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INTRODUCTION

Let R be a commutative ring with identity and let M be an R-module. A proper ideal I of a commutative ring R with
identity is called primary ideal if for each a,b € R suchthata.b € I and a & I,then 3k € Z* such that b* € I [1].
A proper submodule N of an R-module M is called primary submodule if whenever r € R, m € M such that rm €
N, then either m € N or r* € [N: M], for some k € Z* [2]. Primary submodule which is a generalization to primary
ideals is studied by many mathematicians. A proper ideal Iin a ring R is called prime ideal if a.b € I implies that
either a €l or b € I. [1]. A proper submodule N of an R-module M is called prime submodule if N # M and
whenever rm € N, r€ R, m € M, implies that either m € N or r € [N:M] [3]. A proper submodule N of an R-
module M is called semiprime submodule if whenever r€ R, m € M, k € Z* such that rm € M, then rm € N .. [4],
equivalently, if N is a proper submodule N of an R-module M, then N is semiprime submodule of M if and only if
whenever r’m € N,wherer € R,m € M, then rm € N.We know that every prime submodule is primary
submodule, but the converse is not true in general for examble 4Z is a primary submodule of Z as Z — module, but
not a prime submodule of Z as Z — module. N be a proper submodule of an R —module M, then N is a primary and
semiprime submodule of M iff it is a prime submodule of M[5]. N be a proper submodule of an R —module M, then
the following conditions are hold: N is a primary submodule of M, [N:K] is a primary ideal of R, for each N € K,
[N:(x)] is a primary ideal of R , for each x & N, where [N:K] = {r € R: rK € N} . In this paper we study the
concept of nearly primary submodules as a generalization of the concept of primary submodules, where a proper
submodule N of an R —module M is called nearly primary if whenever r € R ,m € M such that rm € N, then
either m € N +]J(M) or r¥ € [N + J(M): M], for some k € Z*. In this work we give new results (up to our
knowledge) about this concepts, illustrate that by some remarks and examples. We see that it is necessary to start by
the formula of the definition of primary submodules and put some simple remarks about primary submodules which
were mentioned in [9], [11].

preliminaries

497


http://www.journalijar.com/
mailto:1.nuhad_math@yahoo.com
mailto:2.mbhmsc2015110@yahoo.com

ISSN 2320-5407 International Journal of Advanced Research (2015), Volume 3, Issue 8, 497-503

Let R be a commutative ring with identity and let M be a nonzero unite left R-module, N is called primary
submodule if whenever rx € N,r € R,x € M, implies either x € Norr € /[N:M] [2].

A submodule A of an R-module M is called small (for short A « M), if whenever A + B = M, for some submodule
B of M implies B = M [7].A proper submodule N of an R-module M is called maximal if whenever N K<€ M
implies K = M [7] . We know that Jacobson radical of M (for short J(M)) is denoted by the intersection of all
maximal submodule of M and denoted by the sum of all small submodule of M[7]. If $: M — M'is an R-
homomorphism, then ¢(J(M)) € J(M"), If : M — M’ is an R- epimorphism and ker@ <« M, then ¢(J(M)) = J(M"),
and J(R).M < J(M), where R is aring, if ( M is projective module[4] or R is good ring[7] or R is local ring), then
J(R).M = J(M).[7]. An R-module M is said to be multiplication module if each submodule N of M, then there exists
an ideal Iof R suchthatIM = N, infact M is called multiplication module if
[N:M]M = N,N € M, where [N:M] = {r € R:rM € N}.[8]

1. primary Submodules

Recall that a proper ideal I of a commutative ring R with identity is called primary ideal if for each a,b €
R suchthata.b € Iand a ¢ I,then 3k € Z* such that b* € I [1].

Recall that a proper submodule N of an R-module M is called primary submodule if whenever r € R, m € M
such that rm € N, then either m € N or r¥ € [N: M], for some k € Z+ [2].

Recall that a proper ideal I of aring Ris called prime ideal if a.b € I implies that either a € Iorb € 1. [1]

Remarks and examples (2.1) :

1)Every prime submodule of an R —-module M is a primary submodule of M, but the convers is not true in general
for example 47 is a primary submodule of Z as Z — module, but not a prime submodule of Z as Z — module.

2)6Z is neither a primary nor a prime submodule of Z as Z — module.

3)InZ @ Z over Z the submodule N = 2Z @ (0) is not a primary submodule beccause

(6,0) =2(3,0) €N, neither (3,0) € N nor 2k € [N:M] = 0, for some k € Z*, but it is a semiprime submodule .
4)Every maximal ideal is a primary ideal, but the converse is not true in general, for example 8Z is a primary
submodule of Z as Z — module, but it is not maximal .

5)Every prime ideal is a primary ideal , but the converse is not true in general, for example 8Z is a primary
submodule of Z as Z — module, but it is not prime .

Remark(2.2) :

If N is a prime submodule of an R-module M, then [N: M] is a prime ideal of R, but the converse is not true in
general, for example let N = (2,0) be a submodule of a module Z @ Z over Z it is clear that [N: M] = 0 is a prime of
Z, but is not a prime submodule of Z @ Z. [9]

For the converse we have the following :

Proposition (2.3) :
Let N be a primary submodule of an R —module M, then N is a prime submodule of M iff [N: M] is a prime ideal of
Ri [9]

Proposition_(2.4) :
If K isa primary submodule of an R -module M and contain a prime submodule N of M such that [N: M] =
+/[K: M], then K is a prime submodule of M, [9]

Proposition (2.5):

Let N be a proper submodule of an R —module M, then N is a primary and semiprime submodule of M iff it isa
prime submodule of M, [5]

Proposition (2.6): [10]

Let N be a proper submodule of an R —module M, then the following conditions are hold:
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1) Nis a primary submodule of M.
2) [N:K] is a primary ideal of R, for each N € K.
3) [N:(x)] is a primary ideal of R, for each x & N.

Corollary (3.7):[11]

Let N be a primary submodule of an R — module, then [N: M] is a primary ideal of R and hence +/[N: M] is a prime
ideal.

The converse of the corollary is not true in general, for example let M = Z @ Z as Z — module and consider the
submodule N = 2Z @ (0) of M, then [N: M] = [2Z @ (0): Z @ Z] = 0, which is a primary ideal of Z , but N is not a
primary submodule of M.

Proposition (2.8):[10]
Let N be a proper submodule of an R — module M such that [K: M] & [N: M], for each submodule K of M, then N is
a primary submodule iff [N: M] is a primary ideal of R.

Corollary (2.9):[10]
Let N be a proper submodule of a multiplication R — module M, then N is a primary submodule iff [N: M] is a
primary ideal of R .

Corollary (2.10):[10]
Let N be aproper submodule of a cyclic R — module M , then N is a primary submodule iff [N: M] is a primary
ideal of R .

Remark (2.11):[10]

The intersection of any two primary submodules of an R — module M need not be a primary submodules of M, for
example Z, as Z — module has two primary submodules N; = (2) and N, = (3), but N; n N, = (0) is not primary
submodules of Zg .

Proposition (2.12):[10]
Let N and K be any two submodules of an R — module M such that N is a primary submodule of M and K is not
contain in N, then N n K is a primary submodule of K

Proposition (2.13):[10]
Let M; and M, be two R — modules and let M = M; @ M,.If N = N; @ N, is a primary submodules of, then
N;and N, are primary submodules of M; and M, respectively.

Now, we introduce other results on primary submodules.
Compare the following with Proposition (1.3.8) in [12].

Proposition (2. 14):
If : M — M’ is an R —isomorphism and N is a primary submodule of M, then ¢ (N) is a primary submodule of M’;
where M and M’ are two R —modules.

Proof: Let r € R,m' € M'such that rm’ € $(N), we have to show either m' € ¢(N) or r* € [¢p(N): M’], for some
k € Z*,Suppose < ¢ [¢p(N):M'] ,m'€ M'and ¢ is onto , then 3 m € M such that

o(m) =m'.rm'=r ¢(m) = ¢(rm) € ¢(N), Iy € N such that ¢(y) = ¢(rm), theny —rm € Kerp = {0},
then rm = y, then rm € N. But N is a primary submodule of M, then either m € N or r< € [N:M]. If m € N, then
m’ = ¢(m) € ¢(N) or r* € [N: M], then r"M € N, thus r* € N , then p(r*m) € ¢(N), then r*¢(m)e ¢(N), then
rkm’ € ¢(N), thenr*M' € ¢(N), then r* € [¢(N): M'], which implise that d(N) is a primary submodule of M.

Proposition (2.15):
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Let ¢: M — M’ be an R —homomorphism. If N is a primary submodule of M"such that $(M) & N , then ¢ *(N) is
a primary submodule of M where M and M’ are two R —modules.

Proof: To show that ¢~ (N) is a proper submodule of. Suppose that ¢ *(N) = M, let m € M, thenm € ¢ *(N) ,
then ¢(m) € N and this is a contradiction since ¢(M) & N.

Now Let r € R,m € M such that rm € ¢~ (N) and suppose that m & ¢ *(N), then r ¢(m) = ¢(rm) € N, but N
is a primary submodule of M’ and ¢(m) & N, there for r* € [N: M’], this implies that rM’' < N , since ¢(M) € M,
then r*¢(M) = ¢(r*M) € "M’ < N, then *M < ¢~ ' (N), then r“ € [¢""(N): M |. Which implise that ¢~ "(N) isa
primary submodule of M.

Recall that if N is a prime submodule of an R —module M, then E,;(N) € N. For primary submodules we have the
following:

Proposition (2.16):
If N is a primary submodule of an R —module M, then Ey,(N) € N.

Proof: Let x = rm € Ey(N) , where r € R,m € M,3n € Z* such that r*m €N (i.e.) r € [N:M']. N is a primary
submodule of m , then m ¢ N. Which implise that E;;(N) € N.

We introduce the following:

3. Nearly primary Submodules.

Definetion(3.1):

A proper submodule N of an R-module M is called nearly primary submodule if whenever r € R, m € M such
that rm € N, then either m € N +J(M) or < € [N + J(M): M], for some k € Z*. Where J(M) is the jacobson
radical of M.

Remarks and examples (3.2):

1) Every primary submodule N of an R — module M is a nearly Primary submodule of M .
Proof: Let N be a proper submodule of an R — module M, we want to show that either m € N + J(M) or
rk € [N + J(M): M], for some k € Z*.
Let re R, m € M such that rm € N. Suppose m & N + J(M), since rm € N, but N is a primary submodule
of M and m ¢ N, then rk € [N:M] € [N + J(M): M] for some k € Z*.Which implies that nearly Primary

submodule of M, but the converse is not true in general for example let N = (& + Z) be a submodule of Zpw as
Z — module, Where p is a prime number. N 3 & +Z=P%. ﬁ+ Z, for some k € Z*. Then ﬁ+ Z&N
and P ¢ [N: Zpoo] = 0. Thus N is not primary submodule of Zpw, but N is nearly Primary submodule of
Zpoo, since ﬁ +Z € N+ J(M), where J(Zpx) = Zpo.

2) If N = (4), then N is a nearly primary submodule of Z as Z —module, where J(Z) = 0, [N: Z] = (4)

3) Let M =Z@ ZasZ —module and consider the the submodule N = 2Z @ (0) of Z @ Z, then [N + J(2): Z] =
0, hence N 3 (4,0) = 22(1,0), which implies that (1,0) € N 4+ J(Z) and 22 ¢ [N 4+ J(Z):Z] = 0, thus N is not
nearly Primary submodule of Z as Z —module.

4)  The intersection of two N. Primary submodules of an R —module M not necessary is N. Primary submodules
of M for example N; = (2) and N, = (3) be two N. Primary submodules of Z5 as Z —module, but N; NN, =
(0) is not N. Primary since (0) = 0 = 2.3 neither 3 € N; NN, nor 2€ € [N; NN, + J(Z):Z] = 0, for some
kez*.

5) Let M; and M, be R —modules, if N; and N, are N. Primary submodules of M; and M, respectively, then it is
not necessary N; @ N, is nearly Primary submodule in M; @ M,, for example consider the Z —module
M=M; ® M, .Let N; = (0) and N, = 2Z. Then N; and N, are nearly Primary in Z, and Z respectively.
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However N; @ N, is not nearly Primary submodule in M. Since 22(1,1) = (0,4) € N; @ N,, but (1,1) ¢
(N; +Np) +I(M) and (29)% & [(N; + Np) +JI(M):M] =0 for eachk € Z*.

Compare the following with proposition (2.12)

Proposition(3.3):
If N is nearly primary submodule of an R-submodule module of M, K is a proper submodule of M such that K € N and
J(K) = J(M), then N n K is nearly primary in K .

Proof: Since K € N, then K N N is a proper submodule in K . Letr € R, x € K suchthat rx € N n K. We want to show that
either x e NN K+ J(K) orr" € [(NNK) + J(K):K], forsome n € Z*. Suppose that r* ¢ [(N n K) + J(K): K], then
K ¢ (NnK) + J(K), thenr®K € N + J(K) since N is nearly primary of M, then either x € N + J(M), but J(M) =
J(K), thenx € N + J(K) and x € K, hence rx € (N + J(K)) n K, thusrx € (N n K) + J(K) or r™ € [N + J(K): M], then
™M < N + J(K), we shall get contradaction, then x € (N N K) + J(K). Which implies that N n K is nearly primary
submodule in K.

Preposition (3.4):
Let R be a good ring and N be a nearly primary submodule of an R - module M, K be a proper submodule of M such that
K & N and, then N n K is nearly primary in K.

Proof: Since K € N, then K n N is a proper submodule in K. Letr € R,x € K suchthat rx € N n K. We want to show that
either x e NN K+ J(K) orr" € [(NNnK) + J(K):K], for some n € Z*. Suppose that r™ ¢ [(N N K) + J(K): K], then
K & (NnK) +J(K),since J(K) € J(M), then r"K & N + J(M). But N is nearly primary of M, then either x € N +
J(M), thenx € N + J(M) and x € K, hence x € (N + J(M)) N K, thus rx € (N n K)+(J(M) n K),

since Ris a good ring [7] , then x € (N n K)+ J(K), which implies that N n K is nearly primary submodule in K

Preposition(3.5):
Let N and K be two nearly primary submodules of M and either J(M) € N or J(M) € K, then N n K is nearly primary
of M.

Proof: Since KN N € N and N is a nearly primary submodule of M, then K n N is a proper submodule in M . Let

r € R,x € M such that rx € N n K .We want to show that either x € NN K+ J(M) orr" € [(N nK) + J(M): M], for
some n € Z*. Suppose that r* ¢ [(N N K) + J(M): M], thenr®M & (N N K) + J(M), then r"M & N + J(M) and

™M & K+ J(M). But N and K are two nearly primary submodules of M, then either x € N + J(M) or ™ €

[N + J(M): M], for some n € Z* and either x € K+ J(M) orr™ € [K + J(M): M], forsomen € Z*, then x € (N +
J(M)) N (K+J(M)). IfJ(M) S N, thenx e Nn (K+ J(M)),then x € N nK+J(M). If (M) S K, then x € (N +
J(IM))K, hence x € (N n K) + J(M), which implies that N N K is nearly primary in M.

Corollary ( 3.6):

If N is a maximal submodule of an R - module M and K is nearly primary submodul of M, then N n K is nearly primary
submodule of M.

Proof:Let N be a maximal submodule of M, then J(M) < N, and by Preposition(2.19), which implies that N n K is nearly
primary submodule of M.

If ¢: M — M’ is an epimorphism and N is a primary submodule of an R-module M containing Kerf, then ¢(N) is a
primary submodule of M’, where M and M’ are two R —modules [12]

501



ISSN 2320-5407 International Journal of Advanced Research (2015), Volume 3, Issue 8, 497-503

Proposition (3.8):
Let ¢: M — M’ be an R —epimorphism. If N is a nearly primary submodule of an R-module M containing Kerd,
then ¢(N) is a nearly primary submodule of M’, where M and M’ are two R —modules.

Proof: ¢(N) is a proper submodule of M’. Suppose not ¢(N) = M’, let m € M such that ¢$(m) € M'= p(N),
In € Nsuch that @(n) =@(m) hence @(n—m) =0 then n—m € kerd SN, then m € N, hence N=M
(contradiction), since N& M . Let r € R, m' € M’ such that rm’ € @(N) , we want to show that either m’ €
S(N) +J(M) or r* € [p(N) +]J(M") : M'] for some k € Z*. Suppose r & [ $(N) + J(M') : M]. Since @ is onto,
then 3m € M such that @(m) = m’, then @(N) 3 rm’ =r @(m)= @(r m), then 3y € N such that @(y)=@(rm) ,
hence @(rm —y) = 0, then y —rm € ker@ € N, then rm € N, but N is nearly primary submodule in M, then either
m € N + J(M), (m) = @(m) € 3(N) + @(J(M)) € @(N) + J(M), then@(m) =m’ € @(N) +J(M") or rKe
[N + J(M): M] for some k € Z*, then r*M € N + J(M), thus r*m € N + J(M), then @(r*m) € $(N + J(M)), then
r* @(m) € d(N) + +0(J(M)) € d(N) +J(M) , then r¥m’ € (N) +J(M") , then r*M’  d(N) +J(M") , thus
r* e [$p(N) +J(M") : M'] (contradiction with assupation), then m’ € @(N) + J(M"). Which implies that @(N) is
nearlyprimary submodule of M’

Preposition (3.9):

If M and M’ are R- modules, and : M — M’ is an R —epimorphism, If N" is nearly semiprime in M’ and ker@ <« M,
then @1 (N") is nearly primary in M.

Proof: It is clear that (Z)‘l(N’) S M, letr € R,m € Msuchthat rm € ¢~ 1(N’) we want to show that either m €
@~ 1(N) +J(M)orr* € ["1(N") + ](M) M] for some k € Z+. Suppose r® ¢ [@~1(N") +J(M):M]. Since rm €
@~1(N"), then (D(r m) €N’ hence rm' =r@(m) € N’ Where m’ € M, but, N’ is nearly primary submodule in M.
Then either m € N’ + ](M’), thenm € p~1(N) + ](M) or rf € [N + ](M’) M’] for some k € Z*, then rkM’' c
N +J(M),thusr*m’ € N + J(M") , then r*@(m) € N" + J(M'), then @( r*m) € N" + J(M"), Since @ is an
epimorphism and @(J(M)) = J(M") [7] r*m € @~'(N') + J(M), then r*M € @~*(N") + J(M), then r* €
[@~1(N") + J(M): M] (contradiction with assupation), then m" € N" + J(M"), which implies that =2 (N") is nearly
primary submodule in M.

Recall that an R- module M is called fully primary if every submodule in M is primary submodule [13].
We introduce the following

Definetion(3.10):

An R-module M is called fully nearly primary if every subomodule in M is nearly primary submodul.

Preposition:(3.11):
If N is a proper submodule of an R —module M and % is fully nearly primary, then N is nearly primary sumodule in M.

Proof: Let N be a proper submodule of an R- module M, letr € R,x € M suchthatrx € N ,sinse N & M, then

3 a natural epimorphism m:M — % and rx € N, then n(rx) € n(N) & % but % is fully nearly primary, thus
1t(N) is nearly primary submodule of%, m(rx) € m(N), rmn(x) € m(N) +] (%),then either m(x) € m(N) +
J(t(M)), thus t(x) € 1t(N) + m(J(M)), then x € N + J(M)

Orre [n(N) +] (%) : %] = [1(N) + n(J(M)): Te(M)], then (M) € 1t(N) + 1t(J(M)), thus Tt(rM) € mt((N) +
J(M)), then rM € N + J(M), then r € [N + J(M): M)]. Then N is nearly primary submodule of M .
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