (ℝ)), 𝑡𝑒𝑛 𝑋: 𝒥 → ℝ𝑛  solves (3) if and only if   

 𝑤 𝑡 = 𝑇−1 𝑡 𝑥 𝑡  solves  

𝑆 𝑡 𝐸 𝑡 𝑤 =  𝑆 𝑡 𝐴 𝑡 𝑇 𝑡 − 𝑆 𝑡 𝐸 𝑡 𝑇  𝑡  𝑤 

                                                                𝐸 (𝑡)𝑤 = 𝐴 (𝑡)𝑤                                                                            …(4) 

Where 

𝐸 (𝑡) = 𝑆(𝑡)𝐸(𝑡)𝑇(𝑡), 𝐴 (𝑡) = 𝑆(𝑡)𝐴(𝑡)𝑇(𝑡) − 𝑆(𝑡)𝐸(𝑡)𝑇 (𝑡) 

This new system is equivalent to the system (3) where 

                                                             
𝑑

𝑑𝑡
𝑇−1(𝑡) = −𝑇−1(𝑡)𝑇 (𝑡)𝑇−1 (𝑡) 

 

3.3 Definition [6] 

    The descriptor system 𝐸(𝑡), 𝐴(𝑡) ∈  𝐶(𝐼, ℝ𝑛×𝑛)2is called transferable into standard Canonical form (SCF) if 

and only if there exist 

(S(𝑡), T(𝑡)) ∈ 𝐶 𝐼; 𝐺𝐿𝑛 ℝ  × 𝐶1 𝐼; 𝐺𝐿𝑛 ℝ   

such that  

                                                      𝐸 𝑡 = 𝑑𝑖𝑎𝑔  𝐼𝑛1
, 𝑁(𝑡)  , 𝐴 𝑡 = 𝑑𝑖𝑎𝑔 𝐽(𝑡), 𝐼𝑛2

                                    …(5) 

Where 𝑁(𝑡): 𝐼 → ℝ𝑛2×𝑛2  is a pointwise strictly lower triangular and  𝐽(𝑡): 𝐼 →  ℝ𝑛1×𝑛1 .   

 

3.4 Proposition [2] 

The system (2) is transferable into standard canonical form if and only if (𝐸 𝑡 , 𝐴 𝑡 ) is regular. 

3.5 Definition [7] 

The set of all pairs of consistent initial values of (3) is denoted by  

𝑉𝐸,𝐴 =   𝑡0, 𝑥0 ∈ ℝ × ℝ𝑛 | ∃  𝑙𝑜𝑐𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥 𝑡 𝑜𝑓  3 : 𝑡0 ∈ 𝑑𝑜𝑚 𝑥 𝑡 , 𝑥 𝑡0 = 𝑥0  
and the linear subspace of initial values which are consistent at time 𝑡0 ∈ 𝐼 is denoted by 

 𝑉𝐸,𝐴 𝑡0 =  𝑥0 ∈ ℝ𝑛 | 𝑡0, 𝑥0 ∈ 𝑉𝐸,𝐴  and since 𝑋: 𝒥 → ℝ𝑛   is a solution of (3), then 𝑥 𝑡 ∈ 𝑉𝐸,𝐴 𝑡  for all 𝑡 ∈ 𝒥.  

3.6 Proposition [7] 

suppose that the Descriptor system (3) is transferable into standard Canonical form as in (5), then  

1) 𝑡0, 𝑥0 ∈ 𝑉𝐸 ,𝐴 ↔ 𝑥0 ∈ 𝑖𝑚 𝑇 𝑡0  
𝐼𝑛1

𝑂
  

2) Any solution of the initial values problem ( 3 ) ,  𝑋 𝑡0 = 𝑥0 , 𝑤𝑒𝑟𝑒 𝑡0, 𝑥0  ∈ 𝑉𝐸,𝐴, extends uniquely to a 

global solution 𝑋(𝑡), and this solution satisfies 

𝑥 𝑡 = 𝑈 𝑡, 𝑡0 𝑥0, 𝑈 𝑡, 𝑡0 = 𝑇 𝑡  
𝜙𝐽 (𝑡, 𝑡0) 0

0 0
 𝑇−1, where 𝑡 ∈ 𝐼, 𝜙𝐽 (𝑡, 𝑡0)denotes the transition matrix 

of  𝑤 = 𝐽 𝑡 𝑤 

3.7 Definition [7] 

Suppose (3) is tranferable into (SCF) as in (4) for some  𝑆 𝑡 , 𝑇 𝑡  ∈ 𝐶 𝐼; 𝐺𝐿𝑛 ℝ  × 𝐶1 𝐼; 𝐺𝐿𝑛 ℝ  , then the 

generalized transition  matrix 𝑈(. , . ) of system (1) is defined by. 

𝑈 𝑡, 𝑠 = 𝑇 𝑡  
∅𝐽  𝑡, 𝑠 0

0 0
 𝑇−1 𝑆 , 𝑡, 𝑠 ∈ 𝐼. 
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3.8 Proposition [7] 

 Let the system (3) be transferable into standard canonical form with generalized transition matrix 𝑈 . , .   then we 

have, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡, 𝑟, 𝑠 ∈ 𝐼 

1) 𝐸 𝑡 
𝑑

𝑑𝑡
 𝑈 𝑡, 𝑠 = 𝐴 𝑡 𝑈 𝑡, 𝑠  

2) 𝑖𝑚 𝑈 𝑡, 𝑠 = 𝑉𝐸,𝐴 𝑡  
3) 𝑈 𝑡, 𝑟 𝑈 𝑟, 𝑠 = 𝑈 𝑡, 𝑠  
4) 𝑈 𝑡, 𝑡 2 = 𝑈 𝑡, 𝑡  
5)∀𝑥 ∈ 𝑉𝐸,𝐴 𝑡 : 𝑈 𝑡, 𝑡 𝑥 = 𝑥 

6) 
𝑑

𝑑𝑡
𝑈 𝑠, 𝑡 = −𝑈 𝑠, 𝑡 𝑇 𝑡 𝑆 𝑡 𝐴 𝑡  

3.9 Definition [6] 

   A global solution 𝑋: (𝑎,∞) → ℝ𝑛  of the time varying system  

𝐸 𝑡 𝑋′(𝑡) = 𝐴 𝑡 𝑋 𝑡 + 𝑓 𝑡  

Where  𝐸(𝑡), 𝐴(𝑡), 𝑓(𝑡) ∈ 𝐶  𝒥, ∞ , ℝ𝑛×𝑛 
2

× 𝐶  𝒥, ∞ ; ℝ𝑛 , 𝑛 ∈ ℕ, 𝒥 ∈ [−∞,∞), 𝑎 ≥ 𝒥  is said to be 

Exponentially stable if and only if ∃𝛼, 𝛽 > 0 ∀ 𝑡0 > 𝑎 ∃𝜂 > 0 ∀𝑦0 ∈ ℬ𝜂 𝑥 𝑡0  ∀ 𝑦 𝑡  solution 

| 𝑦 𝑡 − 𝑥 𝑡  | ≤ 𝛼𝑒−𝛽(𝑡−𝑡0) ||𝑦 𝑡0 − 𝑥 𝑡0 ||, ∀𝑡 ≥ 𝑡0. 

 

3.10 Theorem [7] 

    Suppose the  time varying system  𝐸(𝑡), 𝐴(𝑡) ∈ 𝐶((𝒥,∞); ℝ𝑛×𝑛  )2 is transferable into standard canonical 

form and let 𝑈(. , . ) denotes the generalized  transition matrix of  𝐸 𝑡 , 𝐴 𝑡  , then the following 

characterizations hold:  

1) 𝐸(𝑡), 𝐴(𝑡) 𝑖𝑠 𝑠𝑡𝑎𝑏𝑙𝑒 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 ∀ 𝑡0 > 𝒥 ∃µ ≥ 𝑂 
∀𝑥0 ∈ 𝑉𝐸,𝐴 𝑡0 ∀𝑡 ≥ 𝑡0: || 𝑈 𝑡, 𝑡0 𝑥0 || ≤ µ| 𝑥0 | 

2) (𝐸(𝑡), 𝐴(𝑡)) is exponentially stable if and only if ∃𝛼, 𝛽 > 0, 

                                           ∀ 𝑡0 , 𝑥0 ∈ 𝑉𝐸 ,𝐴, ∀𝑡 > 𝑡0:   𝑈 𝑡, 𝑡0 𝑥0 ≤ 𝛼𝑒 𝛽 𝑡−𝑡0  𝑥0 . 

Notice that 𝑉𝐸,𝐴 is the set of all consistent initial condition. 

3.11 Lemma (Generalization of Gronwell's lemma) [3] 

Let 𝑎, 𝑏, 𝑛, 𝑘 ∈  ℝ  , 𝑎 <  𝑏   , 𝑛 >  1   𝑎𝑛𝑑  𝐾 >  0, 𝑓 ∶  [𝑎, 𝑏]   ℝ+ an integral function such that  

∀  𝑎, 𝛽 ∈   [𝑎 , 𝑏]  ( ∝<  𝑏):   𝑓 𝑠  𝑑𝑠 > 0 
𝛽

∝
and  𝑋: [𝑎, 𝑏]   ℝ+ 

If  𝑋(𝑡) ≤  𝐾 +   𝑓 𝑠 [𝑋  𝑠 ]𝑛
𝑡

0
 ds  and  1 −  (𝑛 − 1) 𝐾𝑛−1  𝑓 𝑠  𝑑𝑠 > 0

𝑡

∝
 

Then     𝑋(𝑡)  ≤
𝐾

 1− 𝑛−1 𝐾𝑛−1  𝑓 𝑠 𝑑𝑠
𝑡
𝑎  

1
𝑛−1

 

4. STABILITY OF UNCERTAIN TIME VARYING DESCRIPTOR SYSTEM 

   The main theoretical requirements (theorem) of the solvability and then finding the solution / approximate 

solution are the main theme of this section. 

4.1 Theorem 

   For the descriptor system with parametric  uncertainty (1), (2) if : 

1- Let 𝛿𝐴(𝑡) be a perturbation matrix such that  𝐴 + 𝛿𝐴  𝑡  is stable. 

2- The matrix 𝐷 be nonsingular such that  𝐷−1𝛿𝐷 < 1. 

3- There exists an integral function 𝑓: ℝ+ → ℝ+ and positive integer number 

              α , μ  s. t.  ∀𝑡 ≥ 𝑡0  , 1 − 2𝜇−2  𝐵 + 𝑏  𝑒2𝛼 𝑡0−𝑠 𝑡

𝑡𝑜
 

4- consider the control is given by  𝑢 =
𝑓 𝑍1(𝑡) 

 𝑍1 𝑡0  
  , 𝑍1 𝑡0 ≠ 0 , and 𝑓 𝑍1(𝑡) is vector of nonlinear functions 

with 𝑓 𝑍1(𝑡)  ≤  𝑓(𝑡)  𝑍1(𝑡)  2 .  Is positive and bounded 

and  𝑢(𝑡) =
𝑓 𝑇−1(𝑡)𝑋1(𝑡) 

 𝑇−1(𝑡0) 𝑋1(𝑡0) 2 =
𝑓 𝑇−1(𝑡)𝑋1(𝑡) 

 𝑇(𝑡0) −2 𝑋1(𝑡0) 2 ,   𝑓 𝑇−1𝑋1   ≤ 𝑓(𝑡) 𝑇 −2 𝑋1 
2 ,                              …(6) 
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 where  𝑍1 =  𝑇−1𝑋1 where 𝑇 is nonsingular matrix  

Then the nonlinear system (1), (2) is asymptotically stable. 

Proof: 

    Let 𝑍(𝑡0) =  𝑍1(𝑡0), 𝑍2(𝑡0)  initial condition in (1), (2) and 

𝑍(𝑡0) ∈ 𝑁  𝐶 + 𝛿𝐶 𝐷 + 𝛿𝐷  . 
From (1) 

𝑍1
′ =  𝐴 + 𝛿𝐴 (𝑡)𝑍1 (𝑡)+ 𝐵 + 𝛿𝐵 𝑢(𝑡)𝑍1(𝑡) 

𝑍1
′ −  𝐴 + 𝛿𝐴 (𝑡)𝑍1 (𝑡) =  𝐵 + 𝛿𝐵 𝑢(𝑡)𝑍1(𝑡) 

𝑍1 𝑡 = 𝑍1 𝑡0 ∅𝐴+𝛿𝐴 𝑡, 𝑡0 +   𝐵 + 𝛿𝐵 𝑢(𝑠)𝑍1 𝑠  ∅𝐴+𝛿𝐴 𝑡, 𝑠 𝑑𝑠
𝑡

𝑡0

 

Let  𝑍1 = 𝑇−1𝑋1 ,   𝑇 nonsingular matrix. 

𝑇−1(𝑡)𝑋1(𝑡) =  𝑇−1(𝑡0)𝑋1(𝑡0)∅𝐴+𝛿𝐴 𝑡, 𝑡0 +   𝐵 + 𝛿𝐵 𝑢 𝑠 𝑇−1(𝑠)
𝑡

𝑡0

𝑋1(𝑠) ∅𝐴+𝛿𝐴 𝑡, 𝑠 𝑑𝑠 

𝑋1(𝑡) = 𝑇(𝑡)∅𝐴+𝛿𝐴 𝑡, 𝑡0 𝑇
−1(𝑡0)𝑋1(𝑡0) +   𝑇(𝑡)   𝐵 + 𝛿𝐵 𝑢 𝑠 𝑇−1(𝑠)

𝑡

𝑡0

 ∅𝐴+𝛿𝐴 𝑡, 𝑠 𝑋1(𝑠)𝑑𝑠 

Since 𝑈 𝑡, 𝑠 = 𝑇(𝑡)∅ 𝑡, 𝑠 𝑇−1(𝑠) 

Then 𝑋1(𝑡) = 𝑈(𝑡, 𝑡0)𝑋1(𝑡0) + 𝑇(𝑡)   𝐵 + 𝛿𝐵 𝑢(𝑠)𝑇−1(𝑠)
𝑡

𝑡0
𝑈 𝑡, 𝑠 𝑋1(𝑠)𝑑𝑠 

           = 𝑈(𝑡, 𝑡0)𝑋1 𝑡0 +   𝐵 + 𝛿𝐵 𝑢(𝑠)𝑈 𝑡, 𝑠 𝑋1(𝑠)𝑑𝑠
𝑡

𝑡0
 

But   𝑢(𝑡) =
𝑓 𝑇−1(𝑡)𝑋1(𝑡) 

 𝑇−1(𝑡0) .𝑋1(𝑡0) 2 =
𝑓 𝑇−1(𝑡)𝑋1(𝑡) 

 𝑇(𝑡0) −2 𝑋1(𝑡0) 2 

Implies  

  𝑋1 𝑡  ≤   𝑈(𝑡, 𝑡0)  𝑋1 𝑡0   1 +     𝑈 𝑡0, 𝑠  
𝑡

𝑡0
 𝐵 + 𝛿𝐵  𝑓 𝑇−1𝑋1   𝑇(𝑡0) −2 𝑋1 𝑡0  

−3 𝑋1(𝑠) 𝑑𝑠  

Divide the inequality by  𝑈(𝑡, 𝑡0)  𝑋1 𝑡0   and using  (6) 

 𝑋1 𝑡  

 𝑈 𝑡 ,𝑡0   𝑋1 𝑡0  
 ≤ 1 +    𝑈 𝑡0, 𝑠  

𝑡

𝑡0
 𝐵 + 𝛿𝐵  𝑓 𝑠   𝑇(𝑠) −2 𝑋1(𝑠) 2 𝑋1(𝑠)   𝑋1 𝑡0  

−3  

 𝑋1 𝑡  

 𝑈(𝑡 ,𝑡0)  𝑋1 𝑡0  
≤ 1 +   𝑈𝐴+𝛿𝐴 𝑡0, 𝑠  −2 𝐵 + 𝛿𝐵  𝑓 𝑠   𝑇(𝑠) −2.

𝑡

𝑡0
 

 𝑋1(𝑠) 

 𝑈𝐴+𝛿𝐴  𝑡0 ,𝑠   𝑋1 𝑡0  
 

3

  

Since  

1- 𝛿𝐴 is chosen such that 𝛿 + 𝛿𝐴  stable matrix  

2- Using theorem (3.10)  

We get 

 UA+δA t, t0  ≤ μe−α(t−𝑡0) 

Now using Gronwall lemma with n = 3 and k = 1   weget 
 𝑋1(𝑡) 

 𝑈(𝑡, 𝑡0)  𝑋1 𝑡0  
 ≤

1

 1 − 2𝜇−2  𝐵 + 𝑏  𝑒2𝛼 𝑡0−𝑠  𝑓 𝑠   𝑇(𝑠) −2𝑡

𝑡0
𝑑𝑠

 

  𝑋1 𝑡  ≤  
𝜇𝑒−𝛼(𝑡−𝑡0) 𝑋1(𝑡0) 

 1 − 2𝜇−2  𝐵 + 𝑏  𝑒2𝛼 𝑡0−𝑠  𝑓 𝑠   𝑇(𝑠) −2𝑡

𝑡0
 𝑑𝑠

 

Hence 𝑙𝑖𝑚𝑡→∞ 𝑋1 𝑡  → 0 and the nonlinear control 𝑢(𝑡) verify : 

 𝑈(𝑡) ≤ 𝑓(𝑡) 𝑇 𝑡  −2
𝜇2𝑒−2𝛼(𝑡−𝑡0)

 1 − 2𝜇−2  𝐵 + 𝑏  𝑒2𝛼 𝑡0−𝑠  𝑓 𝑠   𝑇 𝑠  −2𝑡

𝑡0
 𝑑𝑠

 

 

Since 𝐷 is nonsingular matrix 𝐷 + 𝛿𝐷 = 𝐷 𝐼 + 𝐷−1𝛿𝐷  
And    𝐼 + 𝐷−1𝛿𝐷  invertable 

 Then 𝑍2 = −𝐷−1 𝐼 + 𝐷−1𝛿𝐷 −1(𝐶 + 𝛿𝐶)𝑍1(𝑡) 
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But 𝑍2 = 𝑇−1𝑋2  and  𝑍1 = 𝑇−1𝑋1   we get 

𝑇−1 𝑡 𝑋2 𝑡 = −𝐷−1 𝐼 + 𝐷−1𝛿𝐷 −1 𝐶 + 𝛿𝐶 𝑇−1 𝑡 𝑋1 𝑡  
𝑋2 𝑡 = −𝐷−1 𝐼 + 𝐷−1𝛿𝐷 −1 𝐶 + 𝛿𝐶 𝑋1 𝑡  

𝑙𝑖𝑚
𝑡→∞

 𝑋2 𝑡  ≤
 𝐷−1 

𝐼 −  𝐷−1𝑆𝐷 
  𝐶 + 𝐶 𝑙𝑖𝑚

𝑡→∞
 𝑋1 𝑡  → 0. 

𝑍2 = 𝑇−1𝑋2  and  𝑍1 = 𝑇−1𝑋1    then solution 𝑍 𝑡 =  
𝑍1 𝑡 

𝑍2 𝑡 
  is  stable. 

 

5. CONCLUSION 

  In this paper survey was presented of time invariant stability concept and using this concept to stabilizing the time 

–varying uncertain bilinear descriptor systems.  
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